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PREFACE 


This book is designed for students of higher and secondary lechnical schools. 
It treals of the basic methods of theoretical mechanics and their spheres of 
application. Jl also briefly examines molion in a gravilalional field (artificial 
satellites and elliplical lrajectories), the molion ol bodies wilh variable mass 
(c.g.. rockets), the elementary theory of gyroscopic motion, and olber lopics. 
These questions are of such imporlance today thal no course of mechanics, 
even a shorl one, can neglect them allogether. 

The organivalion of this book is based on lhe profound conviction, borne 
oul by many years of expericnce, that the best way of presenting sludy mate- 
rial, especially when il is conlained in a shorl course, is lo proceed from the 
parlicular {o the generat, Accordingly, in this book, plane statics comes before 
three-dimensional slalics. parlicle dynamic, before systems dynamics, rectilinear 
motion before curvilinear motion, ele. Such an arrangement helps the student 
lo understand and digest the material betler and faster, and the leaching 
process itself is made more graphic and consistent. 

Alongside of lhe gcometrical and analytical melhods of mechanics the book 
makes Wide vse of the veclor method as one of the main generally accepled 
melhods which, furlhermore, possesses a number of indisputable advantages. As 
arule, however, only those vector operations are used which are similar lo 
corresponding operations wilh scalar quanlilies and which do nol require addi- 
lional acquaintance with many new concepts. 

Considerable space—more than one-third of the lolal volume of the book— 
is given lo examples and worked problems. They were chosen with an cye to 
ensure a clear comprehension of the celevant mechanical phenomena, and 
they embrace all the main types of problems and methods of problem solution, 
The problem solutions conlain instructions designed lo assist the student in his 
independent ‘work on (he course. In this respect, the book should prove useful 
to students from many fields inleresled in advancing their knowledge of the 
subject, 


INTRODUCTION 


The progress of technology confronls the engineer with a wide 
variety of problems connecled wilh structural design (buildings, 
bridges, canals, dams, elc.), lhe design, manufacture and opera- 
tion of various machines, motors and means of locomotion, such 
as aulomobiles, sleam engines. ships, aircraft and rockets. Despile 
the diversily of problems thal arise. their solution, at least in 
part, is based on certain general physical principles common to 
all of them, namely, the laws governing the motion and equilib- 
rium of material Lodies. 

The science which treals of the general laws of motion and 
equilibrium of material bodies and of their resulling mutual in- 
leractions is called theoretical mechanics. This science constitules 
one of the scientific bedrocks of modern engineering *. 

By mofion in mechanics we mean any change in the relative 
positions of material bodies in space which occurs in lhe course 
of lime. By mechanical interacfion between bodies is meant such 
reciprocal aclion which changes or tends lo change the slate of 
motion or the shape of the bodies involved (deformalion). The 
physical measure of such mechanical inleraction is called force. 

Theorelical mechanics is primarily concerned with the general 
laws of motion and equilibrium of material bodies under lhe ac- 
tion of forces to which they are subjected. 

According to the nalure of lhe problems treated, mechanics is 
divided into statics, kinematics, and dynamics. Slatics studies the 
laws of composition of forces and the condilions of equilibrium 
of malerial bodies subjected to the aclion of forces. Kinematics 
deals wilh the general geometrical properties of the .motion of 
bodies. Finally, dynamics studies (he laws of motion of material 
bodies under the action of forces. 


* Mechanics, in the broad sense of the term, may be defined as the science 
which deals with the solution of all) problems connected with the molion or 
equilibrium of malerial bodies and the resulting inleraclions belween them. 
Theoretical mechanics, as a parl of general mechanics, treats only of the gener- 
al faws of motion and interaction of material bodies, i.e., laws which apply 
equally, for example, lo the Earth's motion around the Sun, or to the flight 
of a rocket. Olher branches of mechanics cover a variely of general and spe- 
cialised engineering disciplines trealing of the design and calculation of specifle 
structures, molors and other machines and mechanisms or their parts. All 
these disciplines are based on the laws and methods of theoretical mechanics. 


fatraduction i 


According to the nalure cf the objects under study, theoretical 
mechanics is subdivided inlo: a) mechanics of a parlicle, Le., 
of a body whose dimensions can be neglected in studying ils mo- 
{ion or equilibrium, and systems of particles, b) mechanics of a 
rigid body, i-e.. a body whose deformation can be neglected in 
studying its motion or equilibrium, c) mechanics of bodies of 
variable mass (i.e., bodies whose mass changes with lime); 
d) mechanics of deformable bodies (the theories of plaslicily and 
elasticity); e) mechanics of liquids (Nuid mechanics); f) mechan- 
ics of gases (aerodynamics). 

The general course of lheorelical mechanics conventionally 
{treats of the mechanics of particles and rigid bodies and the gen- 
eral laws of motion of systems of particles. 

The emergence and development of mechanics * as a science are 
inseparable from the development of the productive forces of 
sociely and the level of industry and lechnology at each slage of 
this development. 

The study of the so-called simple machines (the pulley, the 
winch, the lever, and the inclined plane) and the general sludy 
of equilibrium of bodies (stalics) began in ancient limes when 
the requirements of engineering were limiled mainly to lhe needs 
of building construction. The fundamentals of statics are already 
found in the works of Archimedes (287-212 B.C.), one of the 
greal scholars of antiquily. 

Compared with statics, dynamics developed al a much laler 
slave. The credit of laying lhe foundations of dynamics goes to 
Galileo Galilei (1564-1642) and Sir Isaac Newton (1643-1727). The 
fundamental laws of so-called classical mechanics, now known as 
Newton's laws, were formulated by Newton in his “Mathematical 
Principles of Natural Philoscphy" published in 1687. Newton's 
laws have since been confirmed by a-tremendous amount of 
practical evidence in the course of the technological advance of 
human sociely. This permits us lo regard as conclusive our con- 
cepts of mechanics based on Newton's laws; and the engineer -can, 
therefore, confidently rely on (hem in his practical work **. 

* The term “mechanics” frst appears in the works of Aristolle (394-322 B.C.) 
Ihe greal philosopher of antiquily. It is derived from the greek word iyyarn, 
which has the meaning of “struclure”, “machine”, “device”. aes 

** Subsequent scientific developments have revealed thal al velocilies 
approaching thal of light the motion of bodies is governed by the mechanical 
oe of the theory of relalivily, while the motion of “elementary” parlicles (clec- 
rons, positrons, cle.) is described by the laws of quantum mechanics. These 
discoveries, however, only served to deline more accurately the spheres of 
aun of classical mechanics and reaffirm the validily of ils laws for the 
olion of all bodies olher than “elementary” particles al all velocilies not 


approaching the velocity of light, i.e., f i i i i i 
1 » -€., for molions wilh which engineerin 
and celestial mechanics are primarily concerned. ie 
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In the [8th century. analytical melhods, i.e., methods based 
on the application of differential and integral calculus, began to 
develop rapidly in mechanics. The methods of solving problems 
of particle and rigid body dynamics by the integration of differ- 
enlial equations were elaborated by the great mathematician 
and mechanic Leonhard Euler (1707-1783). Among the other ma- 
jor contributions to the progress of mechanics were the works of 
the oulstanding French scientists Jean d’Alembert (1717-1783), 
who enuncialed his famous principle for solving problems of dy- 
namics, and Joseph Lagrange (1736-1813), who evolved the gener- 
al analytical method of solving problems of dynamics on the 
basis of d’Alembert’s principle and the principle of virtual work. 
Today analytical methods predominate in solving problems of dy- 
namiics. 

Kinemalics emerged as a special branch of mechanics only in 
the first half of (he 19th century under pressure from the grow- 
ing machine-building industry. Today kinematics is essential in 
sludying the motion of machines and mechanisms. 

In Russia, the study of mechanics was greatly influenced by 
the works of the great Russian scientist and thinker Mikhail 
Lomonosov (1711-1765) and of Leonhard Euler, who for many 
years lived and worked in St. Petersburg. Prominent among Lhe 
galaxy of Russian scientists who conlribuled lo the develop- 
nent of different divisions of theoretical mechanics were 
M. V. Ostrogradsky (1801-1861), the author of a number of im- 
portant studies in analytical methods of problem solution in 
mechanics; P. L. Chebyshev (1821-1894). who slarted a new 
school in the study of the molion of mechanisms; S. V. Kova- 
levskaya (1850-1891), who solved one of the most difficult prob- 
lems of rigid body dynamics; A. M. Lyapunov (1857-1918), who 
elaboraled new methods of studying the stability of motion; 
]. V. Meshchersky (1859-1935), who laid lhe foundalions of the 
mechanics of bodies of variable mass; K. E. Tsiolkovsky 
(1857-1935), who made a number of fundamental discoveries in 
the theory of jet propulsion; and A. N. Krylov (1863-1945), who 
elaboraled the theory of vessels and contribuled much to lhe 
development of the theory of gyroscopic instruments. 

Of tremendous importance lo the further study of mechanics 
were the works of N. E. Zhukovsky (1847-1921), lhe “Father of 
Russian aviation”, and his best pupil S. A. Chaplygin (1869-1942). 
Zhukovsky’s special contribution was in the field of applying 
methods of mechanics fo the solution of actual engineering prob- 
lems. Zhukovsky’s ideas have greally intluenced the teaching of 
\heorelical mechanics in Soviel higher technical educational estab- 
lishments. 


PART ONE 
STATICS OF RIGID BODIES 


Chapter 1 
BASIC CONCEPTS AND PRINCIPLES 


1. The Subject of Statics. Statics is the branch of mechanics 
which studies the laws of composition of forces and the condi- 
lions of equilibrium of material bodies under the action of forces. 

Equilibrium is the stale of rest of a body relative to other 
material bodies. If the frame of reference relative to which a 
body is in equilibrium can be treated as fixed, the given body 
is said to be in absolule equilibrium; olherwise it is in relative 
equilibrium. In slatics we shall study only absolute equilibriusm. 
In actual engincering problems equilibrium relative to the earth 
or lo bodies rigidly connected with the earth is treated as abso- 
lute equilibrium, The justification of this premise will be found 
in the course of dynamics, where the concep! of absolute equilib- 
rium will be defined more strictly. And (here, loo, we shall examine 
ihe concept of relative equilibrium. 

Condilions of equilibrium depend on whelher a given body is 
solid, liquid or gaseous. The equilibrium of liquids and gases is 
studied in ihe courses of hydroslalics and aerostatics respectively. 
General mechanics deals essentially wilh the equilibrium of solids. 

Ali solid bodies change their shape fo a certain exlent when 
subjected to exlernal forces. This is known as deformation. The 
amount of deformation depends on the material, shape and 
dimensions of the body and the acting forces. In order to ensure 
the necessary strenglh of engineering structures and elements, the 
material and dimensions of various parts are chosen in such a 
way that the deformation under specified loads would remain lol- 
erably small*. This makes it possible, in studying (he general 
conditions of equilibrium, to treat solid bodies as undeformable 
or absolulely rigid, ignoring (he small deformations that actually 
occur, An absoluicly rigid body is said to be one in which the 





* For example, the malerial and the diameter of rods in various structures 
a z= ee eal 3 loads, they would extend (or contract) 
yt e-(housandth of their original 1 h. i 
similar order are toleraled in bending, torsion: ele. eae cere 
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distance between any pair of particles is always constant. In solv- 
ing problems of statics. in this book we shall always consider 
bodies a> absolutely rigid, and will) simply refer to them 
a> rigid bodies. [1 will be shown al the end of § 3 that the laws 
of equilibrium of absolutely rigid bodies can be applied not only 
lo solid bodies with relatively small deformation, but to any 
deformable hodies a> well. Thus the sphere of application of rig- 
id body slalics is extremely wide. 

Deformation is of greal importance in calculating the strength of 
enyineering struclures and machine parts. These questions are siudied 
in the cours’s of strength of malerials and theory of elaslicily. 

For a rigid body to be in equilibrium (at rest) when subject- 
ed to the aclion of a system of forces. the syslem must satisfy 
certain conditions of equifibrium, The delermination of these con- 
ditions is one of the principal problems of statics. In order to 
find out the equilibrium condilions for various force svslems and 
{o solve other problems of mechanics one must know the prin- 
ciples of the composilion, or addition, of forces acting on a rigid 
body, the principles of replacing one force system by another 
and, parlicularly. the principles of reducing a given force syslem 
to as simple a form as possible. Accordingly. stalics of rigid 
bodies treals of {wo basic problems: (1) the composition of forces 
and reduclion of force systems acting on rigid bodies {lo as 
simple a form as possible, and (2) determinalion of the conditions 
for the equilibrium of force systems acting on rigid bodies. 

The problems of statics may be solved either by geometrical 
ccns{ructions (lhe graphical melhod) or by mathematical calculus 
(the analytical method). The present course discusses bolh meth- 
ods, but it should always be borne in mind that geometrical 
construclicns are of special importance in solving problems of 
mechanics, 

2. Force. The state of equilibrium or motion of a given 
body depends on its mechanical inleraclions wilh other bodies, 
i.e., on the joads, allractions or repulsions il experiences as 
a resull of such interactions. /n mechanics, the quantitative meas- 
ure of the mechanical interaction of material bodies is called force. 

Quantilies employed in mechanics are either scalar, i.e., pos- 
sessing Magnitude alone, or vector, i.e., quantities which besides 
niagnilude are also characterised by direction in space. 

Force is a veclor quanlity. Is action on a body is character- 
ised by (1) ils magnitude, (2) ils direction, and (3) ils point of 
application. 

The magnitude of a force is expressed in terms of a standard 
force accepied as a unil. In slalics, the unit of force is the 


: . iE) 
Sec. 2] Furce 
See a 


i lkg™). Static forces are measured with dynamomelers, 
aren ate jected in the course of physics. The direction ee 
the point of application of a force depend on the nature of t }e 
interaction belween the given bodies and their respective Pposi- 
tions. The force of gravity acling on a body. for example, is 
always directed verlically downwards; the forces wilh which two 
smooth contacting spheres act on each other are normal to both 
their surfaces at the poinls of contact and are applied at those 

ints, ele. 
Pore is represented graphically by a directed straight. line 
segment with an arrowhead. The length of the line (AS in Fig. 1) 
denoles the magnilude of the force to some scale, the direclion 
of the line shows the direction of the force, 


ils initial point (point A in Fig. 1) usually 8 
indicating the point of application of the force, F 
though sometimes it may be more convenient LY 
lo depict a force as “pushing” a body with its 2 

lip (as in Fig. 4c), The line DE along which 
the force is directed is called the fine of action 
of the force. We shall denote force, as all veclor quantities, by 
a boldjace-lype leller (F) or by overlined slandard-type letters 
(AB). The absolute value of a force is represented by the symbol 
[F| (two vertical lines “flanking” a vector) or simply by a stand- 
ard-type lelter (F). (In handwriling overlined letters are used.) 

We shall call any set of forces acling on a rigid body a force 
system. We shall also use the following definitions: 

1. A body not connected with olher bodies and which from 
any given position can be displaced in any direction in space is 
called a free body. 

2. If a free rigid body subject to a force system is at rest, 
the ay tett is said to be balanced, 

3. If a force system acting ona free rigid body can be replaced 
by another force syslem without disturbing the body’s initial 
Srnaition of rest or motion, the two systems are said to be equiy- 
alen!. 

4. If a given force system is equivalent 1o a single force, that 
force is the resultant of the system. Thus, a resud/ant is a single 
force capable of replacing the action of a system of forces on a 
rigid body. 

_A force equal in magnitude, collinear wilh, and opposite in 
direction to the resultant is called an equilibrant force, 


rig. 1. 





* Pliysicists often distinguish belween the force unit and (he mass unit by 


denoting the kilogram force by the symbol &G and ci 
In this book “kilogram” shall always fale te jars: Ae eres EY Mi 
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3. Forces acting on a rigid body can be divided into two groups: 
external and internal forces. External forces represent the action 
of other malerial bodies on the particles of a given body. /nter- 
nal forces are those with which lhe particles of a given body act 
on each other. ; 

6. A force applied to one point of a body is called a concen- 
trated force. Forces acling on all the points of a given volume or 
given area of a body are called distributed forces. ~ 

A concentraled force is a purely notional concept, insofar as 
if is actually impossible to apply a force to a single point of 
a body. Forces treated in mechanics as concentrated are in fact 
the resultants of corresponding systems of distributed forces. 

Thus, the force of gravity acting on a rigid body, as conven- 
lionally trealed in mechanics, is the resullant of the gravitation- 
al forces acting on its particles. The line of action of this resul- 
tant ferce passes (hrough the body's centre of gravily™. 


3. Fundamental Principles. All theorems and equations in 
stalic; are deduced from a few fundamental principles, which are 
accepted without mathematical proof. and are known as the prin- 
ciples, or axioms, of statics. The principles of statics represent 

veneral formulations obtained as a _ resull of 
7. a vast number of experiments wilh, and obser- 
’ valions of, the equilibrium and motion of bod- 
ies and which, furthermore, have been con- 
sistently confirmed by actual experience. Some 
of these principles are corollaries of the fun- 
damental laws of mechanics, which will be 
examined in the course of dynamics. 
Fig. 2. Ist Principle. A free risid body subjected 
fo the action of two forces can be in equilibrium 
if. and only if, the two forces are equal in magnitude (F,=F,), 
collinear, and opposite in direction (Fig. 2). 

The Ist principle defines the simplest balanced force system, 
since we know from experience that a free body subjected to the 
action of a single force cannot be in equilibrium. 

2nd Principle. The action of a given force system on a rig- 
id body remains unchanged if another balanced force system is 
added to, or subtracted from, the original system. 

This principle establishes that {wo force systems diflering 
from each other by a balanced system are equivalent. 


an 





* The determinalion of the centre of gravity of bodies will be discussed in 
Chapter 8. Meanwhile il may be noled that if a homogeneous body has 
a centre of symmetry (e.g., a reclangular beam, a cylinder, a sphere, elc.) ils 
centre of gravily is in the centre of symmetry. 


Corollary of the Ist and 2nd_ Principles. The 
point of application of a force acting on a rigid body can be trans- 
ferred to any other point on fine of action of the force without alfering 
ifs effect. This is known as the principle of transmissibility. 

Consider a rigid body wilh a force F applied at a point A 
(Fig. 3). Now take an arbitrary point B on the line of action of 
the force and apply to that point two 
equal and opposite forces F, and F, 
such thal F,=F and F,=-—F. This 
operalion does not affect the action of 
F on the body. From the Ist principle 
it follows that forces F and F, also 
form a balanced system and thus cancel 
each olher*, leaving force F,. equal 
{o F in magnilude and direction, with 
the point of applicalion shifted lo 

Fig. 3. point B. 

Thus the vector denoling force F can 
be regarded as applied al any point along the line of action 
(such a vector is called a sliding vector). 

This principle holds good only for forces acting on absolulely rigid 
bodies. In engineering problems il can be used only when we 
determine the condilions of 





equilibrium of astruclure with- a) 

out laking inlo accounl lhe 4 f, 

inlernal slresses experienced 7) A 8 

by its parts. Se 4 
For example, the rod AB rea f ; 

in Fig. 4a will be in eqyilib- a 

rium if F,=F,. H will ree 4% “ 

main in equilibrium if both Fig. 4. 


forces are transferred lo point 

C (Fig. 4b) or if force F, is transferred to point B and force F, 
to point A (Fig. 4c). The stresses in (he rod, however, differ in 
each case. In the first case the rod is in lension, in the second 
there is no inlernal stress, and in the third it is in compres- 
sion **. Consequently, the principle of transmissibilily cannot be 
employed in determining internal stresses. 


* We shall denote cancelled or (ransferred forces in diagrams by a dash 
across the respective vectors. 

** For the rod to be sireiched (or compressed) with a force F,, the force 
should be apptied al one end of the rod, wilh ‘the other end supported rigidly 
or conslrained by a foree F, = — F,, as in Fig. 4. The lension (or lUrust) is 


the same in both cases and is equal to F,, and not to 2F, as is sometimes 
erroneously supposed, 
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3rd Principle (the Parallelogram Law). Tuo 
forces applied at one point of a body have as their resultant a force 
applied at the same point and represented by the diagonal of a par- 
allelogram constructed with the two given forces as its sides. 

Vector R. which is the diagonal of the parallelogram with 
vectors F, and F, as its sides (Fig. 5). is called the geometrical 
sum of the vectors F, and F,: 


R=F,-+F,. 


Hence, the 3rd principle can also 
be formulated as follows: The resultant 
of two forces applied af one point of a 
body is the geometrical (vector) sum of 
those forces and is applied at that 
potal. 

li is important to discriminate belween the concepts of a sum 
of forces and their resultant. Consider. say. a body to which lwo 
forces F, and F, are applied at poinis A and B (Fig. 6). The 
sum of the two forces can be found by laying them off from any 
point in the body. In Fig. 6. force 
Q is the sum of forces F, and F, 
(Q=F,-+-F,. as the diagona! of the 
corresponding paralleloyram). But Q 
is not the resultant of the two for- 
ces, for it will be readily observed 
that Q alone cannol replace the 
aclion of F, and F, on the body. 
Moreover, forces F, and F,, as we 
shall learn Jater in § 47, have no 
resullant at all. 

4th Principle. To any action 
of one niaterial body on another there is always an equal und op- 

posite reaction, or, reaction is always equal to 
(~’ action. 
: The law of action and reaction is one 

i 7 <=” of the fundamental laws of mechanics. Il 





7; 


Fig. 5. 





follows from it that when a body A acts 

on a body B with a force F, body B simul- 

Fig. 7. taneously acts on body A wilh a force F 

equal in magnitude, collinear wilh, and op- 

posile in sense lo force F (F’ = —F) (Fig. 7). Forces F and F’, 

however, do not form a baJanced sysiem as they are applied to 
different bodies. 

Interna! Forces. It lollows from the 4th principle thal 

any two particles of a rigid body act on each other with forces 


equal in magnitude and opposile in sense. Since in sludying the 
general condilions of equilibrium a body can be {realed as rigid, 
all internal forces (according to the {st principle) form a bal- 
anced system and (according to the 2nd principle) can be neulected 
and only the exlernal forces acling on a given solid body or 
structure have lo be taken inlo account. Unless otherwise express: 
ly staled, the term “force” will henceforth be used in the sense 
of “external force”. . 

5th Principle (Principle of Solidification). f} a 
freely deformable body subjected fo the action of a force system ts 
in equilibrium, the state of equilibrium will not be disturbed tf 
the body solidifies (becomes rigid). 

The idea expressed in (his principle is self-evidinl. for, obvi- 
ously, Lhe equilibrium of a chain will not be disturbed if its links 
are welded together, and a flexible string will remain in equilib- 
rium if it lurus into a bent rigid rod. Since the same force sys- 
tem acls on a reposing body before and alter solidification, lhe 
5th principle can also be formulated as follows: /f a freely deform- 
able body is in equilibrium, the forces acting on tf satisfy the 
conditions for the equilibrium of a rigid body: Jor a deformable 
body, however, these conditions, (hough necessury. may not be suf- 
ficient. 

For example, for a flexible slring with two forces applied at 
ils ends to be in equilibrium, the same conditions are necessary 
as for a rigid rod (the forces must be of equal magnitude and 
directed along the slring in opposite directions). These condilions, 
(hough, are nol sufficient. For the string to be in equilibrium 
the forces must be tensile, i.c., {hey must stretch the body as 
shown in Fig. 4a. 

The principle of solidificalion is widely employed in cngincer- 
ing problems. tt makes it possible to determine equilibrium 
conditions by trealing a flexible body: (a belt, cable, chain, elc.), 
or a collapsible structure as a rigid body and to apply to it the 
methods of rigid-body statics. If the equalions oblained for the 
solution of a problem prove insufficient, addilional equations 
must be derived which take into account either the conditions 
for the equilibrium of separate parts of lhe given structure or 
their deformation (problems requiring consideration of deformation 
are studied in the course. of strength of materials). 


4 nstraints and Their Reactions. As has been defined above, 
a‘tody nol connected with other bodies and capable of displace- 
ment in any direction is called a free body (e.g., a balloon 
floating in the air). A body whose displacement in space is re- 
Slricted by olher bodies, either connected to or in contact with 
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it, is called a constrained body. We shall call a constraint 
anything that restricts the displacement of a given body in space. 

Examples of constrained bodies are a weight lying on a table 
or a door swinging on its hinges. The conslraints in these cases 
are lhe surface of the table, which prevents the weight from fall- 
ing, and the hinges, which prevent the door from sagging from 


s jamb. 

Qs body acled upon by a force or forces whose displacement 
s restricted by a constraint acts on that constraint with a force 
which is customarily called the load or pressure acting on that 
constraint. At the same time. according to the 4th principle, 
the constraint reacis with a force of the same magnitude and 
opposile sense. The force with which a constraint acts on a body, 
thereby restricting its displacement, is called the force of reaction 
of the constraint, (force of cortstraint}, or simply (the reaction of 
fhe constraint. } 

The proceduré will be to call all forces which are nol the 
reactions of constraints (e.g., gravilalional forces) applied or 
active forces. Characterislic of aclive forces is that their magni- 
lude and direction do not depend on the other forces acting on 
a given body. The difference between a [force of constrain{ and an 
aclive force is [hat the magnitude of the former always depends 
on the active forces and is not therefore immediately apparent: 
if there are no applied forces acting on a body. the forces of 
conslraint vanish. The reactions of constraints are determined by 
solving corresponding problems of stalics. The reaction of a con- 
Straint points away from the direction in which the given constraint 
prevents a body's displacement. \f a conslraint prevenls the dis- 
placernenl of a body in several direclions, the sense of the reac- 
lions is not immedialely apparent and has to be found by solving 
ihe problem in hand. 

The correct determination: of (he direction of forces of constraint 
is of great imporlance in solving problems of statics. Let us 
therefore consider the direction of the forces of constraint (reac- 
tions) of some common lypes of constraints (more examples are 
piven in § 26). 

1. Smooth Plane (Surface) or Support. A smooth 
surface is one whose friclion can Le neglected in the first approx- 
imalion. Such a surface prevents the displacement of a body 
perpendicular (normal) to both contacting surfaces al theit point 
of contact (Fig. 8a)*. Therelore, (he reaction N of @ smooth sur- 


* In Figs 8-11, the applied forces acting on the bodies are not shown. 
In the cases illustrated in Figs 8 and 9, the reactions acl in the indicated 
direclions regardiess of the applied lorees and irrespective of whether the bod- 
jes are al rest or in motion. 
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face or support is directed normal to both contacting surfaces at 


[ [S Ta int. If one of lhe 
‘ry point of confact and ts applied at that point. 
reatacina Tae is a point (Fig. 80) the reaction Is directed 


normal to the other surface. 





a} 
Fig. 8. Fig. 9. 


9. String. A conslraint provided by a flexible inexlensible 
slring (Fig. 9) prevents a body M from ‘feceding from the point 
of suspension of the string in the direction AM. The reaction T 
of the string is thus directed along the string towards the point of 
suspension. 

3. Cylindrical Pin (Bearing). When {wo bodies are 
joined by means of a pin passing through holes in them the 
connection is called a joint or hinge. The axial line of the pin 


2 





Fig. 10. 


is called the axis of the joint. Body AB in Fig. 10a is hinged 
lo support D and can rolate freely about the axis of the juint 
(i.e., in the plane of the diagram); al the same lime, point A 
cannot be displaced in any direction perpendicular lo the axis. 
Thus, the reaction R of a pin can have any direction in the plane 
perpendicular to the axis of the joint (plane Axy in Fig. 10a). In 
this case neither the magnitude R nor the direclion (angle a) of 
force R are immedialely apparent. 
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4. Ball-and-Socket and Step Bearing. This lype of 
conslraint prevents displacement in any direclion. Examples of 
such a constraint is a ball-pivol with which a camera is allached 
lo a lripod (Fig. 106) and a step bearing (Fig. 10c). The reac- 
tion R of a hall-and-socket joint or a pivot can have any direction in 
space. Neither its magnitude R nor ils angles wilh the x, y, and 
2 axes are immediately apparent. 

5. Rod. If a thin rod with two forces 
applied al ils lips is in equilibrium, the 
forces. according {o the Jsl principle, must 
be collinear and directed along the axis 
of the rod (see Figs 4a and 4c). Conse- 
quently, a rod subjecled to forces applied 
at ils lips, where the weight of the rod as 
compared with the magnitude of the forces 
can be neglected, can be only under tension 
or under thrusl. Hence, if in a slructure such a rod AB is used as 
a constraint (Fig. 11) the reaction N will be directed along its 
axis *. 





5. Axiom of Constraints. The equilibrium of conslrained bod- 
ies is studied in slalics on the basis of the following axiom: 
Any constrained body can be treated as a free body detached from 
ifs constraints, provided the latter are represented by their reactions, 





Fig. 12. 


For example, the beam AB of weight P in Fig. 12a, for which 
surface OE, support D, and cable KO are constraints, can be regard- 
ed as a Sree body (Fig. 126) in equilibrium under the action of 
the given force P and the reaclions Ny, Np, and T of the con- 
strainls. The magnitudes of these reactions, which are unknown, 


* Strictly speaking. this is possible only if the ends o° the rod are fas. 
fened with pins. Actually, however, the reaction of a rod may be regarded as 
direcled along its axis even if the ends are welded (e.g., in trusses composed 
of triangles). 
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can be delermined from the conditions for the equilibrium of fhe 
forces acting on the now free body. This is the basic method of 
solving problems of slatics. 

The delermination of the reaclions of constraints is of practical 
imporlance because, from the 4th principle, if we know them, 
we shall know the loads acting on the constraints, i.e.. (he bas- 
ic information necessary lo calculate the sf{rength of structural 
elements. 


Chapter 2 
CONCURRENT FORCE SYSTEMS 


6. Geometrical Method of Composilion of Concurrent Forces, 
In sludying slalics we shall proceed from simple syslems to 
complex syslems. Let us commence, lhen, with systems of concur- 
rent forces, Furces whose lines of action intersect at one point are 
called concurrent (see Fig. 16a). A system of concurrent forces 
acting on a rigid body can be replaced by an equivalent force 
syslem applied al the same point (A in Fig. 1Ga). 

The problem of determining the resullanl of concurrenl forces 
is reduced, according to the 3rd principle of statics, lo the com- 
position of the given forces. 

1) Composition of Two Forces. The resultant R of 
{wo concurrent forces F, and F, is determined either by the par- 
allelogram rule (Fig. 13a) 
or by constructing a force 
lriangle (Fig. 136), which 
is in fact one-half of the 
corresponding _parallelo- =, 
gram. To construct a force 
triangle lay off a vector 
denoting one of the forces Fig. 13. 
from an arbitrary point 
A,, and from its lip lay off a vector denoling the second force. 
The veclor R joining ithe inilial point of ihe first vector 
ib the terminal point of the second vector denotes the resultant 
orce, 


The magnitude of the resullant is expressed by the formula 





R* = Fi +- Fi— 2F,F, cos (180° —a), 


where a is the angle between the.{wo forces. Hence, 


R=V Fi+ Fi 2F,F, cosa, (1) 
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The angles 6 and y which the resujlant makes wilh the com- 
ponenl forces can be delermined by the law of sines. As sin 
(180° — a)=:sina, we have 


F, =F, ~_—soR 
siny sin fi ~~ sing * (2) 





U the point of intersection of the forces F, and F, is oulside the body 
(Fig. 14a), the resultant can be found by mentally extending the body as 
shown by the dashed line. Now we can transfer the forees to point 0. con- 
struct a force parallelogram, and apply the 
resullant force R at any point C of the body 
on the line of action of R. 

If the lines of action of the component 
forces F, and F, intersect outside the dia- 
gram (Fig. 146). a point through which their 
resullant passes can be found by applying 
at poinls A and & two balanced forces P, and 
P, (P, = — P,) direcled along A&. According 
fo the 2nd principle, this does not affecl 
the action ol forces F, and F, on the body, 
By separately compounding F, and P, and F, 
and P, we obtain a force system equivalent 
lo the F,, F, force syslem and consisting of 
two forces whose lines of action intersect al 
C. Consequently, the resultant R also passes 
through thal point. The vector R can now be 
Fig. 14. delermined by construcling a force triangle 

(Fig. 146). 





2) Composition of Three Non-Coplanar Forces. 
The resultant R of three concurrent non-coplanar forces F,, F,, 
F, is represented by the diagona) of a parallelepiped wilh the 
given forces for ils edges (the parallelepiped 
faw). This rule can be verified by successively 
applying the parallelogram law (Fig. 15). 

3) Composition of a System of 
Forces. By consecutively applying the par- 
allelogram law we can draw the following 
conclusion: The resulfant of any number of 
concurrent forces is the geometrical sum of those 
forces and is applied at their point of intersec- Fig. 15. 
lion. The geomelrical sum R of all the 
forces of a system is called the principal vector of that system. The 
principal vector of a force system can be determined either by suc- 
cessively compounding the forces of the system according to the 
parallelogram law. or by constructing a force polygon. The lat- 
{er method is simpler and more convenient. In order to find lhe 
resullant of forces F,. F,. Fy ---» F, (Fig. 16a) lay off to scale 


from an arbilrary point O (Fig. 16Gb) a vector Ua denoting 
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force F,. Now from poinl a lay off vector ab denoting force F,, 
from point 6 lay off vector be denoling force F,. and so on; from the 


lip m of the penultimate vector flay off vector ma denoting 
force F,. Vector On—=R, laid off from the inilial point of the 
first vector to the lip of the fast veclor. represents the geomel- 
rical sum, or lhe principal vector, of the componenl forces: 


R=F,+F,+...4-F, of R=DF,. (3) 


The magnitude and direction of R do nol depend on the 
order in which the veclors are laid off. Il will be noted that the 
conslruclion carried oul is in 
effecl a conseculive applica- 
lion of the triangle law. 

The figure conslrucled in 
Fig. 16b is called a force 
polygon (or, generally speak- 
ing, a vector polygon). Thus, 
the geometrical sum, or the 
principal vector, of a set of 
forces is represented by the clos- Fj 
i : g. 16. 
ing side of a force polygon 
constructed with the given forces as ifs sides (the polygon law). In 
conslructing a veclor polygon, care should be taken to arrange 
all the component vectors in one sense along the periphery of 
the polygon, with vector R being drawn in the opposite sense. 

If the force R found by constructing a force polygon is applied 
al point A of the body in Fig. !6a, it will replace {he action 
of all the given forces: j.e., il is their resultant. 





7. Resolution of Forces. To resolve a force inlo {wo or more 
‘components means to replace if by a force system whose result- 
ant is the original force. This problem is indeterminate and can 
be solved uniquely only if 
addilional conditions are 
staled. Two cases are of 
particular interest: 

lI) Resolution of a 
Force Into Two Com- 
ponents of Given Di- 
Fig. 17 rection, Consider the 

ayer onion of force F in 

ig. inlo two co - 

nents whose lines of action are parallel to AB and AD (the 
forces and the lines are coplanar). The lask is to construct a par- 
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allelogram with force F as ils diagonal and ils sides respectively 
parallel lo AB and AD. The problem is solved by drawing 
through the beginning and tip of F lines parallel to AB and AD. 
Forces P and Q are the respective components, as P+ Q=F. 

The resolution can also be carried out by applying the tri- 
angle law (Fig. 170). For this. the force F is laid off from an 
arbilrary point and lines parallel to AB and AD are drawn 
through ils inilial and terminal points to their point of inler- 
seclion. Forces P and Q replace F if applied al point A or at 
any other poinl along lhe line of action of F. 

2) Resolution of a Force Into Three Components 
of Given Direction. If the given directions are not coplan- 
ar the problem is determinale and is reduced to the construc- 
lion of a parallelepiped with the given force F as ils diagonal 
and ils edges parallel to the given directions (see Fig. 15). 

The studenl is inviled to consider for himself {he resolulion 
of a given force F into {wo cotnponents P and Q coplanar wilh 
F if their magniludes are given and P4+-Q =F. The problem has 
iwo solutions. 

Solution of Problems. The method of resolution of forces 
is useful in determining the pressure on constraints induced 
by applied forces. Loads acling on rigid constraints are deter- 
mined by resolving the given forces along the digeclions of the 
reaclions of the constraints as, according to the 4th principle, 
a force acling on a constraini and ils reaclion have the same 
line of action. !t follows, then, that this method can be applied 
only if the directions of the reaclions of the respeclive con- 
straints are immediately apparent. 


Problem 1. Members AC and AC of the brackel in Fig. 18a are joined 
together and attached to the wall with pins. Neglecling the weighl of the 
members. delermine (he thrust in BC if the suspended load weighs P. 
ZBAC=H°. and Z ABC =a. ; ; 

Solution. Force P acls on bolh members, and the reactions are directed 
along them. The unknown thrust is determined by applying force P al point C 
and resolving il along AB and BC. Component S, is the required force. From 
triangle CDE we obtain: ‘ 


cosa” 


From the same lrianzle we find thal member AC is under a tension ol 
S, =P lana. 


The larger the angle a, the greater the load on bolh members, which 
increases rapidly as @ approaches 90°. For example, al P= 100 kg and a= &5°, 
S, 21,150 kg and S,5= 1,140 kg. Thus, to lessen the load angle a should be 
made smaller. 

We see [rom these results that a small applied force can cause very large 
stresses in structural elements (see also Problem 2). The reason lor this is (hat 
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forces are compounded and resolved according to the parallelogram law: a diaz- 
onal of a parallelogram can be very much smaller than ils sides. If. therefore, 
in solving a problem you find (hat the load> or reactions seem too big ay compared 
with the applied forces, this does not necessarily mean that your solution is 
Finally. beware of a mistake Jrequenlly made in applying the method of 
farce resolution. In Problem } we have to delermine the force of thrust 
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Fig. 18. 


acting on member 8C. If we were lo apply force P at C (Fig. 186) and resolve 
i{ into a component Q, along BC and a component Q, perpendicular lo il, we 


should oblain: Q,=Peosu, Q,=Psina. 


Although force P was resolved according (a (the rule, component Q, is nol 
the required force acling on BC because nol all of force Q, acls on AC. Actually 
loree Q, acls on both members and, consequently, it increases the load acling 
oa BC anil adds to Q,. 

This example shows that if a force is rol resalved along the reactions ot 
the respeclive constraints the required result cannol be obtained. 

Problem 2. A lamp of weight P= 20 kg (Fig. 19) bangs [rom two cables 
AC and 8C forming equal angles a = 5° with 
the horizontal. Determine (he tensions in 
the cables. 

Solution. Resolve force P applied at 
C inlo components direcled along the ca- 
bles. The force parallelogram in this case is 
a rhombus whose diagonals are mutually per- 
pendicular and bisecting. From Iriangle aC 
we oblain 


+ =T, sina, 
whence 





P 
h=N= se This kg. 


Fig. 19. 
The equation shows that the smaller the angle @ the grealer the tension in 


the cables (for instance, al a — 1°, T= 573 kg). Should we allempt to stretch 

the cable absolutely horizontally it would break, for, at a—+0, T— aw. 
Probtem 3. Neglecting the weight of rod AB and crank OB of the recipro- 

cating gear in Fig. 20, delermine the clrcumferential force at 8 and the load 


on axle O of (he crank caused by the acti : : : 
the known angles are a@ and . x action of force P applied to piston A if 


Solution, tn order lo determi i : 
the force Q wit elermine the required forces we have lo know 


h which the connecting rod AB acls on pin B, The magnitude 
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a ee 
of Q can be Jound by resolving force P along AB and AD (AD being Ihe 
direclion in which piston A acts on the slides). Thus we obtain: 

ae 

~~ cosa” 





Transferring force Q lo point B and resolving il as shown in Fig. 20 inlo 
the circumferential force F and the load R on the axle. we obtain: 


F=Qsiny, R=Qcosy. 


Angle y is an external angle of triangle OBA and equals a+ f. Hence, 
we finally obtain: 


Fa—psintzt+P) pap csle+P) 


cosa cos @ 


As 2+f= 180° and a@< 90°, force F is always greater than zero, i.e., il 
is alway. direcled as shown in the diagram. Force R. however, is directed 
from 8 to O only as long as a+ f<. 90°; ala+fi > 90’, R reverses ils sense. 
Al a4-fp=90’, R=0. 





Fig. 20. a 


This example shows (hal the method of force resolulion can be employed 
even if the forces act on a body which is nol in equitibrium. In such cases 
the load on a constraint is delermined by resolving the applied force along the 
reaction of the constraint and the direclion of the displacement of the point 
al which the force is applied (point B in Fig. 20). The pressure on a con- 
straint, as delermined by this method, is called a static load, as in calculal- 
ing it the masses, velocities and acceleralions of moving bodies are nol taken 
into account. In actual physical situations such calcutalions can be employed 
‘only if the velocities and acceleralions are small. If the masses, velocities and 
accelerations of the moving bodies are taken info account, lhe determined 
forces are called dynamic teads and are calculaled by the melhods of 
dynamics (§ 161). 


8. Projection of a Force on an Axis and on a Plane. Let us 
now discuss analylical (mathematical) methods of solving prob- 
lems of stalics. These methods are based on the concept of the 
projection of a force on an axis. 

The projection of a force on an axis is a scalar quantify. which 
is the product of the magnitude of the force and the cosine of the 
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arigle between the direction of the force and the positive direction of the 
axts. lt follows from this definition that the projections of _a giv- 
en force on any parallel axes of same sense are equal. This is 
useful in calculating the projection of a force on an axis not 
coplanar with {hat force. We shall denote the projection of a 
force F on an axis Ox by the symbol F,. For lhe forces in 
Fig 21 we have’: 

F.=Fcosa, Q.=—Qcosa,=— Qeos@. (4) 


It is apparent that the projection of a force on an axis is posi- 
live if the angle between lhe direclion of the force and the 
a 
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Posilive direction of the axis is acute, and negative if the angle is 
obtuse; #f the force is perpendicular to the axis its projection is Zero. 

The diagram shows that the projection of a force on an axis 
is equal 1o the length of the line segment between the projec- 
tions of its ends taken with the 


appropriate sign (Ff, —AB,=ab, ar 
Q.=— D,E = — de), 4 r 
The projection of a force F on a Sa 


plane Oxy is a vector F,,—OB 
comprised between the projections 
of the initial and terminal points 
of the force F on the plane (Fig. 22). 







Z 
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Thus, unlike the projection of a a: %, 
force on an axis, the projection 5 id 
of a force on a plane is a veclor Fig. 22, 


nlp characlerised by both 
magnitude and direction in that plane. The magnitud f1 
Projection is F,,=F cosh, where 0) is lhe angle: belveen tte 
alreuen of force F and its Projeclion er 
nN some cases it may prove easier to find the projecti 
itl easier | jeclion of 
a force on an axis by first finding its projeclion on a plane 


° re F i \ 
from ore eed direction of an axis shall be taken lo mean the directian 


(tle origin) towards the leller x denoli 
shall use arrowheads in diagrams only to show the direction of eclors il 
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through that axis. Thus, in the case shown in Fig. 22 we find that 


FL=F, cosy =Feos$cosg, Fi =a, sing = F cos $sing. 
9. Analytical Method of Delining a Force. For the analytical 
definition of a force we select a syslem of coordinate axes Oxyz 
as a frame of reference for defining the direclion of our force in 
space, In mechanics righl-hand coordinate systems are usually 
employed, i.e., syslems in which a 
counterclockwise rotation about Oz 
carries Ox inlo Oy by the shortest 
way (Fig. 23). We can construct the 
veclor denoling force F. if we know 
{he magnitude of the force F and the 
angles a. B, y it makes with the 
coordinate axes. The quantities F, 
a. f, y define the given force F. 
The point A al which the force is 
applied must be defined addition- 
ally by ils coordinates x, y, z. 
Fig. 23. For the solution of problems of 
slalics it is offen more convenient 
to define a force by its prejections or by its rectangular com- 
ponenls parallel to the coordinale axes, which are in facl 
its projections on lhose axes. Lel us show that force F is com- 
pletely defined if its projections F,. F,, F, om the axes of a car- 
tesian coordinate system are known. From formula (4), we have 





F.=Fecosa, F,—=Fcosf, F,=—Fcosy. 
Squaring through and adding these equations, we oblain 
F.+F,4Fi=F*. since cos*a-{cos?ph+-cos*y=1, whence, 
F=ViEPRTA 


: F F ; F 
cosa=—F, cop. coy=F- 


(5) 


Eqs. (5) give the magnilude of a force and the angles it makes 
with ithe coordinate axes in terms of ifs projections on the giv- 
en axes, i.e., they define the force. Jt should be noted that 
in the first equalion the sign before the radical is always posi- 
live as the formula gives only the magnifude of the force, and 
not its direction. 

If the initial point of a force F is not al the origin of a coor- 
dinate system, ils rectangular components F,, F,, F, resolved 
parallel to the axes are equal in magnitude to the projections 


Sec. 10] Analytical Atethod for the Composition of Forces 3 


of the force on the respective axes (see Fig. 23). Il follows then 
that the vector of a force can be conslructed geoinelrically ac- 
cording to the parallelepiped rule if ils rectangular components 
or projections on the axes of a coordinate system are known, 

If a sel of given forces is coplanar, each force can be defined 
by ils projections on two coordinale axes Ox and Oy. Then 
Eqs. (5) take the form: 


F=VF LF coa= tt, cop= ZF. 6) 


The force can be construcled graphically according to ils x 
and y components or projections by the parallelogram law. 


10. Analytical Method for the Composition of Forces. Opera- 
tions with vectors can be expressed in terms of operations with 
their projections by (he follow- 
ing geometrical theorem: The 
projection of the vector of a sum 
on an axis ts equal to the alge- 
braic sum of the projections of the 
componenf vectors on the same 
axis. For ifs=a,+a,tata 
(Fig. 24), then aio ek . 

a,,=ab, a,,==be, a,,=cd, 


a,, = — de; $,=ae 





and, adding {he first four equalilies, we oblain, as could be ex- 
pecled from the diagram, that 


4.+4,,+4,,+4,,=ue=s,, 
enleh proves the theorem. With any number of components we 
ave: 
if s=Dya,. then 5, == Da,,. (7) 
Now consider the composition of forces. Take a system of 
forces F,, F,,..., , defined by their Projections and denote the 


sum (the principal vector) of these forces by { ; eno 
It follows, then, by Eqs. (7) that ces by the sy mbo! R(R= > F,). 


: R= Daw Ry= DF ay R,= DF a, (8) 
Krowing R,, R,, and R, we have from Eqs. (5) 
R=VRILRILRY 
__ Re R 9 
cos @a= or, cos Bp ===, COs y == oe ° 


Eqs. (8) and (9) provide an analytical solution for the problem 


of the composition of forces, 
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For coplanar forces the respeclive equations are 
R= > Fags Ry => Fay 
———. R, R 10 


If the forces are defined by their scalar magnitudes and their 
angles wilh the coordinate axes, it is first necessary 1o determine 
{heir projections on the coordinate axes. 


Problem 4. Delermine the sum of three forces P, Q, F whose respective 
projections are: 

P.=6 kg, Py=3 kg. P2» = 12 kg; 
Q,=3 ke. Qy=— 7 kg, Q,=! kg; 
FL=S5 kg, Fi,=2 kg, F.=— 8 kg. 

Solulion, From Eqs. (8) we find R,=64+3+4+5=—14 kg: Ry=3-— 
—7+4+2=—2 kg; R, = 12+1—8=—5 kg. Substiluling these quantities in Eqs, 
(9) we obtain: 

ea reer ee ose Fare aah sii ey avi) 

R=V 147+ (— 284+ 9 = 15 kg; cosa = Te; cos p= is? cosy=z, 
ani finally: R=15 kg, a=21°, B=97°40', y= 70°30’. 


Problem 5. Determine the resultant of the three coplanar forces in Fig. 

25a if F = 17.32 kg, T= 10 kg, P= 24 kg, ¢ = 30°, p— 60°. 
Solution. Compute the projections of the given forces: F, = F cos p= I5kg; 
T,=—Tcosp=—5Skg, Py =0; Fy= 


y | =— F sin g = — 8.66 kg; T, =7 sin P= 
ry = 8.66 kg: P,=— P=—24 kg. Then, 
aR by Eqs. (10),R, = 15 —§=10 kg. Ry= 
ae rp = — 8.66-+ 8.66 — 24 — — 24 kg, whence 
CA - 
Pp a F r R=) 1° + (— 24)? = 26 kg; cosa= 
Ff c =a cosB=— 7G: 
4 and finally: ; 
4) R= 26 kg, a= 67°20’, B= 157°20'. 
Fig. 25, 


To solve the problem graphically, 
choose a scale (e.g., | cm corresponds 
io 10 kg) and construct a force polygon with forces P, F, and 7 as its sides 


(Fig. 250). Side ad represents lo scale the direction and magnitude of the result- 
ant R. If on measuring we find that ad == 25 cm, then R= 25 kg, with an 
error of 4°/, to the exact solution. 


11. Equilibrium of a System of Concurrent Forces. It follows 
from the laws of mechanics that a rigid body subjected to the 
action of an external set of mutually balanced forces can either 
be al rest or in molion. We shall cal! this kind of motion “mo- 
tion under no forces”, “inerlial” or “coasting” motion, of which 
uniform rectilinear lranstatory motion is an example. 

From this we derive the important conclusion that forces act- 
ing on bodies at rest and on bodies in inertial” motion 
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equally satisfy ‘the conditions of equilibrium treated of in statics 
(see Problem 6). It is also obvious that the equilibrium of forces 
acling on a [ree rigid body is a necessary but insufficient condi- 
lion for the equilibrium (rest) of the body. The body will remain 
at rest only if il was al rest before (he moment when the bal- 
anced forces were applied. f 

For a system of concurrent forces acting on a body to be in 
equilibriuin it is necessary and sufficient for the resultant of (he 
forces to be zero. The conditions which the forces themselves 
niust salisly can be expressed in eilher graphical or analylical form. 

l) Graphical Conditions of Equilibrium. Since 
the resultant R of a system of concurrent [forces is defined as the 
closing side of a force polygon construcled with the given forces, 
it follows that R can be zero only if the terminal point of the 
last force of {he polygon coincides with the initial point of the 
first force, i.e., if the polygon is closed. 

Thus, for a system of concurrent forces to be in equilibrium if 
is necessary and sufficient for the force polygon drawn with these 
forces to be closed. 

2) Analytical Conditions of Equilibrium. Analyt- 
teally the resultant of a system of concurrent forces is deter- 
mined by the formula 


R=VRiLRIF Ri. 


As the expression under the radical 1s a sum of positive com- 
ponents, KR can be zero only if simultaneously R, =0, R,=0, 
R,=0, which follows from Eqs. (8), i.e., when the forces acting 
on the body satisfy the equations . 


YFru=0, DF, =0, DF,,=0. qty 


Eqs. (11) express the conditions of equilibrium in analytical 
form: The necessary and sufficient condition for the equilibrium of 
a three-dimensional sys‘em of concurrent forces is that the sums of 
the projections of all the forces on each of three coordinate axes 
must separately vanish. 

I all the concurrent forces acting on a body lie in one plane, 
they form a coplanar system of concurrent forces. Obviously, for 


such a force system only two equations are required to 
\he conditions of equilibrium: i : coDreAs 


DF as =, DF ay =. (12) 


Eqs. (11) and (12) also eexpress the necessary conditions (cer 


equations) of equilibrium of a { igi j 
deli ‘ol cmurent foes Tee rigid body subjected to (he 


2—2084 
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3) The Theorem of Three Forces. The following the- 
orem will often be found useful in solving problems of sfalics: 
If a free ripgid body remains in equilibrium under the action of 
fhree nonparalicl coplanar forces, the lines of action of those forces 
infersect at one point, 

To prove the theorem, first draw two of the forces acting on 
the body, say’F, and F,. As the theorem states thal the forces 
are nol pe«rallel and lie in the same 
plane, their lines of aclion intersecl 
ai some point A (Fig. 26). Now at- 
tach forces F, and F, lo point A and 
replace them by their resultant 2. 
Two forces will be acling on the body: 
R and F,, which is applied at some 
point B of the body. If the body is 
{o be in equilibrium, then, according 
to the Ist principle, forces R and F, 

Fig 26. must be directed along the same line, 
i.e., along AB. Consequently, force 
F, also passes through A, and the theorem is proved. 

It should Le noted that the reverse is not true, i.e., if the 
aclion lines of three forces intersect al one point, the body on 
which they are acling is not necessarily in equilibrium, Thus, 
the theorem expresses a secessary, but 
not sufficient, condition for the equi- 
librium of a iree rigid body acted 
upon by three forces. ; 





Example. Consider a team A&B (Fig. 27) 
hinged al A and reclining on a ledge at D. By 
replacing the constraints with their reactions 
we can treat the beam as a [ree body in equi- 
librium under the action of three forces. The 
lines of aclion of two of (hem, P and Np. are 
known. and they intersect al K. Consequently, the 
reaclion Ry of the hinge applied al A must also 
pass through K, i.c., itis directed-along AK. In Fig. 27. 
this case the theorem of three forces has helped 
us fo delermine the unknown direction of the reaction of hinge 4. 





12. Problems Statically Determinate and Statically Indeter- 
ninate. In problems where the equilibrium of constrained rigid 
jodies is considered, lhe reactions of the constraints are unknown 
quantities. Their number depends on the number and type of the 
constraints. A problem of statics can be solved only if the num- 
ber of unknown reactions is not greater than the number of equi- 
\ibrium equations in which they are present. Such problems are 
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called sfatically determinate, and the corresponding systems of 
budies are called statically determinate systems. 

Problems in which the number of unknown reactions of lhe 
conslrainls is greater than the number of equilibrium equalions 
in which they are present are called statically indeterminate, and 
{he corresponding syslems of bodies are called statically indeter- 
minate systems. : ; 

An example of a2 stalically indeterminate system is a weight 
hanging from lhree strings lying in one plane (Fig. 24). There are 
{hree unknown quantities in (his problem». 
{the tensions 7,.7,. 7, of lhe strings), but 
only the {wo equalions (12) for the equilib- 
rium of a coplanar syslem of concurrent 
forces. 

It can be seen that the slalic indeler- 
minateness of a problem is a result of the 
presence of loo many constraints. In the 
present case lwo strings are sufficient lo 
keep the weight in equilibrium at any val- 
ues of angles a and # (see Problem 2, Fig. 28. 

Fig. 19). and the third string is redundant. 

We shall be concerned only with slatically determinate prob- 
lems, i.e., problems in which the number of reactions is the 
same as the number of equilibrium equations involving (hem. For 
the solution of statically indeterminale problems the assumption 
of the rigidity of (he bodies under consideration must be given up 
and their deformations taken into account. Problems of this kind 
are solved in the courses of strength of materials and statics of 
structures. 





13. Solution of Problems of Statics. The solution of problems 
of stalics involves the determination of loads acting on supports 
and slresses appearing in structural elements in condilions of 
equilibrium, as well as the determinalion of the general condi- 
lions of equilibrium of a structure nol rigidly constrained. 

In the simplest cases such problems can be solved by the melh- 
od of force resolulion (§ 7). Usually, however, a more general 
method of solution is applied, which is based on the examinalion 
of the conditions of equilibrium of a body acted upon by unknown 
forces or lheir equivalents. Any structure is actually an associa- 
lion of several connected bodies. Hence, in proceeding with the 
solution of a problem by this method it is necessary to isclate the 
Specific body whose equilibrium shoul be examined in order to 
oblain the unknown quantities. 

The solution consists of the following steps: 


2% 
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1. Choose the body whose equilibrium should 
be examined. For the problem to lend itself to solulion, the 
given and required forces, or their equivalents, should al] be ap- 
plied lo the body whose equilibrium is being examined (for instance. 
if the problem is to delermine a load acting on a support, we 
can examine the equilibrium of the body experiencing the reaction 
of the suppoil. which is equal in magnitude to the required load). 

If the given forces act on one bedy and the required on an- 
other, i! may be necessary fo examine the equilibrium of each body 
separalcly, or even of some intermediary bodies as well 

2. Isolate the body from ils constraints and 
draw the given forces and the reactions of the 
removed constraints. Such a drawing is called a free-body 
Guesam and is drawn separately, as in Fig. 126*. In drawing the 
react:ons, the points brought up in § 4 in connection with the re- 
aclions of constraints should be taken into account. 

3. State the conditions of equilibrium. The stale- 
ment of these condilions depends on the force system acting on 
the tree hody and the method of solution (graphical or analytical). 
Special cases of slaling the equilibrium conditions for different 
force systems will be examired in the respective chapters of this 
course. 

4. Delermine the unknown quantities, verily 
the answer and analyse the results. In solving a prob- 
km il is tmporlunt to have a carefully drawn diagram, which 
helps to choose the correct method of solution and prevents errors 
in staling the conditions of equilibrium. All computations should 
be cerried oul in slricl erder. 

The compulations should. as a rule, be written oul in general 
(algebraic) form. This provides formulas for determining the un- 
known quantilies which can then be used to analyse the results. 
Solution in general form also makes 11 possible to catch mistakes 
by checking the dimensions ({he dimensions of the terms in each 
side of an equation should be the same). If the problem is solved 
i general form, the numerical values should be subsliluled in 
the final equations. 

In this seclion we shall discuss equilibrium problems involving 
concurrent forces. They can be solved by either the graphical or 
the analytical method. 


* When sufficient experience is gained, the student may mentally Isolate 
the body he is examining and draw the given forces and the reactions of the 
constraints acling on the body (and on il atone) on the general diagcam (as ‘in 
Fig 31). However, if the equilibrium of two of more structural elements has to 
be examined, il is best to desi a free-body diagram. 
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a) The graphical melhod is suitable when the total 
number of given and required forces acting on a body is three. 
If the body is in equilibrium the force lriangle musl be closed 
(the construction should start with the known force). By solving 
lhe triangle trigonumetrically we obtain the unknown quantities. 

b) The analytical melhod can be applied for any num- 
ber of forces. Before writing (he conditions of equilibrium—which 
for a coplanar system of concurrent forces will be in the form of 
the two Eqs. (12), and for a (hree-dimensicna] system, the three 
Eqs. (11)—the coordinate axes must be chosen. The choice is 
arbitrary, bul the equations can be simplified by taking one of 
lhe axes perpendicular lo an unknown force. The beginner is 
advised to commence his solulion by delermining the projections 
of all the forccs on each of the coordinale axes and tabulaling 
the information (see Problems 6, 10, and 11). 

Olher suggeslions are offered in the sample probleins below. 


A 


Problem G6. A toad of weight P lies on a plane incline) at a degrees lo 
the horizontal (Fig. 29a). Determine the magnitude of the force F parallel to 
Ihe plane which shoukld be apptied to the loud to keep it in equilibrium, and 
the pressure Q cxerled by the load 
on the plane 

Solutiva. The = required 
forces act on different bodies: F on 
ihe load, and @ on the plane. To 
solve the problem we shall deler- 
miae inslead of Q@ (he reaction V 
of the plane, which is equal to Q 
in magnilude and opposile in sense. 
In this case the given force P and 
the required forces F and W all acl 
on (the load, i.e., on one body. 
Now consider the equilibrium of the 
load as a free body (Fig. 2%d), 
with the applied Jorees P and F 
and the reaction N of the constraint (the plane), The required forees can 
be determined by employing either the graphicul or the analytical method of 
Slaling Ue equilibrium conditions of the body. 

Graphical solution. Hf the body is in equilibrium, the force tri- 
angle wilh P, F, aid NW as ils sides must be closed. Start the construction with 
the given force: from an arbitrary point a lay off to scale furce P (Fig. 24%), 
Through its initial and terminal poinls draw straight lines parallel lo the direc- 
tions of the forces F and N. The intersection of the lines gives us the third 
verlex ¢ of the closed force triangle abc, whose sides 6¢ and ca denole the re- 

uired forces in the chosen scale. The direction of the forces is determined by 
the arrow rule: as the resultant is zero, no lwo arrowheads can mect in any 
vertex of the (riangle. 

The magnitudes of the reguired forces can also be compuled (in which case 


ie dlegrem need nol be drawn lo scale). Observing thal angle / abe =a, we 





F=Psina, N=P cosa. 


38 Concurrent Force Systems [Ch. 2 





Analytical method. Since the force system is coplanar, only (wo 
coordinate axes are needed. To simplify the computation, lake axis Ox perpen- 
dicular to the unknown lorce NM. Compute the projections of all the Jorces on 
each of the coordinale axes and labulate the information *: 





From Eqs. (12) we oblain: 


Psing — F =9, 
—-Pcsa+N=O, 


which give: 
F=Psina, N=Pcosa, 


The force exerled by the load on the plane is equal in magnilude to the cal- 
Culafed force N = P cosa and opposite in sense. 

Mt will be noled Uthat the force F needed to hold the Joad on the inclined 
plane is less than ifs weight ?. Thus, an inclined plane represents a simple 
machine which makes it possible lo balance a large force wilh a smaller one. 

Asx was shown in the beginning of § ti, these results hold equally good for 
a body at resl or in molion “under no forces”. It follows, then, thal in order 
to push the load with uniform velocity up a smoolh surface the same force 
F -=Psina has to be applied which is needed to keep if in equilibrium; 
similarly, the same foree F = P sina has to be applied to brake the load if we 
wish it to slide with uniform velocily down the plane. For either motion to 
fake place the load must receive an initial velocity, otherwise the force 
F =P sina acling on it will keep il al rest. The force exerled on the plane 
will in all cases be Pcosa. 

A general conclusion can be drawn from the solulion of the above problem: 
in problems of statics solved by the equations of equilibrium, the forces exerted 
by «a body on its constraints should be replaced by the reactions of the constraints 
acting on the body, which are equal in magnitude and opposite in sense to the 
epplied forces. In solving problems by the melhod of force resolulion (§ 7) the 
forces exerted by the constrainls are delermined directly. 

Problem 7. The rod Af in Fig. 30a is hinged lo a fixed supporl at A. 
Ailached lo the rod al 8 is a load P= 10 kg and a string passing over a pul- 
ley al C with a load Q=14.1 kg lied‘lo the other end of (he slring. The axes 
of the pulley C and the pin A lie on (he same verlical and AC= AB. Ne- 
glecling (he weight of the rod and the diameler of the pulley, determine the 
angle a at which the system will be in equilibrium and the stress in the rod AB. 

Solution. Consider the condilions for the equilibrium of rod AB, lo 
which al] the given and required forces are applied. Removing the constrains 





*" The table should be filled by vertical columns: first compule the «and 
projections of P, then of F, etc. The use of tables reduces the possibility o 
mistakes in the equations. The beginner will find tables especially useful unlil 
he acquires (he necessary experience in operating with force projections. 
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i “¢ . i 30h), draw the Jorces acling on it: 
ne the rod ava free body (Fig. . di i 

ihe vow ot the load P, the tension 7 in the string. and the bie rae 2 
the hinge, which is directed along AB, since fn the Did aval the rope an 
only be in tension or in compressian (sce § 4). Me the fricho ne sine on 
the pulley is neglected. the tension in the string can be regarded a5 : 
(hroughout ils length. whence T= Q. 





’ a 
‘ad 
4 
’, 
rH 
Fig. 30. 


For the graphical method of solulion, construct a closed lorce triangle abc 
with ioreeee T. Ra as its sides (Fig. 30c) starting with force P. As trian- 
gles abc and ABC are similar, we have ab = 6c and / abc=a. Hence, as 
T=—Q=2P sin 5 : 

Ra=P andsin 2 = 55. 

It follows from these results that at 2 < 180° equilibrium is possible only 
I Q< 2P and that the rod will be compressed wilh a force equal to P al any 
values of Q and a. 

The case of @= 180° should be examincd separately. It is apparent thal in 
\his case equilibrium is possible al any values of P and Q. If P > Q the roJ 
will be stretched with a force P —Q; if Q > P the rod will be compressed with 
a force Q — P. 

Substituling the numerical values, we obtain R= 10 kg, a= 90° (ihe rod 
is horizontal). 

Note that force Q (ihe weight of the load) was not dircclly included in the 
equilibrium condition (in the force triangle), as il is applied to (he load and 
Not to the rod whose equilibrium was considered. 


Further on in this book we shall not draw free-body diagrams, 
bul in picturing the forces acling on a given body it should always 
be visualised as free, as in Figs 290, 300, and 126. 


Problem 8. A crane held in position by a journal bearing A and a thrust 
bearing B carries a load P (Fig. 31). Neglecling the weight of the structure, 
determine the reactions Ry and Ry of the constraints if Whe jib is of length 
fand AB=hA. 

Solution. Consider the equilibrium of the crane as a whole under the 
aclion of the given and required forces. Mentally remove the constraints A and 8 
and draw ihe given force P and the reaction Ry of the journal bearing perpen- 
dicular lo AB. The reaction Rpg of the thrust bearing can have any direction 
io the plane of the diagram. Bul the crane is in equilibrium under the aclion 
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of three forces and consequently their lines of aclion must intersect in one point. 
This is point E, where the lines of aclion of P and Ry cross. Hence, the reac- 
lion Ry is direcled along BE. 

To solve the problem by the graphical method draw a closed triangle ab¢ 
willt forces P, Ry, Ry as its sides, starling with the given Jorce P. From the 
Sid of triangles abc and ASE we 
oblain: 


Ra_ ft Ra _ Vit 
g-« to Phe ES ae 
whence 


i ? 
Ra=7, P. R= 1+ 7px P. 


From (riangle abc we see that the di- 

? teclions of the reactions Ry and Rp were 

Fig. 31. drawn correctly. The loads acting on lhe 

journal bearing A and the thrust bearing 

B ate respectively equal in magnitude to Ry and Rp bul opposile in sense. 
The grealer the ratio /:4 the greater the load acling on the constraints, 

This problem is an example of (he application of the theorem of three forces, 

Nole the following conclusion arising from it: /f the statement of a problem 
gives the linear dimensions of structural elements, tt ts more convenient to solve 
the force triangle by the rule of similarity: tf the angles are given (Problem 6), 
the formulas of trigonometry should be used. 

Problem 9. A horizontal force P is applied to hinge A of the tozcle-press 
in Fig, 32a. Neglecting the weight ol (he rods and piston, delermine the force 
exerted by the piston on body Af when the iy 
given angles are a and 6. 

Sotution. First consider the equilib- 
rium of the hinge A to which the given 
force P is applied. Regarding the hinge as a 
free body, we find thal also acling on il are 
the reaclions R, and R, of the rods direcled 
along them. Construct a force Lriangle (Fig.326). 
lis angles are p=W°—a, p= —f, 
y=a+f. By the law of sines we have: 


R, P Pcosa 








sing siny' =e TD 
Now consider the equilibrium of the 
piston, regarding if as a free body. Acting 
on it are three forces: R, = — R, exerted by Fig. 92. 


rod AB, the reaclion N of the wall, and the 
reaction Q of the pressed body, The (hree forces are in equilibrium, consequently 
they are concurrent. Constructing a triangle with the forces as ils sides (Fig. 32c), 


we find: ; 
Q=R, cos B. 





Subslituling for R, its equivalent R,, we finally obtain: 


__ Pcosacosp __ P 
| 8= ante +H) ena -p lap 
Jommu & Kashmir Unlversity Library, 
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Tie foree with which the piston compres-es the body MI is equal to Q in 
itude and oppostle in sense, 
Ma ear te fase iormula we sce that wiih a constant applied force P the pres- 
; increases ax the angles «@ and Bp diminish. _ 
ee he rods GA and AB are of equal length, then a= fh anid Q=0.5 Pole. 
The following conclusion can be drawn from this solution: fn some problen:s 
the given furce cr jreces are applied lo ane bedy and the required force ar forces 
act on another; in such cases the equrltorinm of the Jarst bady fs considered 
and the furce with which tf Gety on the ativer body fs found; then the second bedy ts 
examined and the required quantities arc obtained. 





Fig. 33. 


Problem 10. Ruds AU and BC of the bracket in Fig. M2 are joined togeth- 
ec and atlached lo the wall by hinges. Over the pulley al & passes a string 
one end of which is fastened lo the wall while the other supporls a load of 
weight Q. Neglecling (he weight of the tods anid the diameter of the pulley, 
delermine the reaclions of the rod» if angles a and fi are given. 

Solulion. Consider the equilibrium of the pulley with the seclion DE of 
the slring which is in contact wilh il*. Isolate the body and draw the reac- 
tions of the constraints (Tig. 336). Acting on the pulley and the segment of 
the string passing over il are four exlernal forces: the tension Q in the right- 
hand part of the string. the lension T in (he left-hand parl of the string, which 
is equal fo Q in magnitude (T= Q), and lhe reaclions R, and R, of the rods 
direcled along the rods. Neglecling the diameter of Ihe pulley. the forces can 
be trealed as concurrent. As Uhere are more than three forces the analytical 
method of solulion is more convenient. Draw ihe coordinale axes as shown in 
the diagram and compule the « and y projections of all lhe forces: 


* In such cases it is best to treat the pulley as one body togelher with the 
section of (he sleing wilh which it is in contact. The unknown reciprocal ac- 
tions of the cable and the pulley distribuled along are de constitule a system of 
balanced inlernal forces and do not enler inlo the equilibrium condilions (see 
§ 3, corollary of the 4th principle). Should we {reat the pulley separalely (Fig. 

dc, in a larger scale) we would have to consider the forces exerted by the 
thread on the pulley along the arc de, the resultant of which would have to 
be found by additionally examining the condilions of equilibrium of section 


DE of the thread (applying the principle of solidiftcation), This would make 
the calculations much more involved. 
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F.. | 0 | - ron Ryxing | -R, 
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| Fey | —Q | Tsing | Ry cosa | 





Now apply the formulas of equilibrium (12) and wrile the corresponding 
equations, substituting for T the equal quantity Q: 


— Qco-$+R,sinz—R,=90 
—Q+Qsinf +R, cora=l. 
From the second equation we find: 
Ae 1 —sinB 
cos @ 





_Substituling this value of &, into the first equation and (ransposing, we ob- 
ain: 
sing — cos (2 — f) 

cos a : 


R,=Q 


Ii follows from the expression of R, that at any acute angles a and f, 
R, >. This means that the reaction R, is always directed as shown in the 
diagram. The force which the pulley exerts on the rod is direcled in the oppo- 
site direclion (rod SC is under thrust). For &, we obtain a different result, 
Let us assume that angles @ and fi are always acute. Since 


sin @ — cos (2 — f) = sing — sin (90° — a + B), 
(he difference is positive if @ > (90° — a+) or if 22 > 90° +6. Hence, al 
“> (45° +4) , Ry>0, i.e.. the reaction R, is direcled as shown in the 


diagram. Bul ila < op 4 5). R, <0, and the reaction R, is of opposite 
sense and jis direcled from A to 8. In the first case rod AB is in tension, in 


the second it is in compression. At a=15° +5 , &,=—0. 


The following conclusions are important: 1) If a system includes pulleys 
with strings passing over them, in wriling the equations of equilibrium a pulley 
and the section of the cable with which it is in contact should be treated as a 
single body. If the friction of the cable on the pulley or the friclion of the 
pulley axle can be neglected, the tension in both portions of the string is equal 
in magnitude and directed away from the pulley—otherwise the string would slip 
in sa aaa of the greater tension or the pulley would turn (see also Prob- 
Jem 13). 

2) Uf, in drawing the reactions of constraints, any reaction is pointed in the 
uvong direction, this will show up immediately in the force polygon of a graphical 
solution (the arrowhead rule); in an analytical solution the sign of the respective 
reaction will be negative. 

Whenever possible. however, (he forces should be direcled correctly, In Prob- 
lem 8, for instance, the direction of the reaction of bearing A can be deter- 
mined by the following consideration: if the bearing is removed, force P will 
tend lo overlurn [he crane lo the right, consequently, force Rg, which replaces 
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oh 
Ihe aclion of the bearing, should be directed fo Ihe lefl in order lo keep the 


crane in equilibrium. ; 
Problem 11. The verlical pole OA in Fig. 34 is anchored down by guy 


wires AB and AD which make equal angle, a= 30? with the pole; the angle 
between the plane, AQB and AOD i> q == 60°. 
Two horizontal wires parallel to the axes Ox 
and Gy are altached to the pole. and the 
lension in each of them ix P=100 kg. Ne- 
glecting the weight of all the clements, deter- 
mine {he vertical load acling on the pole end 
the tensions in the guy wires 

Solution. Consider the equilibrium of 
point A lo which the guys and horizontal wires 
are attached. Acling on il are the reactions 
P, and P, of the horizontal wires (P, = P;= P). 
Ihe reactions R, and R, of the guys, and the 
teaclion R, of ihe pole. The force syslem is 
three-dimensional, and the analylical method 
of solution is most suilable. Draw a coordinale 
system as shown in the chagram, compule the 
projections of all the forces on each of the 
axes, and tabulate the information {the x 
and y projections of R, are calculaled as ex- 
plained al the end of § 8): 









R, sina sing 










R, sina cos @ 


From the equilibrium Eqs. (IL) we have: 
—P+R,sinasing=0, 
—P+R,slua+ R,sinacosp=O, 
R, — R, cosa — R,cosa=0, 


solving which we obtain: 


P i — 
Rmamdrg NoPE 


= see R= P(1+ tan Z) cola. 


The results show thal at p< 45°, R, <0, and th i i 
| ) a : ae e reaction i 
ial heey aD me pete diel 3 Wire cannot be in Speier i, laa 
id be anchored in such a way thal Ww 
grealer than 45°. Substituting the scalar quantilies in ‘he Poe hier as 


R,= 23) ke. R,=85 kg; Ry = 273 kg. 
14, Moment of a Force About an Axis (or a Polnt). We 


know from experience that a force acti 
xpe ing on a body 1 i 
to displace il in some direclion or ior polale it Sata Sint 
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The tendency of a force to turn a body about a point or an axis 
is called the ronment of that force. 

Consider a force F applied at a point A of a rigid body (Fig. 35) 
Which tends to rolale the body about a point 0. The perpendicu- 
lar distance # from O to the line of action of F is called the 

ests moment arm of force F 

aboul the centre O. As 

the point of application of 
the force can be trans- 
ferred arbitrarily along its 
line of action, it is appar- 
ent that the rotational 
g _ action of any force depends 
My (E/=-Fhi only on 1) the magnitude 





M, iF /= th 4) of the force F and ils mo- 
a) ment arm fi; 2) the aspect 
Fig. 35. of the plane of rotation 


through the centre O and 
the force F; 3) the sense of the rotation in thal plane. 

For the present we shall limit) ourselves to coplanar force 
systems, in which the plane of rotation is the same for all the forces 
and «oes nol have to be specifically defined. The sense of rotation 
is denoled by (—) or (—), assuming it tq be posilive in some 
partlicular direction. 

Thus we may formulate the concepl of moment of a force as 
a measure of the tendency of the force to turn the body on which 
it acts: The moment of a force F about a centre O is defined as 
fhe product of the force mugnitude and the length of the moment 
arm taken with appropriate sign. 

We shall denole the moment of a force F about a cenlre O 
by the symbol m,(F). Thus, 


Mo (F)= + Fh. (13) 


We shall call a moment posilive if the applied force tends to 
rolate the body counterclockwise, and negalive if it tends to fo- 
fale the body clockwise. Thus, the sign of the moment of (he 
force F about O is(+-) in Fig. 35a, and(—)in Fig. 356. If the force 
is measured in kilograms and its perpendicular distance [rom the cen- 
ire in metres, the dimension of the moment is Rilogrant-metre (kg-m). 

Note the following properties of the moment of a force: — 
1) The moment of a force does not change if the point of 
application of the force is transferred along ils line of action. 

2) The moment of a force about a centre O can be zero only 
if the force is zero or if ils line of action passes through O (i.e., 
the moment arm is zero). 
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3) The scalar magnitude of the moment of a force is repre- 
sented by lwice the area of the triangle OAB (Fig 350): 


Mo (F)=-+ 2 areas of A OAB. (14) 
This follows [rom the fact lhal 


area ol AOAB=4 AB-h= + Fh, 


4) The moment of a force F about a centre O defines a point 
on the line of action of the force at a dislance from O: 


fy ae J #talF) 


where A is laid off perpendicular to veclor F in lhe direction 
defined by the sign of the moment. 

15. Varignon’s Theorem of the Moment of a Resultant. The 
moment of the resultant of a coplanar system of concurrent forces 
about any centre is equal to the algebraic sum of the moments of 
the contponent forces about that centre (Varignon’s lheoreim*). 

Consider a coplanar system of concurrent forces F,, F,,..-, 
F,, applied at the point A (Fig. 35). Denoling their resultanl R, 
lake an arbitrary point O and draw axis Ox 
perpendicular lo OA as shown. For any force 
of the system, F,, for example, we have 
Mm (F,)=2 areas A OAB=OA-0b, or 


Mo (F,) =OA-F,.. (15) 


where F,,=Ob6 is the projeclion of force F, 
on axis Ox. 

Equation (15) is valid also when force F 
passes below OA. In this case the moment 
will be negative, because the projection F, 
will be negalive. Fig. 36. 

To prove the theorem, note that R= > F,,. 

From the theorem of the projection of a sum of forces on an 
axis we have R,—N'F,,. Multiply:ng through by OA we obtain: 


OA-R, =D (OA-F,,) 
mg (R)= Ying (F,). (16) 


Eg. (16) is the mathematical expression of Varignon’s theorem. 





or, by Eq. (15), 


* Pierre Varignon (1654-1722), a celebrate! French mathematician and 


mechanic, who oullined the fundament ics in hi “Projet d’ 
nouvelle mécanique" (168). mentals of slatics in his book “Projet d'une 
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16. Equations of Moments of Concurrent Forces. The analyt- 
ical conditions for the equilibrium of concurrent forces can be 
expressed in terms of either their projections or their moments. 
Let us demonstrate that the necessary and sufficient conditions 
Jor the equilibrium of a coplanar system of concurrent forces are: 


YHrg(FI=0. La (F,)=0, (17) 


where B and C are arbitrary points not collinear with the point 
A where the forces intersecl (Fig. 37). 

The necessity of these conditions is apparent since, for exam- 
ple, if S my (F,) = 0 then, by Eq. (16), mi, (R)=0, whence R=0, 
r and equilibrium is impossible. 

F, 7 Let us prove the sufficiency of these con- 
dilions. If the conditions (17) are fulfilled, 
then according to Varignon’s theorem, 
m,(R)=0 and m.(R)=@, which is possible 
only if R=0O or if the line of action of R 
passes through both B and C. The Jatler 
condition being impossible, as the resultant 

Fig. 37. of the concurrent forces must pass through A 
(Fig. 37), which is stipulated as not collinear 
wilh B and C. Thus, Eqs. (17) can be valid only if the resultant 
R=—0O, i.e., if the force system is in equilibrium. 
li is apparent thai satisfaction of only one of the conditions 
(17) is insufficient for equilibrium. 
In solving problems wilh Eqs. (17) the equations can be made 
{o contain a single unknown quanlity each ‘ig 
by taking the centres of moments on the 
lines of action of the unknown forces. 


Problem 12. Solve Problem 7 with the equa- 
lions of moments. 

Solution. Introducing the symbol a= 
=AB=AC, take points A and C as the centres 
of the moments (Fig. 36). Drawing perpendiculars 
AE and AK from A to the lines of action of forces 


T and P, we oblain: AE =acos 5 *AK=asina, 





a 
whence ma(T) = Tacos 5 m,(P)= — Pasin a. Fig. 38. 


Furlhermore, m,4(&4)=0. The moments of the 
lorces about C are computed similarly. From the equilibrium Eqs. (17) we obtain: 


x ma, (F,) ca Tacos + — Pasinz =0, 


Dy me (Fy) = Rag asina — Pasina=0. 
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As T=Q, we oblain from the first equation: 


(q—2 sin > ens = =0 


whence angle a, which defines (he position of equilibrium, has two values: 


— 190° se 
a= 180° and sin 7 = )p- 


From the second equalion we find thal af a # 180°, R4a=P. 

Problem 13. In Problem 10 determine the reaction R, by means of lhe 
equalions of moments, ; 

Sotution. Taking the moments about C (see Fig. 336) and assuming 
CA =a, we oblain: 


> rte (Fx) = Tacos(a — P) + R,a cosa — Qasina =0. 
whence, as T=Q, we immediately find: 


sina — cos (a — fi) 
Os @ 


R,=Q 


The reaction R, can be found by taking (he moments aboul A. 

The equations of moments can lus also be used lo verify answers oblained 
by olher methods. 

Nole thal {he vatidily of the equalily 7=Q can be verilied by weiling an 
equalion of moments aboul the centre of the pulley (this equation, as will be 
proved in § 24, also holds geod for nou-concurrent forces), In this case we 
oblain Tr — Qr = 0, where ¢ i» the radius of the pulley, or T=Q 


Chapter 3 
PARALLEL FORCES AND COUPLES IN A PLANE 


17. Composition and Resolution of Parallel Forces. Let us 
find the resullant of two parallel forces acting on a rigid body. 
Two cases are possible: 1) the forces are of same sense, and 2) the 
forces are of oy Arata sense. 

1) Composition of Two Forces of Same Sens». 
Consider a rigid body on which lwo paralle! forces F, and F, are 
acting (Fig. 39). By applying the Ist and 2nd principles of stalics 
we can replace (he given system of parallel forces with an equiv- 
alent system of concurrent forces Q, and Q,. For this. apply two 
balanced forces P, and P, (P,—=— P,) directed along A& at points 
A and 8, compound them with forces F, and F, according to the 
parallelogram law, transfer the resullants Q, and Q, 1o point O 
where their lines of action intersect, and resolve them into their 
initial components. As a result we have applied at point O two 
bajanced forces P, and P,, which can be neglected, and the two 
forces F, and F, directed along the same jine. Now transfer the 
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laller two forces lo C and replace them by their resultant & of 


magnitude 
R= F, + Fa (18) 


Thus, force R is the resultant of the parallel forces F, and F, 
applied at points A and 8B. To delermine the position of C con- 
sider the triangles OAC, Oak, 
and OCB, Omb. From the similar- 
ity of the respective triangles 
it follows thal: 

ACP, BCP, 
oc —F, and oc ~ F, 
or AC-F,=BC-F,, asP,=P,,. 

From the property of pro- 
portions, and taking inlo ac- 
count that BC-++- AC=AB and 
Fi\+F,=R, we oblain: 





Fig. 39. Foe ~R: (Y9 


Thus, fhe resultant of two parallel forces of the same sense acting 
on a rigid body is equal fo the suim of their magnitudes, par- 
allel to them, and of same sense; the 
line of action of the resultant lies be- 
fween fhe points of application of the 
component forces, its distances from the 
points being inversely proportional to the 
magnitudes of the forces. 

2) Composition of Two Foar- 
ces of Opposile Sense. Consider 
the concrete case of F,>F, (Fig. 40). 
Take a poinl C on lhe extension of 
BA and apply two balanced forces R Fig. 40. 
and R’ parallel to the given forces F, 
and F,. The magnitudes of R and R’ and the localion of C are 
chosen to salisfy lhe equations: 





R=F,—F,; (20) 
BC AC AB 
- EF: (21) 


Compounding forces F, and R’, we find from Eqs. (18) and (19) 
(hat their resultant Q is equal in magnitude lo *,-+R’, i.e., it 
is equal to force F, and applied al A. Forces F, and Q are bal- 
anced and can be discarded. As a resull, the given forces F, and F, 
are replaced by a single force R, their resultant. The magnilude 
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and point of application of the resullanl is determined by Eqs. 
(20) and (21). Thus, fhe resultant of two parallel forces of opposite 
sense acting on a rigid body is equal in magnitude to the difference 
between their magnitudes, parallel to them, and has the Same sense 
as the greater force; the line of action of the resultant lies on an 
extension of the line segment connecting (he points of application of 
the component forces, its distances from the points being inversely 
proportional to the forces. 

If several parallel forces acl on a body, their resultant, if 
any, can be found by consecutively applying the rule of compo- 
silion of lwo forces. or by a method which will be examined 
in Chapler 4. 

3) Resolulion of Forces. The above formulas can be 
used to solye problems on the resolulion of a given force into 
iwo forces parallel to it and of same or opposile sense. The prob- 
Iem becomes determinate when 
additional conditions are given GE GUESS —— 

(e.g., lhe lines of action of bolh 
required forces or lhe magnitude 
and Jine of aclion of one of them). 





Problem 14. Determine the forces 

exerled by the horizontal beam in Fig. 41. 

Fig. 41 on the supports A and 8 if ithe 

veleu lying on the beam are P, = P,=80 kg and the weight of the beam is 
neglecled. 

Solulion. First replace the forces P, and P, with their resullant 
R= 160 kg through point D. By resolving & along the directions of the reactions 
of the supports (see § 7). we oblain the required forces Q, and Q, exerted by the 
beam on the supports. From the equations 


n=% and Q=R-Q, 






g “e Mind: 
Q,=100kg, Q,=G60 kg. 
Pp 


Problem 15. A beam AB of lengih {=2.5m 
passes through a wall of thickness a==0.5 m 
(Fig. 42). Suspended from end B of the 
beam is a load ol weight P = 3 t. Neglecling the 
be ae weight of Ihe beam, delermine the forces acting 
ig. 42, on ine wall, assuming lhem applied al points A 

an 

Solution. Resolve force P into forces Q i 

! ip and Qx4 along the react 
eae ents Conic o force SG ao nol Jie between the equied icine: 
ile sense, an . i i ater 
_ than Q, and of the same sense as P. rom the uh porn, SteAtee 


Qn  —~P 
Taq and P=Qpn—-Qa 
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we obtain: 
Qn=+ =I51t, Q4=12t. 


The results can be verified by the proportion: 
Oa a 


f—u a 


t8. Force Couples. Moment of a Couple. A couple is a set of 
{wo parallel forces of same magnilude and opposite sense acting 
on a frigid body (Fig. 43). Clearly, a force system constituting 
a couple is not in equilibrium (see Ist principle). Furthermore, 
unlike previously examined syslems, a 
couple has no resultant. For if, say, the 
couple in Fig. 43 had a resuliant Q, the 
force syslem F, F’ and Q’ = —Q would have 
to be in equilibrium, which is impossible 
because F + F’ + Q’=-0(asF + F’ =0, and 
Q’--- 0). 11 will be shown Jaler that for any 
system of forces to be in equilibrium their 
fr’ ; geomelrical sum musi be zero. Thus, a 

Fig 43. couple cannot be replaced or balanced 

by a single force. For lhis reason the 

properlies of the couple as a special mode of mechanical inter- 
action between bodies are the subject of a special sludy. 
The plane through the lines of aclion of both forces of a couple 
is called the plane of action of the couple. The perpendicular dis- 
tance d belween ihe lines of action of the forces is called the 
arm of the couple. The action of a couple on a rigid body is a 
tendency to turn it; it depends on: 1) the magnitude F of the 
forces of the couple and the perpendicular distance d belween 
ihem; 2) the aspect of the plane of action of the couple, and 
3) the sense of rolation in lhal plane. A couple is characterised 
by its monient. In this chapter we shall discuss the properties of 
couples of coplanar forces. For this case the following definition 
can be given in analogy wilh that of the moment of a force (§ 14): 
The moment of a couple is defined as a quantify equal to the 
product of the magnitude of one of the forces of the couple 
and the perpendicular distance between the forces (the length of 
the moment arm) taken with the appropriate sign™. Denoting 








* This concep! should not be confused wilh the moment ol a force. The 
concept of moment of a force presumes a point about which the moment is 
laken. The moment of a couple is delined only by its forces and the perpeniic- 
ular distance belween them: if is nol associated wilh any point in the plane. 
The theory of couples was elaborated by the eminent French mathematician and 
geometrician Louis Poinsol (1777-1859). 


Sec. 19] Egaurvaulent Couples 


the moment of a couple by the symbol or AJ, we have: 
m=o=-i- Fd. (22) 


The moment is said to be positive if the action of the couple 
tends to turn a body counterclockwise, and negative tf clockise, 
The dimension of the moment of a couple is (he same as the 
moment of a force (kilogrant-metre). Il is apparent that the mo- 
ment of a couple is equal to the moment of one of ils forces 
aboul the point of application of the 
olher (Fig. 43): 

nem, F =a, (F’). (23) 


Lel us prove the following theo- 
rem of the moments of the forces of 
a couple: The algebraic sum of the 
moments of the forces of a couple about 
any point in ifs plane of action ts 
independent of the focation of that 
point and is equal to the moment of the 
couple. For, taking an arbitrary poinl Fig. 44. 

O in the plane of acouple (Fig. 44). 

we find: m,(F)=— F-Oa, m,(F°)= F'-08. Adding the two equa- 
lions and noling thal F’=F and Ob —Oa=d, where d is the 
couple arm, we oblain: 


Mg (F) + ig (F’) =m. (24) 


This theorem will be found useful in computing le moments 
of couples aboul any centre. 





19. Equivalent Couples. Before slaling ithe conditions neces- 
sary for two couples to be equivalent let us prove lhe following 
theorem: A couple acting on a rigid body can be replaced by any 
other couple of the same moment lying in the same plane without 
altering the external effect on that body. Let there be a couple 
(F, F’) acting on a rigid body and let the perpendicular distance 
between its two forces be d,. Now apply the forces of the couple 
al arbilrary points A and B on their respective lines of action 
(Fig. 45), draw through the points two arbitrary parallel lines 
AD and BE and denote the distance between them d,. Resolve 
F along BA and AD into forces Q and P, and F’ along AB and 
BE into forces Q’ and P’, Obviously P= —P’ and Q= — Q’. 
Forces Q and Q’ are balanced and can be discarded, and the 
couple (F, F’) is replaced by the couple (P, P’) with different 
force magnitude and couple arm. Forces Q and Q’ can, obviously, 
be applied at any points D and E along their lines of action. 
Since points A and B and the directions of AD and BE are 
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arbitrary, the location of the couple (P, P’) in the plane is also 
arbilrary. Let us now show that the moments of the two couples 
are equal. As force F is the resultant of forces P and Q, from 
Varignon’s theorem 


My (F) = at, (P) + att (Q). 


Bul mm, (F)= Fd,, my(P)= Pd,, and mty(Q)=0; consequently, 
Fd,=Fd,, i.e. the moments of the two couples are equal, 
which proves the theorem. 

The following properties of a 
couple follow from this theorem: 

1) A couple can be transferred 
anywhere in ils plane of action; 

2) I1 is possible to change the 
magnitudes of the forces of a 
couple or the perpendicular distance 
hetween them arbitrarily without 
changing its moment. 

It follows from lhese properties 
that lwo coplanar couples of equal 

Fig 45 moment are equivalent as, by per- 

forming the above operations they 

can be transformed into one anolher. From the above theorems 

it is also apparent that the action of a couple on a rigid body 
really is characterised by ifs moment. 

Hence, a couple in a given plane is 
completely defined by ils moment; the mag- 
niludes of the forces or the dislance between 
them is immaterial. Thal is why in engineer- 
ing problems a couple is offen denoted by 
a semi-circular arrow indicating the direc- 
tion of the rotation, without drawing the 
forces of the couple (Fig. 46, for example, 
shows a force F and a couple of moment m acting on the body). 





GF, ~ 
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Fig. 46. 


Let us now prove another theorem: The external effect of a couple on a rigid 
bedy remains the same if the couple is transferred from a given plane into any 
other parallel plane. 

Consider a couple (F, F’) lying in plane / (Fig. 47). Now lake a plane // 
parallel to the given plane, and in it a line DE equal and parallel to AB. At 
points D and E apply two pairs of balanced lorces such that F,= F,=F and 
F, =F =F. Note that ABDE is a parallelogram the diagonals of which bisect 
at their point of intersection C. Compound now the parallel equal forces F and 
F, and replace them with their resultant R==2F applied at the middle of AE, 
i.e., at C. The resullant of forces F’ and F, is KR’ =2F' =R applied at the 
middle of BD, i.e., also at C, and forces R and R’ therelore cancel each other. 
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As a result the couple (7. FF) replaced by a similar couple (F,. F,) in 


lane f?. : 
P It follows from the above Uhcorems thal two couples of equal moment Tying 
in paralle) planes are equivalent. 


Atlenlion is drawn to the following analogy: A force acling on 
a rigid body is defined by its magnitude, line of aclion, and sense; 
its point of application can be (ransferred arbilrarily along the 
line of aclion. A couple acling on a rigid body is defined by the 

magnitude of its moment, its plane 

a fr ofaction, and the sense of rotation; 

a couple can be siluated anywhere 
in its plane of action. 


a 





14 


Fig. 47. Fig. 48. 


The molion of a rigid body subjecled to a couple is discussed 
in dynamics. It will be proved in lheorems of dynamics that any 
couple acting on a free rigid body lends lo turn thal body about 
ils centre of gravity (see p. 318). If a body has a fixed axis of rota- 
tion, the external effect (Uhe lurning moment or torque) of a couple 
acling in a plane perpendicular to that axis will be the same 
regardless of its location in the plane, which follows from Eq. (24). 


Problem 16. The bracket ABCD in Fig. 48 is in equilibrium under the action 
of {wo parallel lorces P and P* making a couple. Delermine the load on the 
Supp Ors if AB =a=—15 cm, BC=b=—30 cm, CD=—c=—20 cm, and P= P= 
=\ g. 

Solution. Replace couple (>, P’) wilh an equivalent couple (Q. Q’) 
whose two forces are direcled along lhe reaclions of [he constraints. The mo- 


menls of lhe (wo couples are equal, i.e., P(¢e—a)=Qb, consequently the 
loads on the constraints are: 


Q=O = PHS ke 


and are directed as shown in (he diagram. 





20. Composition of Coplanar Couples. Conditions for the Equl- 
librium of Couples. Let us prove the following theorem of the 
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composition of couples: A system of coplanar couples is equivalent 
fo. a single couple lying in the same plane the moment of which 
equals the algebraic sum of the moments of the component couples. 
Let three couples of moments m,, m,, and m, be acling on a body 
(Fig. 49). By the theorem of equivalent couples they can be re- 
Placed by couples (P,. P’). (P,, P.), and 


(P,, P,) wilh a common arm d and ol 
respectively same moments: 


Pid=m,—Pjd=m,, Pyd=m,. 


Compounding the forces applied at 
A and & respectively, we obtain a 
force R al 8 and a force R’ al A the 
magnitudes of which are: 


R=R'=P,—P,+P,. 


As a_ result the set of couples is 
replaced by a single couple (R, R‘) of moment 


M=Rd=Pd+(—P,d)+P,d=m,+m,+m,. 


The theorem is proved for three couples, bul apparently the 
same resull can be obtained for any number of couples, and a set 
of n couples of moments #t,, m,, ..., m, can be replaced by a 


single couple of moment 
M=D>m,. (25) 


Ii follows from this theorem that for a coplanar system of 
couples {fo be in equilibrium il is necessary and suffictent for the 
algebraic suin of their moments to be zero: 


ym, =0. (26) 


Problem 17. A couple of moment m, acts on gear 7 of radius r, in Fig. 50a. 
Determine the moment sm, of the couple which should be applied lo gear 2 of 
radius f, in order fo keep the syslen in cquilibrium. ; 

Solution. Consider first the conditions for the equilibrium of gear /. 
Acting on it is the couple of moment ar, which can be balanced only by the 
aclion ol anolher couple, in this case the couple (Q,. R,) crealed by the force Q, 
exerled on the tooth of gear ? by gear 2, and the reaction R, of the axle A. 
From Eq. (26) we have m,-+(— Q,7,)=0, of Q, = m,/F,. ; 

Consider now the conditions for the equilibrium of gear 2. By the 4th prin- 
ciple we know thal gear J acls on gear 2 with a force Q, = — Q, (Fig. 50d), 
which logether with {he reaclion of axle 8 makes a couple (Q;. R,) of moment 
— Qy2. This couple musl be balanced by a couple of moment m, acling on gear 2; 
trom Eq. (26) we have: mg-+( — Qy,) =90. Hence, as Q,=Q,. 





Fs 
nm, =— mM. 
yy 


See. 21) Translation of a Ferce to a Parattel Posifior 55 
Rees ee eee 


i i : , ’ 1 salisty the 
IL will be noticed thal the couples of moments ot, and mt, do no y 
equilibrium condition in Eq. (26), which could be expected. as Ihe couples are 
applied to different bodies. 





Fig. 50. 


The Jorce Q, (oc Q,) oblained in the course of the solutinn is called the 
circumferential force acling on the gear. The circumlerential Jorce is thus equal 
lo the moment of the acting couple divided by the radius of the gear: 


— Ay __ ty 
pea 2 ; 
Chapter 4 


GENERAL CASE OF FORCES IN A PLANE 


21. Theorcm of the Translation of a Force to a Parallel Po- 
silion. Many problems of statics, including (he one of reduction 
of a force system lo the simplest possible form, can be solved 
with the following (heorem: A 
forceacting on a rigid body can 
be moved parallel {to its line 
of action fo any point of the 
body, provided a couple is 
added of moment equal to the 
moment of the force about the Fj 
point to which it is transfated. ig. Sl. 

Consider a force F applied (o a rigid body al a point A (Fig. 51a). 
The action of the force will not change if two balanced forces 
F’ =F and F” =—F are applied at any point B of the body. The 
resulling three-force system consists of a force F’, equal to F and 
applied al B. and a couple (F, F”) of moment 


m= Mz, (F). (27) 


This equation follows from Eq. (23). The lheorem is thus proved, 
The result can also be denoted as in Fig. 516, wilh force F 
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neglecled. Here now are {wo exainples on the application of this 
theorem. 


Cxample 1. [n order to maintain the homogeneous bar AB of weicht P 
and Jength 24 in Fig. 52a in equilibrium if is obviously necessary to apply to 
its middle € a force Q directed vertically up and equal to P in magnitude. 
According to the theorem just proved. force Q can be replaced by a force Q’ 
applied at end A of the bar and a couple of moment m+ Qa. If the moment 
arm of (his couple is reduced to A, the forces Q and Q” have to be increased so 
thal FA = Qa. Consequently, to hold the bar at end A we have lo add a couple 
(F. F’) to force Q’. This result. which follows from the theorem, is immediately 
‘fell’ when you shill your grip from the middle of the bar (Fig. 52a) lo the end 
(Fig. 526). 





F 
a 
¢ 

LF 

_ 
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Fig. 2. Fig. 53. 


Example 2. Forces F and F’ =— F are applied to the ends of two threads 
wrapped in opposite direction around drum a) of radius r (Fig. 53); a force 2F 
is applied to the end of a single thread wrapped on drum 6) of same radius r. 
Let us analyse the difference between the aclions of (hese forces. 

Acting on drum a) is only the couple (F. F’) of moment 2fr which revolves 
the drum. The force acting on drum 6) can be replaced by a force-couple system 
consisting of a force 2F"==2F applied al the axle of the drum and a couple 
{2F, 2F’). Thus we find that acting on drum 6) are: 1) a couple of same moment 
as the couple azling on drum a), namely 2Fr, which rotates the drum, 
and 2) a force 27" exerting pressure on the drum axle. In other words, both 
¢grums revolve similarly, but the axle of drum 6) carries a load 2F, which 
drum a) does not. 


22. Reduction of a Coplanar Force System to a Glven Centre. 
Let a sel of coplanar forces F,, F,, ...,F, be acting on a rigid 
body and let O be any point coplanar with them which we shall 
call the centre of reduction. By the theorem proved in § 21, we 
can transfer all the forces to O as in Fig. 54a. As a result we 
have acting on the body a system of forces 


Fi=F,, Fi=F,..... F,=F, (28) 
applied at O and a system of couples of moments (by Eq. 27): 
m= mo(F,). m= (F,), .-+. M_=Mo(F,)- (28’) 
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Sec 22) Reduction of a Coplanar Forze System 


The forces applied al O can be replaced ae il resultant 
— YF" acting al the same point, or, by &qs. ; 
R=Ds : =>) F,. (29) 


Simi sili les, we can 
Similarly, by the theorem of the composition of couples, 
enlace all. the: couples with a coplanar resultant couple of tnoment 
M,= Sim, or, by Eqs. (28'), ; 
Mo=DMo (Fs) (30) 


The quanlily &, which is the geomelric sum of all the forces 
of the sive systein; it will be recalled, is called lhe principal 





Fig. SH. 


vector of the syslem; we shall call the quanlily M,, which is the 
sum of the moments of all the forces of the system aboul O, the 
principal moment of the system about O. Thus we have proved the 
following theorem: Any system of coplanar forces acting ona rigid 
body can be reduced to an arbitrary centre O in such a way that tt 
is replaced by a single force R equal to the principal vector of the 
system and applied at the centre of reduction O and a single couple 
of moment M, equal to the principal moment of the system aboui O 
(Fig. 54c). 

It should be noled lhal & is not lhe resullant of lhe force sys- 
tem, as it replaces lhe system only together wilh a couple. 

It is apparent from the theorem thal {wo force systems wilh 
equal principal vectors and principal moments are stalically equiv- 
alent. Hence, in order fo define a coplanar force system il is suf fi- 
cient to define its principal vector R and principal moment M, about 
a centre O. 

The magnitude of R can be delermined eilher graphically by 
constructing a force polygon (see Fig. 54b) or analytically by 
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Eqs. (10) in § 10; obviously, the magnitude of R does not depend 
on the focalion of O. The magnitude of Al, is determined by 
Eq. (20). In the general case the value of Mf, may change if the 
position of O changes due to the change in the moments of the 
component forces. Therefore. in defining the principal moment it 
is necessary lo slate the point with reference {o which it is taken. 


Problem 18. External forces F,. F,. Fy. and F, act on a beam embedded in 
a Wall as shown in Fig. 55a. Determine the internal forces at section ad °. 
Solulion. Transfer forces F,. F,, and F, acling on the right-hand portion 
of lhe beam to the centre 0 of section a6. By the proved theorem, these forces 
can be replaced with a single force 
R=F,+F,+F, applied al Oanda 
couple of moment Myn=arig(F,)+ 
+m (F.) + mo (F,). It will be readily 
realised (that if we neglect the shaded 
portion of the beam, which is subject- 
ed to no forces, the mutual interaclion 
of the two loaded parls of the beam 
will nol change. Bul now, affer the 
three forces have been transferred lo 0, 
the whole right-hand portion has no load 
and can be neglected and the beam 
drawn as in Fig. 5545. By resolving 
Jorce R inlo rectangular components P 
Fig. 55. and @ along the axis of the beam and 
perpendicular to il, we find that acling 
on the left-hand portion along seclion ab are: J) a transverse force Q which 
fends lo shear the beam along ab, 2) a fongitudinal force P causing tension (or, 
conversely, Uhrust) in the beam along ifs axis; 3) a couple of moment Mo. 
called the bending moment, which in the present case causes tension it) the 
upper half of the beam and conipression in the lower hall. By virtue of the 4th 
principle, the left-hand portion oJ the beam acls on the right-hand portion wilh 
a lorce and a couple of the same magnitudes bul opposile sense. 
The stresses in any olher section of Ihe beam can be delermined similarly. 
Note. The required forces could be found by {transferring lo O the external 
forces acting on the left-hand portion of the beam and determining ils aclion along 
a6 on the right-hand portion. But in this case the external forces would include 
the reactions of the wall, which would have lo be delermined by examining the 
equilibrium of the beam as a whole (§ 26). The same would have had lo be 
done in our case if there were any conslrainls applied to the right-land porlion 
of the beam, 





23. Reduction of a Coplanar Force System lo the Simplest Possible 
Form. The (heorem proved in § 22 makes il possible to solve the 
problem of reducing a given coplanar force system to the simplest 
possible form. The result will depend on the values of the prin- 
cipal vector R and the principal moment M, of the system: 





* The internal forces al seclion ab are those with which the parts of the 
beam on boll sides of the section act on each other. By virtue of the theorem 
proved, the system of these internal forces can be replaced by a single force 
applied, say, al the centre of the section, and a couple. 


See 23] Reduction af a Coplanar Ferre Sustent a9 
cc 3} lr 


—0 and M,=0, the system is in equilibrium. This 
ee at cailibrium will be further examined in lhe following 
ey It R=0 and M,=9, the system can be reduced loa couple 
of moment M,= Dimto(F,). In this case {he magnitude of Al, docs 
nol depend on the location of the cenlre 0, olherwise we would 
find that the same system could be replaced by non-equivalent 
couples, which is impossible. 

3) If R= 0, the system can 
be reduced lo a resultant force. 
Two cases are possible: 

a) R=:0, M,=0. Inthis case 
the system can immediately be 
replaced by a single force, i.e.. 
lhe resultant R going through 0; 

b)R=0,M,= 0. In (his case Fig 56. 

(Fig. 5Ga) force R can be trans- 

[erred to a point C aboul which its moment will be equal to (— M,). 
As a result of this operation a couple of moment (— Af,) will be 
added which will balance the couple of moment Mo, and the whole 
system will be replaced by a resullant R’ =R going through C. 
The localion of C, i.e., the perpendicular distance d=OC(OC | R) 
is determined by the equation: 


Rd =|M,|- (31) 


This result can be formulated as follows: If in reducing a force 
system to a centre O it can be replaced by a force and a couple 
of moment M,, il can also be replaced by a resultant R’=R 
localed at such a distance from O that ,(R')= Mo. The method 
of compulation is given in Problem 20. 

The same result can also be obtained by drawing a couple of 
moment M, as shown in Fig. 566, with the forces R’ and R” of 
the couple equal in magnitude to R. The distance d==OC between 
the two forces can be found by Eq. (31). Cancelling forces R and R” 
as balanced, we obtain a resultant R’=R through point C which 
replaces (he system, i.e., the result is the same. 

These cases show that if a coplanar force syslem is nol in 


equilibrium it can be reduced either to a resullant (when R=0) 
or lo a couple (when R=0O). 





Problem 19, Reduce to the simplest possible form the sets of applied forces 


acting on the beam and truss in Figs 57a and 576 if all { 
in = pie oly The the loads os the supports. Eee gene, 
ion. e force polygon P,, P,, P, is closed, consequently R= V. 
ne pe el the moments of ail the forces aboul any point (for jastance hoint Cc) 
a, where P is the magnitude of each force. Hence, the given force sysle:n 
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can be reduced lo a couple of moment m= — Pa. Placing this couple as shown 
in the diagram by the dashed vectors we conclude thal the forces P,, P,. and 
4 


P, acl on the supports with forces Q, and Q, of magnitude >: 

2) Noling that forces F, and F, (Fig. 576) form a couple, transfer them as 
shown in the diagram by the dashed veclors. Forces F, and F, balance. and 
the whole system is reduced lo a resultant R= Fx 


We see Uhat the aclion of forees F,. F,. F, ix reduced lo a vertical load 
acling on supporl A. Support 8 ix under no load. 





Fig. 57. 


Problem 20. Delermine the resultant of the forces acling on the beam in 
Fig. S88 if P=, Q, = Q,=—=Q=—4t, and CB=a=0.8 m. 

Solution, Constructing a force polygon with forces P, Q,. and Q,, we 
find that the magnitude of force R (the principal veclor of the system) is 5 l, 
Jor, in the polygon, be == 2Q «° 360° == 4 1, and ab =3 |. Now, taking point C 





Fig. 58. 
where forces P and Q, inlersect as the centre of the moments. compute the 
principal moment of the system: Me = ate (Q,) = — aQ cos 30° = —1.6 V3 kg-n, 
and from Eq. (31) we oblain: 
d= ee = 0.32 30.55 m. 


By drawing from C a perpendicular lo the direction of R and laying off a 


segment d on il, we obtain the line of action of the resullant. As Mc <0, the | 
resullant lies lo the right of C (the moment of R aboul C is negalive). 


Sec. 24} Equilibrium of a Captanar Force System 6) 
Seca N= 2 = ee ee ee 


24. Conditions for the Equilibrium of a Coplanar Force System. 
For any given coplanar force system lo be in equilibrium il ts 
necessary and sufficient for the following two ccndilions to be 
satisfied simultaneously: 


R=0, M,=0. (32) 


where O is any point in a given plane, as at R=O the magni- 
{ude of At, docs nol depend on the localion of O (see § 23, sec- 
lion 2). 

The coiidilions (32) are necessary, for if one of {hem is not 
satisfied the force system acling on a body is reduced either to a 
resullanl (when R==0) or lo a couple (when Mf,-=9) and conse- 
quently is not balanced. At the same time, condilions (32) are 
sufficient, for at R=0O the system can be reduced only to a 
couple of momenl My, but Af,-=0. hence lhe system is in equi- 
librium. 

Let us delermine from Eqs. (32) the analytical conditions of 
equilibrium. They can be expressed in three different forms. as 
follows. 

1. The Basic Equations of Equilibrium. The 
magnitudes of R and Aly are delermined by the equalions 


R=WV/RIERE 
where R,= D'F,, and R,=DF,,. and M,—= Yim, (Fy). 


Bui R can be zero only if bolh R,=O and R,=0. Hence, 
Eqs. (32) will be satisfied if 


PD Fy 0, y= 9. Ping (F,) =0. (33) 


_ Eqs. (33) express the following analytical conditions of equilib- 
tium: The necessary and sufficient conditions for the equilibrium 
of any coplanar force system are that the sums of the projections af 
all the forces on each of to coordinate axes and the sum of the 
moments of all the forces about any point in the plane must sepa- 
rately vanish, Eqs. (33) also express (he necessary conditions tor 
the equilibrium of a free rigid body subjected to the action of a 
coplanar set of forces. In the mechanical sense {he first lwo of 
the equations express the necessary condilions for a body io have 
no {ranslation parallel to the coordinate axes, and the third equa- 
lion exprésses the condition for il to have no rolation in the 
plane Oxy. 

- 2. The Second Form of the Equations of Equi- 
librium: The necessary and sufficient conditions for the equilibrium 
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eof any coplanar force system are that the sums of the moments 
of all the forces about any two points A and B and the sum of 
the projections of atl the forces on any axis Ox not perpendicular 
to AB must separately vanish: 


Vm (F)=9, Ymy(F,y=O DSF, =O. (34) 


The necessily of these conditions is obvious, for if any one of 
them is not satisfied, theneither R-=O or Af,==0(M1,5=0). and the 
forces will nol be in equilibrium. Lel us now prove that these 
conditions are sufficient. If for a given force 
system only the first two of Eqs. (34) are sat- 
isied, then Al,—0O and M,=0. By § 23, 
such a force system) may not be in equilib- 
rium as if may have a resultant R passing 
through the points A and 8* (Fig. 59). Bul 
from the third equation we must have R, = 
=) F,,=0. As Ox is not perpendicular to 
AB. the latler condition can be satisfied only 

Fig. 59. if the resultant R is zero, i.e., if the system 
is in equilibrium. 

3. The Third Form of the Equations of Equilib- 
rium (the Equations of Three Muments): The necessary and suf- 
ficient conditions jor the equilibrium of any coplanar force system 
are that the sums of the moments of all the forces about any three 
non-collinear potnts A, B, C must separately vanish: 


Dim, (F,) =0, Dd my (F,) =, Dn, (F,) =0 (35) 

The necessily of these conditions, as in the previous form, is 
obvious. Their sufficiency folJows from lhe consideration that if, 
with al! the three equations salisfied, the system would not be in 
equilibrium it could be reduced to a single resultant passing 
through points A, B, and C, which is impossible as they are not 
collinear. Hence, if Eqs. (35) are satisfied a system is in equilib- 
rium. 

In all lhe cases considered we have three conditions 
for (he equilibrium of a coplanar force system. The Eqs. (33) 
are defined as the basic equations of equilibrium because they 
impose no restrictions on the choice of the coordinate axes or the 
centres of moments. 





If acling on a body besides a coplanar force system Fy, Fy. ... . Fn is a 
system of couples of moments m,. m,, ..., mt, in the same plane, the couples 
do not enter the equilibrium equations of the force components, as the sum of 
the components of the forces of a couple parallel fo any axis Is obviously zero, 


* This [ollows from Paragraph 3, a), in § 23. 
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In the equations of moments. though, the moments of {hese cee sled 
added algebraically to the mamenls of the forces. a~ the rite 0 Mig we fe 
of the two forces of a couple aboul any centre equals the mule aie : 
couple (see Eq. (24). § 18). Thus, for cxampre, the conditions hi equilibriur 
423) for a sel of forces and couples acting on a body lakes the form 


DFac=O. Slay =o. DmolFa) + y=? (36) 


Ey. (34 and (35) will change similarly. 


25, Equilibrium of a Coplanar System of Parallel Forces. lf 
all the forces acting on a body are parallel, we can take the x 
axis of a coordinale system perpendicular 
to (hem and the y axis parallel lo them 
(Fig. GO). Then the x projections of all the 
forces will be zero, and the first one of 
Eqs. (33) becomes an identily 0=0. Hence. 
for parallel forces we have two equa- 
tions of equilibrium: 


DF ay = 9. > Mo (Fr) = 9. (37) 


where lhe y axis is parallel to the : 

jorces. Fig. 60. 
Another form of the condilions for 

{he equilibrium of parallel forces derived from Eqs. (34) is: 


Dmg (F,y=0. Dig (F,) =. (33) 
where the line AB is not parallel to (he given forces. 





28. Solution of Problems. Al! the genera! rules of problem 
solution outlined in § 13 should be followed in solving lhe prob- 
lems of this part of lhe course. 

Allenlion is again drawn lo the imporlance, in proceeding 
wilh the solulion of a problem, of clearly visualising (he specif- 
ic body whose equilibrium is being considered. The next slep is 
to isolate if and consider it as a free body, drawing all the 
given forces and the reaclions of (he conslrainls acling on it. 

Then write the equilibrium equations, choosing those which 
lead to the simplest system (in which each equation has only 
one unknown quanlity). 

_ The simplest possible equations can be obtained by the follow- 
ing procedure (provided, of course, that the aclual computations 
do nol become inore involved): a) for fhe equations of the force 
Projections, take one of the coordinate axes perpendicular to one of 
the unknown forces; b) for the moment equations, take the moments 


with respect fo the point where the greatest number of unknown 
forces intersect. 
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In compuling moments it may prove useful {o resolve a force 
into two components and apply Varignon’s (theorem. 

Many problems in slatics are solved to determine the reaclions 
of the supporls and connections of beams. trusses, ete. In 
addilion to the constraints described in § 4, the [following three 
types are widely used in engineering: 

1 Pin and Roller Support (Fig. 
61, support A). The reaction N, of this 
constraint is normal to the surface support- 
ing the rojlers. 

2. Fixed Pin (Fig. 61, support B). 
The reaction AR, of such a constraint is 

Fig. 61. through the pin axis and can have any 
direction in the plane of the diagram. In 

solving problems we shall denote reaction R, by ils x and y com- 
ponents, as by finding X, and Y, we shall have defined the reac- 


lion Ry whose magnitude is Rg—=VX3,-+Y3. 


Constraints of the type in Fig. 61 are employed lo avoid addi- 
tional stresses in beam AB due to temperature changes and 
bending. 

3. Fixed Support (Rigid Clamp or Embedding) 
(Fig. 62). In this case the action of the conslraining surfaces on 
the embedded porlion of the beam is thal 
of a system of distribuled [forces of reac- 
lion. By reducing the forces of reaction 
lo a common centre A we can replace 
them with an immediately unknown force 
R, altached al A and a couple MM, of 
immediately unknown moment. Force Ry 
can in lurn be denoted by its reclangular KY, % 
components X, and Y,. Thus, to determine 





A, 





the reaclions of a fixed support we must Fig. 62. 
lind three unknown quanlities X,. Y4. 
and M,. 


The direction of reactions in other types of constraints was 
examined in § 4. 


Problem 21. The travelling crane in Fig. 63 weighs P=4 l. ils centre of 
gravity lies on DE, it lills a load of weight Q=1 t, the length of the jib 
(the distance of {he load from DE) is 6=3.5 m, and the distance between (he 
wheels is AB= 2a=2.5 m. Delermine the force wilh which the wheels A and 8 

ct on the rails. 

Solution. Consider the equilibrium of the crane-and-load system taken 
as a free body: the active forces are P and Q, the unknown forces are i 
reactions Ng and Ng of the removed constraints. Taking A as the cenlre ol 


——_—— 
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the moments of all the forces and projecting the paraljel jorces on a verlical 
axis, we oblain, by the equilibrium equations (37): 
— Pu+ Np 2a — Q lat b) = 9, 
Nata —P—-Q=9, 


mye b—-2(2-1)an t: 


2 \a 
P Qfo = 
Ng a4 (S41) =39 {. 


To verify the solution, write (he equation of the moments about 8: 
— N \2a + Pa —Q(b—a)=9. 





Fig. &, Fig. 61. 


Substituting the value of V4, we find that the equation is satisfied. The pres- 
sures exerted by the wheely on the rails are respectively cqual to V4 and Vg in 
magnitude and directed vertically down. 

rom the solution we see thal at 


a 
Q =i b pe 
the reaclion V4 is zero and the lefl wheel no longer presses on the rail. If 
the load @ is further increased the crane will topple over. The maximum load Q 
al which equilibrium is maintained is determined by the equalion } aty(F,) =. 
Problem 22, One end of a uniform beam ABS weighing P kg (Fig. 64) rests 
al A against a corner formed by a smoolh horizontal surface and block D. and 
at 8 on a smooth plane inclined @ degrees lo the horizontal, The beam’s incli- 
nation to the horizontal is equal to fi. Delermine the pressure of the beam on 
ils three constraints. : 
_ Sotution. Consider the equilibrium of the beam as a [ree body. Acting on 
il are the given force P applied at the middle of (he beam and the reaclions R, N,. 
and N, of the constraints directed normal to lhe respective surfaces. Draw the 
coordinale axes as in Fig. 64 and wrile the equilibrium equations (33), taking 
the moments about A, where lwo of the unknown forces intersect, First coni- 
pute the projections of all the forces on (the coordinale axes and their moments 
aboul A and tabulale the resulis*. The symbols in the lable are AS =: 2a and 
Z KAB=y (AK is the moment arm of jorce R aboul point A). 





P= 2.221 
a 





* On labulating dala for problem solutions see foolnole on p. 38, 
3—2084 
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Fy | ™ | N; | P | R 
Fx 9  O | Ny | 0 | — Rsina 
Fey Ny | oO | —P | R cosa 
caer EOaEE| I Rea 
m4 (Fy) | oO O | —Pacosf | R2acosy 





Now wrile the equilibrium equations: 
N,— Rsine—0, 
N,—P+Rcosa=0O, 
— PacosB + 2Racos y =0. 
From the last equation we find: 


rp—PsosB 


“ 2cos py" 





As AK is parallel lo the inclined plane. £ KAx=a, whence yo>a—f 
and linally 


R= P cosfi 
~~ 2 cos (a — fi)” 
Solving the first two equations, we obtain: 
_p[, — cosa@cosB _ p sinacosB 
cae [! paseer |, a 2 cos (a — A)” 


The forces exerted on the suriaces are equal in magnilude to the respective 
reaclions and opposite in sense. 

The values of N, and N, can be verified by solving lhe equations of moments 
about the points of inlersection of R and N, and R and A,. 

From this solution we can draw the Jollowing conclusion: If, in order fo 
determine the projections or moments of any force or Jorces, we need lo know: 
a quanlily (e.g., the length of a 
line or size of an angle) not giv- 
en in the stalement of the prob- 
lem, we should denote that quan- 
tily by a symbol and include tl in 
the equilibrium equations. If the 
introduced quantily is not cancelled 
out in the course of the compu- 
{ations, it should be expressed in 
terms of given quantlilies. 

Problem 23. Acting on a sym- 
= metrical arch of weight P=8t 

Fig. 65. (Fig. 65) is a set of forces reduced 

lo a Jorce Q=4t applied al D and 

a couple of moment Afp=J2 t-m. The dimensions of the arch are a=10 m, 

b=2m, 4=3 m, and a=60°, Determine the reaclions of the pin 8 and 
ihe roller A. ' 





See. 26] Solution of Problenis 67 


———— OO "nn nn 
—— 





Solution. Consider the equilibrium of the arch as a free body. Acting 
on it are Ihe given forces P and Q and a couple of moment Mp, and also the 
reactions of the supporls Ny. Xy. Va (the reaction of the pin being denoted 
by ils reclangular components a> in Fig. 61). In this problem it is more con- 
venient lo use Eqs. (34), laking the moments about 4 and & and the force 
projections on axis Ax, and each equation will contain one unknown force. 
Compute the moments and the force projections and tabulate the information 
as shown. In computing the moments of force Q, resolve il inlo reclangular 
components Q, and Q, and apply Varignon’s theorem. 





















Fe |My | P |X Vs @ Mp 
Fux 0 | 0 | Xp | 0 | Qeosa | 0 
ma (Fy) | 0 | —Ps 0 | Yaa —1Q.]/4—-1Q,16 | Mp 
my (Fr) |-¥.0 Ps | oO} 0 | —1Q.1A IQ, 1a — 6) | Mp 














Writing the equilibrium equations and taking inlu account that | Q, |= Q cosa, 
and |Q,{=Qsina, we obtain: 


Xy+Qcosa=0, (a) 
Vaa—P > —hQcosa— 6Qsina-+Mp=0. (b) 
—Nja +P —hQcosa-+(a— b) Qsina+ Mp=0. (c} 


Solving the equations, we find 
Xs=—Qcosa=— 2t, 


Ya=_tqrmathcsa Mn 


== 4.09 t, 
a 


P _ ina — 
Na=>+Q (a “}sin-a Bsose 4 MD 7.37 t. 


The value of Xj is negalive, which means that the sense of the x compo- 
nent of the reaction at B is opposile to that shown in the diagram, which could 
have been foreseen. The {otal reaction at B can be found from the geometrical 
sum of the reclangular components Xp and Yp, its magnilude being 


Ra = Xh+VyWASst. 


Jf the sense of the couple acting on the arch were o i indi 
it Pposite to thal indicated 
in Fig. 65, we would have Mp=—12 t-m. In this case Yn—6.49 t, 
N4=4.97 t, while X_ would remain the same, 


To check the solution, write the equalion for the projections on axis Ay: 
Nat+Y,g—P—Qsina=0, (d) 


Substituting the oblained values of Ng and Ya, we find thal the salisf 
he equalion (substilution should be carrled out in both the general ‘tormm, to 


— {he equations, and in the numerical solulion {o verily the compulations). 
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It should be borne in mind thal this method of verificalion may not reveal 
crrors due to mistakes in computing the projections or the moments of the 
forces perpendicular to Av. Therefore, Ihat portion of the computations has to 
be further verified or an additional equation of moments about, say. D can be 
written. 

Note also the following. In writing Eqs. (34) the projection axis should nol be 
taken perpendicular to AB, or in our case not along Ay. If. nevertheless, we 
Were lo write a third equation of projections on Av, we would have oblained a 
system of equations (b), (c). (d) with only 
two unknown quantilies V4 and Yq, (one 
of the equations would be a corollary of 
the other two) and we would be unable 
to delermine the reaction Xg. 

Problem 24. The beam in Fig. 66a 
is embedded in a wal! al an angle 
a= 60° lo it. The length of the portion 
AS is 6&6=08mMm and ils weight is 
P= 100 kg. The beam supports a cylinder 
of weight Q= 180 kg. The distance AE 
along the beam from the wall to the 
point of contacl with the cylinder is 
a=0.3 m. Determine the reaclions of 
the embedding. 

Solution. Consider the equilibrium 

Fig. 66. of the beam as a free body. Acting on 

it are force P applied hallway between 

A and B, loree F applied perpendicular to the beam al E (but not force 

Q. which is applied to the cylinder, not to the beam!), and the reactions of 

Ihe embedding, indicated by the rectangular components X,, and V4 and a couple 
of moment My (see Fig. 62). 

In order fo wrile the equalions of equilibrium (33) lel us compule the 
projections of all the forces on each of the coordinate axes and their moments 
about A: 








To determine F we resolve force Q, which is applied al the centre of lhe 
cylinder, inlo components F and NW respectively perpendicular to the beam 
and the wall (Fig. 664). From the parallelogram we obtain: 


25,205 
™~ sit a ” 
Writing lhe equations of equilibrium and subslituting the value of F, we 
have: 


o. 
XatQeota=0, Y4g—Q—P=0, M,—Q———P>sina=0. 


sina 2 
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Solving these equalions we Gnd: 
X4=—Qeota =— 103.8 kg. 
¥,=P+Q= 260 kg. 


AL,=Q = +P > sis a = 96.9 ky-m. 


sina 


The reaclion of the wall consisls of force Raa WV MTHS and a 


couple of moment Aft. 

The solution of this problem once again underjines the fundamental point: 
the equilibrium equalions include only the forces acting directly on the body 
whose equilibrium is being considered. 

Problem 25. A string supporling a weight Q = 240 kg passes over lwo pulleys 
C and Das shown in Fig. 67. The other end ol the siring i> secured al 8, and the 
Jrame is kept in equilibrium by a guy 
wire EE,. Neglecting the weight of 
the [frame and the friction in the 
pulleys. determine the tension in the 
guy wire and (he reactions al A, il 
the constraint al A is a smooth pivot 
allowing the frame lo lurn aboul its 
axis. The dimensions are as shown in 
the diagram. 

Solution. Consider the whole 
system of the fraine and the portion 
KDCM of the string as a single free 
rigid body fsee Problem 10). Acting on 
it are ihe following external forces: 
the weight Q of the foad. Ihe lension F 
in seclion DH of the slring. and the 
reaclions 7, M4. and Y, of the con- 
straints. The internal forces cancel 
each other and are not shown in the 
diagram. As lhe friction of the pulleys 
is neglected, the lension in the cable 
is uniform throughout ils whole lengih and F = Q. 


Inlraducing angles a and fi, let us compute the projections of all the forces 
on the coordinale axes and heir moments about A. 













rf @ | fF | or | xa | Ya 


Fe, | 0 | F cosa | —Teosp | Xa | 0 











Fey | —Q | —Fsina | —rsmp | 0 Ya 


m, (Fy) |--10| Fosse T-1.2sinB | 0 | 0 
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From the right-angle triangles AFE, anil ADB we find that £E,=2.0 m 
and DA= 1.5 m. whence sina = sin P= 0.8. cosa =cesP=0.6, and a=fp 
Subslituling for the trigonometric functions their values and assuming F=Q 
the equations of ¢quilibriunt give: 


0.6Q — 0.67 +X,=0, 
—Q—-08Q— 08TF +Y,=90, 
— 1.0Q — 0.72Q + 0.06F = 0, 
solving which, we find: 
43 19 : 5 Oe 


Altention is drawn to the following conclusions: 1) in wriling equations of 
equilibrium, any system of bodies which remains fixed when the constraints 
are removed can be regarded as a rigid body; 2) the internal forces acting on 
the parts of a system (in this case the tension of the string DC acting on 
pulleys C and D) are not included in the equilibrium equations as they cancel 
each other. 


27. Equilibrium of Systems of Bodies. In many cases lhe static 
solulion of engineering structures is reduced {to an investigation 
of the conditions for (he equilibrium of systems of connected 
bodies. We shall call the constraints connecting the parts of a 
given structure infernal, as opposed lo external constraints which 
connect a given structure wilh other bodies (e.g... the supports 
of a bridge). 

If a structure remains rigid alter the external constraints (sup- 
ports) are removed, the problems of stalics are solved for it as 
for a rigid body. Such examples were con- 
sidered in Problems 23 and 25 (see Figs 65 
and 6/7). 

However, an engineering slructure may 
not necessarily remain rigid when the exter- 
nal consirainis are removed. An example 

Fig. 68. of such a structure is the three-pin arch in 
Fig. 68. If supports A and B are removed 
the arch is no longer rigid, for ils paris can {urn about pin C. 

According {o the principle of solidification, for a system of 
forces acting on such a structure 1o be in equilibrium it must 
salisly the conditions of equilibrium for a rigid body. It was 
pointed out, though, that these conditions, while necessary, were 
not sufficient, and therefore not all {he unknown quantities could 
be determined [rom them. In order to solve such a problem 
if is necessary {o examine additionally the equilibrium of one or 
several parts of the given structure. : 

For example, for the forces acting on the three-pin arch in 
Fig. 68 we have three equations with four unknown quantities, 
Xa Var Xg, Vy. By investigating ihe conditions for the equilib- 
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rium of the left- or right-hand members of the arch we oblain 
three more equations with lwo more unknown quantilies, X¢> 
and Y,- (not shown in Fig. 68). Solving the syslem of six equa- 
tions we can determine all six unknown quantities. 

Anolher method of solving such problems: is to divide a struc- 
lure into separate bodies and wrile the equilibrium equalions 
for each as for a [ree body. The reactions of the internal constraints 
will constilule pairs of forces equal in magnilude and opposite 
in sense. For a structure of bodies, each of which is subjected 
to the action of a coplanar force sys- 
lem, we thus have 3a equations 
from which we may delermine 3r 
unknown quantities (in other force 
syslems the number of equalions is. 
of course, different). If the number 
of unknown quantities is grealer (han 
the number of equations. the problem 
is slalically indeterminate. An example 
of this melhod of solution is given 
in Problem 27. 


Problem 26. The horizonlal member AD 
of the brackel in Fig. 69 weighs P, = 15 kg, 
and the inclined member CB weighs P,= 
=!2kg. Suspended from the horizontal 
member al D is a load of weight Q= 30 kg. 
Bolh members are allached to the wall and 
lo each other by smooth pins (the di- 
mensions are shown jin the diagram). Deter- Fig. 69. 
mine (he reactions al A and C 

Solution. Considering the brackel as a whole as a free body. we find 
Uhal acling on if are the given Jorces P,, P., Q aud the reactions of the sup- 

tls ¥4. Ya. Xe. Ve. Bul with ils constraints removed the bracket is no 
onger a rigid body, because the members can turn aboul pin 4. On the other 
hand, by the principle of solidification, if if is in equilibrium (he forces acling 
on it must salisfy the conditions of slatic equilibrium. We nay therefore 
wrile the corresponding equations: 


Fen = X44+Xe =, 
Day =¥atVo—P,—P,-Q=0, 
Dar, (Fy) = X¢4a — Yea — Pia — P,-29 —Q-4a =0, 
We find that ihe lhree equations conlain four unknown quantities X,,. Y 
Xe, Yc. Lel us therefore invesligate additionally the e uilybrium conditions 
of member AD (Fig. 695). Acting on it are forces P, and Q and Ihe reactions 


Xa. Va. Xa. and Vp. I we wrile the required fourth equalion for the moments 


ol these forces aboul 9 we shall avoid introd ci : , . 
lilies, Xp and Pe We wae i ucing (wo more unknown quan 


25 (Fy) =~ ¥ 4:30 4- Pia — Qa=0, 
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Solving the system of four equalions (starting wilh the last one) we find: 
I 2 
2 I 4 
Xe=Zrtryatyz Vase kg. X,=— Xe =— 50 kg. 


We sce thal the sense of forces ¥4 and M4 is opposite {to that shown in 
the diagram. The reactions al 8 can be delermined from equations for the x 
and projections ol the forces acling on AD, they are: Xp=—Xz,, 
Ynp=—Pyt+Q—Y,=50 kg. 

It should be noled that in solving a system of simultaneous equations the 
values in every successive equalion should be substituted with the sign obtained 
in the preceding equation. In the present case, 
Jor cxample, the value subsliluted for Y, in 
the last equation is —5 kg. not 5 kg. This 
also suggesls thal it would be wrong, on 
finding that Y ,—=—=5 kg, fo alter the sense 
of Y,4 in the diagramand consider Y 4=Skg, 
for this could lead to wrong solutions of 
subsequent equilibrium equations. 

We see that in solving problems of statics 
there is no need lo invesigate aff the con- 
dilions for the equilibrium of a given body. 
if a problem does not require the determi- 
nation of the reactions of a@ constraint, the 
equations should, if possible, not include 
those unknown reactions, That is just whal we 
did in the above problem in examining the 
equilibrium of AD when we wrote only one 
equation of the moments aboul 8. 

Problem 27. The horizonlal beam AA in Fig. 70a of weight Q = 20 kg is 
allached lo the wall by a smooth pin at A and resls on a supporl at C. Beam 
BE of weight P= 40 kg is hinged to AB and rests against D as shown. Deler- 





Fig. 70. 


mine the reactions of the supports if CB=~ AB, DE = BE, a= 45°. 


Solution. Let us consider the members of the system separately and 
investigate the equilibrium of BE and AB. Acting on BE, which we regard as 
a free body (Fig. 70a), are force P and the reaclions of the supports Np, Xa, 
Y,. Assuming AE =a, we wrile the equalions (33): 


D Fee = Xp —Npsina=0. 
Di Fry =¥a —P+Npcosa=0, 
Dd mz (Fx) = Np > a— P 5 cosa=0, 
solving which we obtain: 


Np => Peosa=21.2 ke, Xp P sin 2a = 15 ke, 
¥p=P(1—F costa) =25 kg. 


Considering beam AB as a [ree body, we have acting on il force Q, the 
reaclions of the external supports Nc. X4. V4, and the action Xg and Vg ol 
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BE transmilted by pin 8 (Fig. 706). According to the 4th principle, forces 
X, aol Vz, are respectively equal to Xp and Yq in magnilude and opposile 
in sense. oar 

Denoting AB = 6 and wriling the equilibrium equations (34) for the forces 
acling on the beam, we have: 


Dac =Xar- Xp= 9. 
‘ 2 
Dima(Fid-¥ gb +XoZo—- Waa 
\ , 2 b ; 
Dic (Fx) = —j ayZotQe—Ya 


Assuming X_,==Xp aod Vy = ¥ 4 and solving for the unknown quantities, we 
oblain: ; 
XyoeXg=I5 kg. Ya=7TQ—_ZVaS—75 kg. 


3 
Neat Q a Y p = 52.5 ke. 


We see lhal all the reactions excep! Y4 are directed as in Fig. 70; the true 
direclion of Y,, is vertically downwards. In >olving problems by this methal il 
should be remembered thal if the action of one body on another is denoted by a 
force R or its rectangular components X and Y, then according to the 4th prin- 
ciple, the action of the second body on the first must be denoted by a force R' 
equal to R in magnitude and opposite in sense, of by tts rectangular camponents 
X' and Y’ respectively equal to X and Y in magnitude and opposite in sense, 

Beware of the following two mistakes which are often made in solving 
problems by this method: 1) The sludenl fails fo draw Jorces X' and ¥" in the 
opposile direclion of XY and Y, which makes for a wrong answer; 2) Having 
drawn the forces X’ and Y’ correctly. the student assumes, in solving the 
equalions, that X°’=—X and Y’ =—Y, oblaining a wrong answer; aclually 
the same error is made as in the firsl case. 

To preclude the possibility of such mistakes, it is suggested that, as a rule, 
the method of solulion of Problem 26 be adopted. Furthermore, il usually gives 
simpler systems ol equations, as the internal forces do not enler (he equalions 
for the struclure as a whole. 

Problem 28. A horizontal force F acts on the three-pin arch in Fig. 71. 
Show ‘hat in delermining the reactions of supports A and B force F cannol 
be (ranslerred along ils action line to E. 

Solution. Isolaling the arch from its exlernal supporls A and B. we 
oblain a deformable structure which cannot be lrealed as rigid. Consequently, 
the point of action of the force acting on the struclure cannol be transferred 
along DE even to determine the conditions for the equilibrium of the structure 
(see § J, corollary of the Ist and 2nd principles). 
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Let us dumenstrale this by solving the problem (the weight of the arch is 
neglected). Consider first the right-hand member of the arch as a free body. 
Acting on il are only (wo forces, the reactions Ry and Ry of the pins 8 and € 
(force Re is not shown in the diagram). To be in equilibrium, these lwo forces 
must be directed along the same line, i.e., along 8C, and consequently the 
reaction Ry is directed along BC. 

Investigating now the equilibrium of the arch as a whole, we find that 
acling on if are three forces, the given force F and the reactions of the sup- 
forts Ry (whose direction we have established) and Ry. From the theorem of 
tree forees we Know that if the system is in) equilibrium) the forces must be 
concurrent. Thus we obtain the direction of Ry. The magniludes of Ry and Ra 
can be found by the triangle rule. 

[f we apply force F at E and, reasoning in the same way, make the 
necessary constructions (Fix. 716). we shal] find thal the reactions of the 
supports Ry and Rp are dillercnt both in magnituce and in direction. 


28. Distributed Forces. In engineering problems we oflen have 
to deal wilh loads dislribuled over an area according lo a known 
mathematical law. Lel us examine some simple cases of dislrib- 
uted coplanar forces. 
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Fig. 72. Fig. 73. 


A plane syslem of dislribiited forces is characterised by the 
load per unit length of the line cf application, which is called 
the intensity g. The dimension of intensity is kilogram per 
melre: kgm. 

1) Forces Uniformly Distribuled Along a 
Straight Line (Fig. 72). The inlensily g of such a system 
is aconslant quantily. In solving problems of stalics such a 
force system can be replaced by its resultant Q of magnitude 


Q=aq (39) 


applied al the middle of AB. 

2) Forces Distributed Along a Slraight Line 
According lo a Linear Law (Fig. 73). An example of such 
a load is lhe pressure of water against a dam, which drops from 
a maximum at the botlom {to zero al lhe surface. For such 
forces the intensity g varies from zero to g,. The resullant Q 
is delermined in the same manner as lhe resultant of the gravity 
forces acling on a homogeneous (riangular lamina ABC. As the 


“I 
wl 
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weight of a homogeneous lamina is proportional! to ils area, 
the magnitude of Q is 
4, (40) 


r| — 


C= 


and is applied at a point al a distance of + from side BC 


of triangle ABC (see § 5G, Sec. 2). 

3) Parise Distributed Along a Straight Line 
According toan Arbitrary Law (Fig 74). The magni- 
{ude of the resullant Q of such forces is, by analogy with the 
force of gravily, equal lo the area of the figure ABDE drawn 
1o scale and passes (hrough the cenlre of gravily of thal area 
(determinalion of centre 
of gravily will be exam- 
ined in § 54). 





Fig. 74. 


4) Forces Uniformly Distributed Along the Arc 
of a Circle(Fig. 75). An example of such forces is the hydrostalic 
pressure on the sides of a cylindrical vessel). It is apparent from 
the laws of symmelry that the sum of the y projections, which 
are perpendicular lo the axis of symmelry, is zero, and conse- 
quently (heir resullant Q is directed along Ox. In magnitude 
Q=Q, = >) (gAl,) cos,, Where gAi, is lhe pressure on an arc 
element of length Ai, and @, is {he angle belween the force and 
the x axis. But from the diagram it is apparent that A/, cos p, — Ay,. 
Taking the common multiplier outside of the summation sign. 
we oblain Q= HiaAy, = 9 Ay, = q-AB, whence 


Q=gh, . (Al) 
where fh is the length of the chord inlersecting arc AB. 


Problem 29. An evenly distribuled force of intensily gy, kgim acls on a 
cantilever beam whose dimensions are shown in Fig. 76. Neglecting the weight 
of Ihe beam and assuming the forces acting on lhe embedded porlion lo be 
distributed according to a linear law, delermine the magnilude of the maximum 
inlensitles g, and q, of the given forces if 6 =2a (compare with the dia- 
gram lor Problem 15, § 17). 
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Solution. Replace the distributed forces by their resultant 
By Eqs. (39) and (40). y their resultants Q, R, and R’, 


] 
Q=qb. R =F Ina. R =F4'n a. 


Now wrile the equilibrium conditions (37) for the parallel forces acling on 
the beam: 


D Fry =QtR—R =O. > 1c (Fs) 2RZ—O(5 +5)=0. 


Substiluting the values of Q. R, and R° and solving the equations, we 
obtain: 





Al b=2a we have 4,, = 16 q, and Gm = 20 Fos 


Problem 30. A dain of reclangular 
crosy section of height 4 and width a 
rests) on a horizontal foundalion AB 
(Fig. 77). The weight of a unit volume 


a— 7 
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of the impounded water is y, and the weight of a unit volume of the dam 
filling is y,- Assuming the forees acting on the foundation {o be linearly 
distribuled (according lo a trapezoidal Jaw), determine the minimum and 
maximum intensities (g, and g,) of the forces. 

Solution. Consider a section of the dam of unit length perpendicular to 
the plane of the diagram. Consider further the forces acting on the section 
as if they were applied al the median cross seclion shown in Fig. 77. These 
forces are: the pressure of the water P, the weight of the dam Q, the verlical 
reaclion of the foundalion, which we shall denote by {wo forces R and R’, 
and the horizontal reaction F. 

As the pressure of the wafer is delermined by the weight of a column of 
height 4, the maximum intensily of loading is q@m= yh, and by Eq. (40), 
P="14mq h="),yh". The component R of the reaction of the foundation is 
ihe resullant of linearly distribuled forces of intensity 9,; consequently, by 
Eq. (39), R=¢,a. Component R’ is the resultant of Jinearly distribuled forces 
with inlensily varying [rom zero lo (g,—49); hence, by Eq. (40), 

4 
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R=(42—% 3 . Finally, the weight of a unil lenglh of the dam is Q= y, ah, 
whence " 
P= > yr, Q=y,at, R=|@,a. R' = (4, — 9;) z: 

Writing now the equilibrium equalions (33) and laking {he moments about 

the point of application of force R, we obtain: 
D Fac =P —F=0, 
DD FiySRtER —Q=0. 
A , a 
D mo (Fy) =—P z+ R > ae 





The first equation gives Ihe horizontal reaction F. From the second anid 
(hird equations we find: 


R=? 2: R+R=Q. 


Substiluting (he valucs of the forces in the equalions we obtain a sumul- 
taneous syslem of lwo equalions: 


h 
a — = 2 » $4 = 2 


solving which we finally obtain: 
he ht 
% =(v —y)a. a=(v +y) A. 


[t is worth noting that if the ratio of the widil of the dam @ to its 
heighl A is determined by lhe relation 


a_ fy 
h vi 


g, becomes zero. If a<k Vx , then g, is negative, which means thal a 


3 
portion of the dam along A does nol press on the foundation, crealing (he 
danger of seepage which can lead 0 
lo the destruction of the dam. : 
Problem 3]. A gas cylinder of a) 
height H with an internal diame- REP ip 
ter d conlains gas compressed to p 
kgjm*. The walls of the cylinder 
are of thickness a. Determine: 
1) the longitudinal, and 2) the lat- 
eral slresses in the walls (stress 
is the ratio of the expanding force 
to the area of the cross section). r] 
Solution. 1) Let us cut the 
cylinder with a plane perpendicular 
to \ls axis and investigate the equilibrium of one portion of the 
cylinder (Fig. 76a). Acting on it parallel to the cylinder axis 


tf 
are two forces: lhe pressure on lhe bollom Fait, and the resultant Q 
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o: the set of distribuled forces acting on the cross seclion (the action of the 
ad? : 
removed portion). For equilibrium we have Q=F =e p. Assuming (he area 
of the cross sectian to be approximately ada. we obtain the following expan- 
SION sIres» Gy: 
Q | 


df 
ee, fe — mnt 
ada Ct oP kg. in". 

2) Now cut the cylinder with a plane passing through the axis and exam- 
ine the equilibrium of one half of it, assuming all the forces to be acting 
on it ain the plane of the median section (Fig. 78). Acting on this half of 
the evlinder are: a) the pressure of the gas of inlensily g= pif distribuled 
uniformly along a semicircle (irom Eq. (41) its resultant is & = qd = pHa) 
and bp the forces distribuled along sections A and B (the action of the re- 
moved half) whose resultants are $, and S,; by virtue of symmetry, S,;=S,=S. 
From the conditions of equilibrium we have S, +5,=R. whence S='", pdH. 
As the area of the section, along which force S is distribuled is aff (neglecting 
the area of the section of the cylinder bottom), we find the expansion stress 


_* tld a 
o=a=5 p kg m*. 


[t will be noliced (hal the transverse stress is twice as large as the longi- 
tudinal stress. 


Chapter 5 
ELEMENTS OF GRAPHICAL STATICS 


99. Force and String Polygons. Reduction of a Coplanar Force 
System to Two Forces. In engineering problems graphical methods 
are oiten used which, though less accurale than analytical meth- 
ods, produce /aster and more easily visualised results. 





The graphical method of solving problems of slalics for coplan- 
ar force systems is based on the conslruction of force and string 
or funicular) polygons. _ 
Consider a cm oi three forces F,, F,. F, acting on a rigi@ 
body (Fig. 79a). In Fig. 79b is constructed a force polygon abc 


Sec. 29] Force and String Polugons 79 
a 


rj iven forces as ils sides*. T1 will be recalled thal when 
ad ol the last force coincides with lhe beginning of the 
first force (he polygon is said lo be closed; olberwise il is said 
to be oper. ; ; : 

From an arbilrary poinl O (the pole) in the plane of lhe force 
polygon and nol collinear with the sides of the polygon draw to 
ihe vertices of the polygon rays Oa, Ob, Oc, Od, which we shall 
number Of, 12, 23, and 39 (reading them “zero-one", “one-Iwo”, 
elc., as they denole the numbers of the forces coincident al the 
respective vertices). 

Now {ake in Fig. 79a an arbilrary point A and draw through 
il a line parallel lo ray @/ Lill ils inlersection with the action 
line of force F, al point B. From 8 draw a line parallel to ray /2 
{ill its inlersection with the action line of force F, al C, etc. The 
resulling figure ABCDE is called a string (funicular) pelygon. 
(If we take a string, pin il down at A and E and apply forces 
F,, F, and F, to it at points B, C. and D. then, when equilib- 
rium is maintained, it will lake the shape of the broken line ABCDE. 
Hence (he name of the polygon.) 

A string polygon is closed if its first and last slrings (48 and 
DE in our example) coincide, i-e., if {hey are collinear; olher- 
wise the string polygon is said to be open. 

By such a construction it is possible to replace any coplanar 
force syslem with (wo forces direcled along lhe firsl and last 
strings (AB and DE) of the polygon. We may observe from exam- 
ining the construction in Fig. 796 that by drawing the rays Oa, 
Ob, elc., we have resolved each of the given forces F,. F,, F, 
inlo lwo forces, as 


F,=ab=00406, F,=bc=004+0c, Fy=cd =cO+0d. 
But we know (see § 7, Fig. 17) thal forces equal to aO and Ob 
can replace. F,, wherever (they are applied along its action line. 
Lel us apply the two forces al point B. which was obtained by 
the construction of the string polygon (Fig. 79a). Similarly, let 
us replace forces F, and F, by forces LO and Oc, and cO and Od, 
applying (hem at points C and D respectively. Nole that forces 
0b, 60 and Oc. cO directed along lines BC and CD cancel out, 
as (from Fig. 796) 06 =—60 and Oc==—cO. Thus the system 
of forces F,, F,, and F, is replaced by two forces aO and OW 


directed along the first and last strings AB and DE of the string 
polygon. 


Analogous resulls are obtainable for any number ol forces. 


* We shall denole the forces of : 
2 lor Fr, ete, enole the forces of a force polygon by numbers, e.g.. 7 for Fy, 
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30. Graphical Determination of a Resultant. If a force polygon 
constructed for a given coplanar syslem is not closed (the prin- 
cipal veclor R==0) lhe system, by § 23, can be reduced to a 
single resultant. 

Graphically the resullant can be determined by successively 
applying the parallelogram rule. With many forces, however, 
this becomes too cumbersome. Consiruclion of force and string 
polygons simplifies the 
problem. 

Lel a set of forces F,, 
F,, F,. F, be acting ona 
rigid body (Fig. 80a) and 
let abcde tn Fig. 806 be a 
force polygon drawn {fo 
scale. Is closing side -ae 
represenis {the magnilude 
and direction of the resull- 
ant R. To delermine ils 
point of application, con- 
nect the vertices a, 0, ¢, 
d, e wilh an arbitrary pole 
O and construct a string 
polygon ABCDEF, where 
Ab||laO, BC\bO, etc. (Fig. 
80a). The given forces, we 
know, can be replaced by 
iwo forces direcled along 
AB and EF. Hence, (heir 
resultant (and consequenlly 

Fig. Sl. the resullant of the forces 

F,, F.,F,, F,) passes through 

{he point of interseclien of AB and EF. Thus, by constructing 

a slring polygon and continuing the first and last strings till 

their intersection, we oblain a point K through which the re- 

sultant of the force system passes. By drawing lhrough X a line 

parallel to ae and applying force R at any point on it we ob- 
fain the resultant. 

A similar construction for parallel forces is shown in Fig. 81. 
The force polygon in this case is a line segment and the resull- 


anl R—=ae. 





31. Graphical Determination of a Resultant Couple. If a force 
polygon constructed for a given coplanar force system closes 
while the string polygon remains open, the system can be reduced 
fo a resultant couple. 


See. 33] Determination of the Reactions of Constraints Al 
Se SSS Oe 


For, if a force polygon abcde constructed wilh the given forces 
F., F,. F,, F, is closed (Fig. 2). rays aO and Oe coincide *. 
Then the first and last strings AB and EF of the string polygon, 
if it is nol closed, are parallel. 

It follows from § 29 that the given forces may be replaced by 
lwo forces equal, in the presenl case, lo aO and Oa (as Oe = Oa) 
and direcled along AB and 
EF. Thus, the force system 
F,, F,. Fy. Fy is replaced by 
the couple (a0, Oa) with a 
moment arm d. The moment 
of this couple is Oad, where 
Oa is measured to the scale 
of the forces in lhe force poly- 
gon and d is measured to the 
scale of (he original diagram. 





32, Graphical Conditions of Equilibrium of a Coplanar Force 
System. The resulls obtained in the foregoing sections show that 
for any coplanar system of forces acting on a rigid body to be in 
equilibrium it is necessary and sufficient for the force and string 
polygons constructed with the given forces fo be closed (lhe graphi- 
cal condilions of equilibrium). 

For, if any of the two polygons is not closed, a system can be 
teduced either to a resultant force or loa resullant couple. hence 
it will not be in equilibrium. If, on the other hand, both poly- 
gons close the forces acting on the body may, apparenlly, be re- 
duced to two equal collinear forces of opposile sense (Fig. 82, 
when d=0), and the body is in equilibrium. 


33. Delermination of the Reactions of Constrainls. Let us de- 
lermine graphically the reactions of the supports A and X of the 
lruss in Fig. 83a. First draw the truss to a suitable scale (e.g., 
0.4m in 1 cm) and denote the given forces F,, F,, F, acting on 
it and the reactions of the supports R, and R,. The direction of 
R, is known and of R, unknown. Now choose a scale for the 
forces (e.g, 0.5 t to 1 cm) and construct a force polygon 
(Fig. 835), starting with forces /, 2, and 3. The construction ends 
with laying off the direclion of force R,. as we do not know ils 
magnilude (i.e., the location of point e). We do know, however, 
that the end of force R, must be al point a because, wilh the 
system in equilibrium, the force polygon must be closed. 


*In this case we denole the ra 
, ys Oa, O6, elc., by numbers 12, 23, 34, 
and 41, as in a closed polygon we have two forces al every vertex. 
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To continue our solution, lake a pole O and draw rays /2, 23, 
34, 54. The direction of ray 435 is unknown because we do not 
know the location of vertex e of the force polygon. To find this 
ray construct a string polygon next to the diagram in Fig. 83a, 
Starting with point A where the force R, of unknown direction is 
applied (otherwise you will be unable to close the polygon, as A 
is the only known point on the action line of R,). From point A, 
where force R, is applied, draw string 5/ to its intersection with 





the action line of F, al 8B, from there string /2 till ils inter- 
seclion with the action line of F, al C, string 23 til) ils inler- 
seclion wilh the action line of F, alt D, and string 34 (ill its 
intersection with the action line of R, at E. The closing line EA 
of the string polygon gives, by virtue of the conditions of equilib- 
rium, the direction of string 45. 

In Fig. 835 we can now draw ray 45 [rom O parallel to EA. 
Its point of inlersection wilh the direction of force 4 gives us the 
required verlex e of the force polygon. Vector de denotes (he re- 
quired force R,, and vector ea the required force R, lo scale, 
which solves the problem. 

An example of the graphical determination of the reactions of 
supports when the given forces are parallel] is shown in 
Fig. 84. In this case construction of the string polygon can start 
al any point, as the direction of both reactions is immediately 
known. The required ray 45 is shown in both diagrams by a 
double line. 


34. Graphical Analysis of Plane Trusses. A fruss is a rigid 
structure composed of straight members connected at their ends by 
pins. If the members of a lruss are coplanar it is called a plane 
truss. The points of inlerseclion of the members are called joints. 
All external loads on the truss act only at the joints. In solving 
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irusses, the friction al the joints and the weight of the members 
are assumed fo be negligible in comparison with the external 
forces and are neglected (or the weight of the members is dis- 
iribuled to the joints). Hence, acling on every [russ member are 
two forces applied al ils ends; being in equilibrium. the forces 
are direcled only along the members. It follows that fhe members 
of a truss work only in tension or in compression, We shall cestricl 





ourselves lo the consideration of rigid plane trusses composed of 
triangles. In such irusses the relation belween the number of 
members & and lhe number of joints n is expressed by the equa- 
tion: 


k= 2n— 3, (42) 


Jn fact, any rigid triangle composed of three members has three 
joints (see, for example. the triangle in Fig. 85 formed by mein- 
bers /, 2, 4). Each new joint requires only two new members 
(eg., joint /// in Fig. 85 is allached by members 3 and 5). 
Hence, for the remaining (n—3) joints 2(—3) members are 
required. The lotal number of members of a (russ is thus 
k=3+4+-2(n—3)=2n—3. A truss with fewer members will not 
be rigid, one wilh more members will be slatically indeterminate. 
By the solution of a truss is meant the determination of the 
reaclions of the supporis and the stresses in lhe members. The 
reactions of the forces are determined first, by eilher the graph- 
ica) (§ 33) or analytical (§ 26) method, the truss being consid- 
ered as a rigid body and its equilibrium as a whole being examined. 
Then the stresses in the members are determined. For this every 
Joint is “cut out” of the truss and the equilibrium of lhe mem- 
bers attached 1o il is investigated, starting with a two-member 
joint (otherwise it would be impossible (o delermine the unknown 
stresses), 
_ As an example let us consider the (russ in Fig. 85a. It has 6 
Joints and 9 members. It satisfies Eq. (42) and therefore is rigid 
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and has no redundant members. The reactions of the supports R 
and R, were delermined in § 33, and forces F,, F,, F, are known. 

Now consider the equilibrium of the members attached to joint 
/ (we shal! denote the joints by Roman and the members by 
Arabic numerals}. Assume (he members to be severed from the 
truss *. The action of the re- 
moved portion of the truss is 
shown by forces $, and §S, 
directed along members / and 
2. We construct a closed tri- 
angle with forces R,, S,, and 
S,. which intersect at joint / 
(Fig. 856). For this, first lay 
off the known force R, loscale 
and then draw through its 
beginning and end lines paral- 
le] to members / and 2, This 
gives us forces S, and §S, 
acling on members / and 2. 
Now consider the equilibrium 
of the members attached to 
joint //. The action of the 
removed portion of the truss 
on them is denoted by 
forces S;, S,, and S, directed along the respective members. Force 
S, is known from the principle of action and reaction, for $,= 
== — §,. Constructing aclosed triangle with the forces intersecting 
al joint // (starling with S‘), we find the magnitudes of S, andS, 
(in this case §,=0). Similarly we de- 
termine ithe stresses in all the other 
members. The force polygons for all 
the jainls are shown in Fig. 856. The 
last polygon (for joint V/) is constructed 
only to check the solution, as all the 
forces in it are already known. 

The type of slress in each member 
may be delermined as follows. “Cut out” 
a joint with portions of the members 
attached to it (for example, joint ///) Fig. 86. 
and apply the found forces to the sec- 
tions of the members (Fig. 86). The force directed away from 
the joint (S; in Fig. 86) causes tension in the member; the force 








° Fig. 86 shows lhe memhers of joint /// severed for investigation of ils 
equ:tibrium. All the other joints should be considered as cul oul in the same way. 
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djrecled towards the joint (S, and S, in Fig. 6) causes compres- 
sion. Conventionally tension is denoted by a “ sign and com- 
pression by a “—” sign. Thus, in the present case 5,-=-+-0.2 t 
and 5, =— 0.3 1. In the example in Fig. 85_ menibers f, Des 
6, 7, and 9 are in compression and members 5 and 8 are in ten- 
sion. 


95. The Maxwell Diagram. Trusses can be solved graphically much quicker 
and the resulls represented in more compact form if the Jorce polygons for all 
the joints are constructed in a single diagram of forces called the axel 
diogram, or the Cremona polygon of forces. ; 

Very important in solving (russes by this method is a strict order of approach. 
The following sleps are suggested: 





Fig. 87. 


1) Delermine the reactions of the supports of the truss. 

2) Draw the given Iorces and the reactions of the supports acting on the 
truss, placing all the veclors oufside the periphery of ihe truss (Fig. 87a). Denote 
the regions on eilher side of Ihe forces and belween the members of the truss 
by the lellers A, 8, C,..., K. 

3) Construct a closed force polygon with the external forces (i.e., the loads 
and the reaclions of (he supports) lo scale, laying them off in the order in which 
they occur clockwise around fhe periphery of the truss (the heavy lines in Fig. 876). 
It will be found convenient to denote the beginning and end of each force by 
lower-case letters corresponding lo the labels of the regions on cither side of 


it laken in clockwise direclion (thus force F, is denoted by ab, lorce F, by bc, 
elc.). We (hus oblain the polygon aécdea of exlernal forces acling on the truss 
(arrowheads are conventionally nol drawn in the diagram). 

_ 4) Now successively atlach lo this polygon the force polygons for al! the 
joints of the (russ, slarling from a two member joint. Construction of each poly- 
gon should start with a known force, and the forces should be taid ojf in the 
order in which they occur passing clockwise round the joint. (The slresses in the 
members are denoled Jike the exlernal forces: the siress in member / by af. in 
member 2 by je, elc.). 

For joint V/ in Fig. 87a, for instance, the given forces F, and R, are 
already denoted in the diagram as cd and de (Fig. 876). From point e draw a 
line parallel to member 8, and Irom point a line parallel to member 9. The 
intersection of the lines gives us the vertex & of the closed force polygon cdekc 


for Joint V7, The force polygons for (he olher joints are constructed similarly. 
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The diagram of forces for {he whole truss js shown in Fig. 878. In order to 
determine the stress, say, in member J, we “cul oul" juint # and, reading 
Clockwise, lind the name of the required Sorce: af. In the diagram we find the 
vector af and determine ils magnitude. Applying now the vector to the section 
of member # (sce Fig. 86) we find that the member isin compression. The same 
resull obtains if joint // is cut oul—only, treading clockwise, we find that the 
required veclor is denoted by fa. This notation of forces thus aulomatically 
takes account of the Jaw of action and reaction. 

Nole the following special cases: 

1) WF attached lo a joint nol subjected lo external loads are three members, 
two of which are collinear (joint // in Fig. 87a). the stress in the third mem. 
ber (member ¢ in Fig. 87a) is 
Ig zero, as can be deduced by con- 

structing a force polygon. The 
member is called a zero member, 
4a That is why in the Giagram in 
Fig. 876 points g and { coincide 


(yf =D). ; : 
e 2) Wf a truss has intersecting 
4 © members ‘(members J and 5 in 


Fig. 88a) the force diagram for 

them can be constructed in the 

ordinary way. their point of 

interseclion being considered as a 

Fig. 9a. joint. The stresses in members f 

and 5 are equal in magnitude 

and type and will appear twice in the diagram, as shown in Fig. 886. Lines 
de and fg denole the stress in member Jf, ind lines ef and gd, in member 5. 

4) If in constructing a diagram you come upon a joint with more than two 
unknown quantities, try and construct the diagram simullancously from two 
ends of the truss (if the truss is not symmetrical) or delermine the stress in 
some members by the analytical method of sections. Paneer 

In order to determine the stresses by the analytical method a section is 
Passed through the trass, culling three members (e.g., members 3, 4, and 2 in 
Fig. 87a). The equilibrium equations (35) are wrillen Jor either of the truss 
portions, taking moments about the points where the cul members converge. 
If two such members are parallel Eqs. (34) will be found to be more convenicnt, 
wilh the components taken parallel fo the axis normat to the members. This 
method can be used to verify the correctness of accuracy of the graphical solu- 
lion of a (russ for any member or joint. 
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36. Laws of Static Friction. We know from experience thal 
when {wo bodies tend to slide on each other a resisting force 
appears al their surface of contact which opposes {heir relative 
molion. This force is called static friction. 7 

Friction is due primarily to minute irregularities on 83 on 
tacting surfaces which resist their relative motion and lo “be . 
adhesion between contacting surfaces. A detailed examination o 
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(he nature of [riclion is a complex physico-mechauical problem 
lying beyond the scope of l(heorelical mechanics. ‘ 

Engineering calculations are based on several general laws 
deduced [rom experimental evidence which reflect the principal 
features of [riction with an accuracy sufficient for practical purposes. 
These laws, the laws of stalic [riclion, can be formulated a> follows: 

1. When two bodies tend to slide on each olher a (riclional 
force is developed al the surface of conlacl the magnitude olf 
which can have any value from zero to a maximum value_ F, 
which is called démiting friction, or friction of impending motion, 

Frictional force is opposite in direclion to the force which 
fends lo move a body. 

2. Limiting friction is equal in magnitude to the product of 
the coefficient of slatic friction {or [riclion of resl) {, and lhe 
normal pressure or normal reaction NV: 

F,=[,N. (43) 

The coefficient of slalic friclion /, is a dimensionless quanlity 
which is determined experimentally and depends on the material 
of the conlacting bodies and the conditions of {he surfaces (their 
finish. temperature, humidity, lubrication, etc.). 

3. Wilhin fairly broad limits, the value of limiting Sriction 
does nol depend on the area of lhe surface of contact. 


Taken together, the first and second laws state that for condi- 
tions of equilibrium the static friction Fc F,, or 


F<fN. (44) 


The coefficient of friclion can be delermined experimentally 
by means of a simple device shown schematically in Fig. 89. The 
horizontal plate AB and reclangu- 
lar block D are made of male- 
tials for which lhe coefficient of 
friction is 10 be determined. Act- 
ing on block D is the force of 
gravily P. which is balanced by 
the normal reaction of the plate 
N. and the applied jorce Q which, 
when the system is at test, is bal- Fig. 89. 
ee by the frictional force F 

ve scalar magnitude of Q is equal lo the weight of the pan E 
with the weights). By gradually loading the oan we delennitne 
the load Q* al which the block starls moving. Obviously, the 


limiting friction F,—0O°*. : : 2 
from Eq. (43): | Q°. Hence, as in this case N=P, we find 
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A series of such experiments will demonstrate that, within 
cerlain limils of the weight P of the block, Q" is proportional 
to P, and f, is independent of P. The coefficient of stalic fric- 
tion /, is also independent of (he magnitude of the area of 
contact, wilhin certain limils. This confirms the validity of lhe 
2nd and 3rd laws of [riction. The validity of the Ist law follows 
from the facl thal at any value of Q less than Q* the block 
remains at rest. Hence, the frictional force F, which balances 
force Q. can actually assume any value from zero (al Q=0O) to 
F, (al Q>: Q*). 

Atlention should be called to the facl thal, as long as the 
block remains ai rest. the frictional force is equal to the applied 
force Q. and not to F,=/,N. The [orce of friction becomes equal 
to {,N only when slipping is impending. 

The following table offers an idea of the values of the co- 
efficient of static friction for various materials: 


wood on wool... ...4. 0.4 to 0.7 
metal on metal ..... .O. 15 to 0.25 
sleel on ice... . eae 0.027 


For more detailed information the student is invited to consull 
engineering handbooks. 

The foregoing refers lo friclion of rest. When motion occurs, 
the friclional force is directed opposite lo lhe molion and equals 
the product of the coefficient of kinetic, or sliding, [riclion and 
the normal pressure: 


F—=/|N. 


The coefficient of kinelic friction / is also a dimensionless 
quanlily which is determined experimentally. The value of f 
depends not only on lhe material and conditions of the conlacl- 
ing surfaces but also, lo some degree, on the relative velocily of 
{he bodies. In most cases the value of / al first decreases wilh 
velocily and then atlains a praclically constant value. 


37. Reactions of Rough Constraints. Angle of Friclion. Up till 
now, in solving problems of slalics, we neglected friction 
and regarded the surfaces of constraints as smoolh and (heir 
reactions as normal {to the surface. The reactions of real (rough) 
constraints consist of {wo components: (he normal reaction N and 
the frictional force F perpendicular to il. Consequently. the total 
reaction R forms an angle wilh the normal to {the surface. As 
the friclion increases from zero to F,, force R changes from N 
io R,, iis angle wilh the normal increasing from zero lo a max- 
imum value 9, (Fig. 90). The maximum angle g, which the 
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{olal reaction of a rough support makes wilh the normal lo lhe 
surface is called the angle of static friction, oF angle of repore. 
From the diagrain we have: 


{an f= a. 


Since F,=:f,N. we have the following relation belwee> lhe 
angle of [riclion and lhe coelficient of friction: yg, -— 1H 


tan ¢, =/,. (45) 


When a system is in equilibrium the total F. 
reaction R can pass anywhere wilhin the angle 
of friction. depending on lhe applied forces. 
When motion impends, the angle between 
the reaclion and the normal is ,. 

If to a body lying on a rough surface is applied a force P 
making an angle « with the normal (Fig. 91). the body will move 
only if the shearing force P sin @ is greater than F,=f, Powe 
(neglecting the weight of the body and con- 
sidering N= Pcosa). But the inequalily 
Psina >/,P cosa, where /,—=tang,. is sat- 
isfied only if tana>lang,, i.e, il a >q,. 
Consequenlly, if angle a is less than ¢, the 
body will remain at rest no malter how great the 
applied force. This explains the well-known 
phenomena of wedging and self-locking. 






Fig. 0. 





38. Equilibrium with Friction. Examinalion af the conditions 
for the equilibrium of a body taking [riction inlo account is 
usually limiled to a consideralion of the condilions when molion 
is impending and the frictional force acquires ils maximum val- 
ue F,. For the analylical solulion of problems the reaction of a 
rough conslrainl is denoled by its two components N and F,, 
where F,=/,N. The known equations of static equilibrium are 
ah writen, substituting /,V for F,, and solved for the required 
values. 

If the problem requires that all possible positions of equilibrium 
be determined, it is sufficient to solve only for the position of 
impending molion. Other positions of equilibrium can then be 
found by reducing the coefficient of friction f, in the obtained 
solution to zero". 





* For, when molion is Impending, the force of [riclion F=F,;=/,N, In 
other posilions of equilibrium F < f,.V; hence these posilions can be found by 
reducing the value of f, in the equation F=f.N. Al /,==0 equilibrium is for 
the case of an absolulely smooth constraint. 
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It is important to note thal in positions of equilibrium when 
motion does nol impend the force of friction F is not equal to F,, 
and ils magnitude, if it is required, should be determined from 
the conditions of equilibrium as a new unknown quanlity (see 
second pari of Problem 32). 

I) graphical solulions it is more convenient {o denote the 
Teaclion of a rough stpport by a single force R, which in the 
position of impending motion will be in- 
clined af an angle q, to the normal to the 
surface. 


Problem 32. A load of weight P=10 kg resls 
on a horizontal surface (Fig. 92). Determine the 
force Q that should be applied af an angle a—30° lo 
: the horizontal to move the load from ils place, if 

Fig. 92. the coefficient of stalic friction for the surfaces of con- 
tact is f, = 0.6. 

Solulion. According to the conditions of (he problem we have to consid- 
er the po-ilion ol impending motion of the load. In this position acting on 
if are lorces P, Q. N. and F;. Writing the equilibrium equations in terms of 
the projeclions on the coordinate axes, we obtain: 


Qcosa —F,=0; N+Qsinza—P=—0. 
From the second equation N = P — Qsina, whence: 
F,=f,N =f,{(P — Q sina). 
Substiluting this value of F, in the first equalion, we obtain finally: 
__ _ he 

cosa + f, sina 
If a smaller force is applied to the load. say Q'=4 kg. the shearing force 
will equal Q‘ cos 30° = 2 ] 3 = 346 kg. The maximum friclion which can devel- 
op in this case is Fp=f,(P — Q sin 30°) = 


= 4.8 kg. and the load will remain al rest; 
the Jriction which keeps it) in equilibrium can 








= 5.2 kg. 


be found from the equilibrium equations in F: 
{erms of the £ projections. and will be equal lo 
{he shearing force (F’ = Q’ cos 30° = 3.46 kg), P jy 


and not to Fy. 

Altenlion is drawn to the fact that in all 
{he compulalions F, should be delermined from 
{he formula F,=f,V. N being found from the : 
condilions of equilibrium. A frequent mistake Fig. 99. 
in solving problems of this type is made in 
assuming F,=/f,P, though actually the pressure on the surface is not equal to 
the weight ol the load P. ; 

Problem 33. Delermine the angle a fo the horizontal al which the load on 
{he inclined plane in Fig. 93 remains in equilibrium if the coclficient of fric- 
lion is fy. 

Se iet ion. The problem requires thal all possible positions for lhe 
equilibrium of the load be delermined. For this, lel us first establish (he posi- 
lion of impending motion at which @—=a,. In thal posifion acting on Ihe load 
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i i i imiting friction F . Construct- 
e its weighl P, the normal reaction MV and the limiting i 
ne a closed triangle wilh these forces, we find that F,;=WN tan a,. Bul, on 
the other hand, F,;=/,N. Consequenlly, 


lana, = fy. (3) 


In this equalion a, decreases as f, decrvaxses. We conclude, therefore, that 
equilibrium iy also posyible at @<a,. Finally, all the values of « at which 
the load remains in equilibrium are determined by the inequality 


lanass f,. (b) 


If there is no friction (f, =), equilibrium is possible only al a=0. Con- 
sequently. whereas with [friction equilibrium is possible af al values of lhe anyle 
of inclination of the plane betueen zero and a,. without [riclien equilibrium is 
possible al only one value of the ang- 
le a, which is zero. This is the differ- 
ence belween equilibrium with friclian 
and the equilibrium of systems wilh 
absolutely smooth (friclionles.) con- 
straints, 

The resull expressed in equation 
(a) can be used lor the delermination 
of the coefficienl of friction by finding 
angle a, by experiment. 

Note also thal, from f,= lan @,, 
where g, is the angle of friction, it fol- 
lows that a, = q,. i. e., {he largest angle 
at which a load resting on an inclined 
plane remains in equilibrium(ihe angleofl Fig. 94. 
repose) is equal to the angle of friction. 

Problem 34. A bent bar whose members are al right angles is constrained 
al A and B as shown in Fig. 94. The vertical distance between A and 8 is A. 
Neglecling the weight of the bar, determine the thickness d al which the bar 
wilh a load lying on its horizontal member will remain in equilibrium regardless 
of the localion of the load. The coefficient of slalic Iriction of the bar on the 
constrains is f,. 

Solutjon. Lel us denote the weight of the load by P and ils distance 
from the vertical member of the bar by J. Now consider the position of 
impending slip of the bar, when d=d,. In this position acling on it are 
lorces P, N, F, N’, and F’, where F and F’ are the forces of limiling friction. 


ing the equilibrium equations (33) and laking lhe moments aboul A, we 
obtain: 





N—-NM=0, FF —P=0, NA Fd, — Pi=0, 
where F=f, and F’ = ,N’. From the first two equalions we find: 
N=N', P=2QpN. 
Subsliluling these values in the third equalion and eliminaling NV, we have: 
h — fod, — 2,0, 
whence 


d= — oy. 


It in this equation we reduce /, the right-hand side will tend 


equilibrium is possible at any value of d > lo infinily. Hence, 


d;. The niaximum value of d, is at 
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#=0, Thus, the bar will remain in equilibrium wherever 1 i 
(at ¢>>0) if the inequality me ciuad a placed 
h 
d>— 
fo 
is salisfied. The less the friction the greater musi d be. If there is no friction 
(i, =) equilibrium is obviously impossible. as d= ow. 

Here now is a graphical solulion of lhe problem. Instead of the normal 
reaclions and the [riclional forces we denole al points 4 and B the total reac- 
lions Ry and Rp whose angles with the normals in the 
F, condition of impending slip will be equal to lhe angle 
of friction q, (Fig. 946). Thus, acting on [he bar are 
three forces Ry. Ry. and P. For equilibrium they musl 
all intersect at K, where forces R4 and Rp intersect. 
We oblain the equation A=(/+d,) tan g,+/ lang, 
which could be expecled [rom an examination of the diag- 
ram, or A=(2! +d) f,, as lang ,=/f,. Thus we oblain 
the same resull for d; as in the analytical solution. 

The problem offers an example of a sel!-locking device 
which is offen used in practice. 

Problem 35. Neglecting the weiehl of the ladder AB 
i 7 in Fig. 95, determine the values of angle a at which a 
Fig. 95. man can climb to the top of the ladder al B if the angle of 

friction for the conlacts al the floor and the wall is Q,- 

Solution. Let us examine the position of impending 
slip of the ladder by the graphical method. For impending motion the forces acting 
on the ladder are the reactions of the floor and wall Ry and Ry which are inclined 
at the angle of friction g, to the normals to the surfaces. The action lines of the 
reaclions inlersect al K. Thus, for the sys- 
tem to be in equilibrium the third force P 
(the weight of (he man) acling on the ladder 
must also pass through K. Hence, in lhe posi- 
lion shown in the diagram the man cannol 
climb higher than D. For him to reach 8 
the aclion lines of Ry and Ry must intersect 
somewhere along BO, which is possible only 
if force Ry is directed along AB, i.¢c., when 
ax QM. 

Thus a man can climb to the lop of a 
ladder only if its angle with the wall does nol 
exceed the angle of friction with the floor. 
The [riction on the wall is irrelevant, i-e., 
the wall may be smooth. 

au. Bell Friction. A force P is applied Fig. 96. 
at the end of a string passing over a cy: : 
lindrical shaft (Fig. 96). Lel us determine the least force Q thal must be applied 
al the olher end of the string to maintain equilibrium. — 

Consider the equilibrium of an element DE of the slring of length di= Rd, 
where R is the radius of the shaft, The difference dT between the lensions in 
the sleing al D and E is balanced by the frictional force dF = f,dN (dN is the 
normal reaclion), since al the lowest value of Q motion Is impending. Con- 


sequently, dT =|,dN 
= fd. 





fe ees 





The value of d¥ is determined from the equilibrium equation derived for the 
force components parallel to. axis Oy. The sinc of a very small angle approxi- 
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mately equals lhe angle ifself, and, neglecting smal] quantities of higher order, 
we have: i 
AN =T sin S + (T 4 dT) sin y Sir HT. 
Subslituling this value of dN in the preceding equation we obtain: 
dT =f, Td. 
Dividing both members of the equalion by 7 and integrating the right-hand 
member in the inferval from 0 to a and the left-hand member from Q lo P 


(as the tensions in the string are Q al the point where §=0, and P al the 
point where @=«a), we obtain: 


P 4 
dT P 
{> = tn {a or Ing ah 
Q ° 
from which il follows thal P/Q=e”, or 


Q = Pe~ fo, (46) 


We see lhat lhe required force Q depends only on the coelficient of [riction 
f, and the angle a; il does nol depend on the radius of the shall. If there is no 
friclion (f, = 0), we have, as could be expecled. Q2=P. OI great praclical importance 
is the fact thai by increasing angle @ (wrapping (he string around fhe shall) 
it is possible subslanlially to reduce (he force Q required lo balance force P. 
Table 1 shows, for example, thal a fension of one ton can be supporled by 
only 2 kg by wrapping a hemp rope Iwice aboul a wooden posl. 

ea. (46) also gives the relation belween the tensions in the driving parl (P) 
and the driven parl (Q) of a bell uniformly rolating a pulley withoul stippage. 
Assuming, for instance, a= and, for a lealher belt on a casl-iron pulley, 
f,=0.3 the ralio of the tensions Q/P =e~%** = 0.4. 


Table 1 
VALUES FOR Q/P AT /,=0.5 
(Hemp Rope on Wood) 


Number of Turns a 


"ss 





Fig. 97. 


= Problem 36, A force F is applied lo the lever DE of the band-brake in 
1g. 97. Determine the frictional loraue My exerted on the drum of radius R, 
u CD = 2CE and the coefficient of friction of ihe band on the drum is f,=0.5. 
. Solution. Acting on the drum and band AB wrapped around il is a 
orce P (evidently P—=2F) applied at A and a force Q applied al 8 which is 
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delermined by Eq. (46). We also have {, = 0.5 and a = an == 3.93 radians. Hence, 


Q=2Fe D == 0.28 F. 
The required torque is 


My =(P —Q) R=I1.72FR kgm. 


The less the value of Q, i.e., the grealer the coefficient of friction f, and 
the angle a, the greater the lorque. 


40. Rolling Friction and Pivot Friction. Rolling friction is 
defined as the resistance offered by a surface to a body rolling 
on it. 

Consider a roller of radius R and weighl P resting on a rough 
horizontal surface (Fig. 98a). If we apply to the axle of the roll- 
er a force Q< F, there will be 
developed al A a frictional force 
F, equal in magnitude to Q, which 
prevents the rotter from slipping on 
the surface. If the normal reaction 
N is also assumed to be applied 
at A, it will balance force P, with 
forces Q and F making a couple 
which lurns the roller. If these 
assumptions were correct we could 

Fig. 98. expect the roller to move, how- 
soever small the force Q. 

Experience lells us, however, that this is not the case; for, 
due lo deformalion, the bodies contact over acertain surface AB 
(Fig. 98b). The action of force Q tends to shift a portion of the 
load [rom 4 to 8. As a result, the reaction N is shifted in the 
direction of the aclion of force Q. As Q increases this displace- 
ment grows till it reaches a certain limit & Thus, in the posi- 
tion of impending motion, acting on the roller will be a couple 
(Q,, F) of moment Q,R balanced by a couple (N, P) of moment 
Nk. As ihe moments are equal we have Q,R=WN&, or 


Q=tn. (47) 





As long as Q< Q, the roller remains at rest; when Q>>Q, it 
starts to roll. _ 

The linear quantity & in Eq. (47) is called the coefficient of 
rolling friction, or resistance, and is generally expressed in cen- 
limetres. The value of & depends on the material of the bodies 
and is determined experimentally. The following list offers an 
idea of some typical values of &: 
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Woal on wood ...... eee ew we O05 to 0.08 cm 
Mild sleet on siccl fwheel on rml) oo... . (0035 cm 
Hardened steel on steel (ball bearing) . . . 0.04 cin 


The ralio &’R for most materials is much less than the coeffi- 
cienl of stalic friclion /,. That is why in mechanisms rolling parts 
(wheels. rollers. ball bearings. etc.) are preferred lo sliding parts. 


Problem 37. Determine the values of angle 2 at which a cylinder of ra- 
dius R will remain at rest on an inchned plane if the coefficient ol rolling 
friclion os & (Fig. M1). 

Solution. Cunsider the position of impending molion, when a= %,. 
Resolving foree P inlo rectangular components P, and P;. we find that the 
moving force Q,=P?,=Psinz,, and the normal 
reaclion N= P,=Pcosa,. From Eq. (47) we have: 


Psing, = FP 805 ty, 
or 
tana, = x 
4 ; R - 
lf & tends lo zero the value of a, also tends lo 
zero. We conclude from this (hat equilibrium is main- 
lained al any angle a<a,. This result may be used 
for delermining cuocfficient & by experimentally finding 
angle a,. 

Concept of Pivol Friclion. Consider a 
sphere al rest ona horizontal plane. If a horizontal 
couple of moment Mf is applied to the sphere it will tend lo rolale the sphere 
aboul its vertical axis. We know from experience thal the sphere will start 
lurning only when Af exceeds some specific value Al, which is delermined by 
the equalion 





My; =2N, (48) 


where N is the normal pressure of the sphere on the surface—in this case 
equal to the sphere’s weighl. This resull is explained by the development of 
so-called pivol [riclion, i.e., resistance lo rotalion duc lo lhe Jriction of Ue 
sphere on the surface. This is the lype of friclion developed in slep bearing, 
(pivols). The faclor 4 in Eq. (48) is a linear quanlily called she coefficient of 
pivot fricifon. The value of A is very small (one-fifth lo one-tenth of the coet- 
ficient of rolling [riction &). 


Chapter 7 
COUPLES AND FORCES IN SPACE * 


41. Moment of a Force About a Point as a Vector. Before 
proceeding wilh the solulion of problems of statics for force sys- 
tems in space, we should elaborate some of the concepls intro- 
duced before. Let us begin with the concepl of moment of a force. 


* The student who is inleresied only ji ; ri 
P ; _ wha y in the methods of solving problems 
eves ing the equilibrium of bodies subjected to non-coptanar force systems may 
ave oul §$44-47, which deal with lhe reduction of couples and forces in space, 
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I. Vector Expression of a Moment. The moment of a 
force F about a centre O (see Fig. 100), as a measure of the 
tendency of that force lo turn a body. is characterised by the follow- 
ing three elements: 1) magnitude of the moment, which is equal 
to the product of the force and the moment arm, i.e., FA: 2) the 
plane of rotation OAB through the line of action of the force F 
and the centre O; and 3) the sense of the rotation in that plane. 
When all the giver. forces ard the centre O are coplanar there is 
no need to specify the plane of rotation, and the moment can be 
defined as a scalar algebraic quantily 
equal to + Fh. where the sign indi- 
cates the sense of rotation (see § 14). 

lf. however, the given forces are nol 
coplanar, the planes of rotation have 
different aspects for different forces and 
have to be specified addilionally. The 
position of a plane in space (ils aspect) 
can be specified by specifying a line 
(vector) normal fo it. if, furthermore, 
the modulus of this vector is taken as 

Fig. 100. representing the magnitude of the force 

moment, and the direction of the vector 

is made to denote the sense of rotation, such a vector completely 

specifies the three elements which characterise the moment of a 
force with respecl to a given centre O. 

Thus, in the general case we shall denote the moment m,(F) 
of a force F about a point O (Fig. 100) by a vector M, applied 
a! O, equal in magnitude (lo some scale) fo the product of the 
force F and the moment arm kh, and normal to the plane OAB 
through O and F. We shall direct vector Ma so that the rotation 
viewed from the arrowhead is observed as counterclockwise. Vector Mg 
will (hus specify the magnitude of the moment, the plane of rota- 
tion OAB, which may be different for different forces, and the 
sense of rotation in that plane. The point al which vector M, is 
applied defines the posilion of the moment centre. — 

2. Expression of Moment of a Force in Terms of 
a Vector (Cross) Product. Consider the cross product of 


vectors OA and F (Fig. 100). From the definition™, 
|OAXF|=2 areas of A OAB=M,, 








* The cross product a <6 of veclors a and 6 is itself a vector ¢ equal in 
magnilude lo the area of a parallelogram consiructed wilh veclors a and & as 
jls sides. Vector ¢ is perpendicular to the plane through the two vectors in the 
direclion from which a counterclockwise rolation would be seen to carry a inlo & 
through the smaller of the angles beiween them. 
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as vector M, is equal in maynilude lo lwice th2 area of triangle 
OAB. Vector (OA X F) is perpendicular to plane OAB in the direc: 
tion from which a counterclockwise rotation would be seen lo 
carry OA into F through lhe <maller angle belween them (when 
the two forces are !aid off from the same point), i-e.. Il 1s tn the 
same direction as vector My. Hence, veclors (OA x F) and M, are 
equal in magnilude and direclion and, as can be readily verified, 
in dimension also, i.e., they both denote the same quanlity. 
Therefore, —_ 

M,=OAXF or Mo=r nF, (49) 


where vector r=OA is the radius vector from O lo A. 

Thus, the moment of a force F about a centre O is equal to the 
cross product of the radius vector r=OA from O fo the point of 
application A of ihe force, and the force itself. This expression of 
moment of a force will be found convenient in proving some 
theorems. 


42. Moment of a Furce with Respect to an Axis. Belore pro- 
ceeding wilh lhe solution of problems of stalics for any force 
system in space we musl intro- 
duce ihe concept of moment 
of a force aboul an axis. 

The moment ot a force aboul 
an axis is a measure of the ten- 
dency of the force lo produce 
rolation about that axis. Con- 
sider a rigid body free lo rotate 
about an axis z (Fig. 101). Let 
a force F applied at A be acling 
on the body. Let us now passa 
plane xy through point A normal Fig. 101. 
to the axis z and lel us resolve 
the force F into rectangular components F, parallel to the z axis 
and F,, in the plane xy (F,, is in fact the projection of force Fon 
the plane xy). Obviously, force F,, being paralle] to axis z, 
cannot turn the body aboul that axis (il only tends to translate 
the body along it). Thus we find that the total tendency of 
force F to rolale the body is the same as that of its component 
F,,. We conclude, then. that 


m,(F) =m, (F,,). (50) 


where m, (F) denotes the moment of force F with respect to axis z. 
But the rotational effect of force F,,, which lies in a plane perpen- 
dicular to axis z, is the same whether considered with respect to 
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axis z or to point O. where the axis pierces the plane xy. Hence, 
m,(F,,) = mo (F,,) or, by Eq. (50)*, 
m,(F)= Mo (F,,) = + F,,A. (51) 

From this we deduce the following definition: The moment of a 
force about an axis ts @ scalar quantity equal to the moment of the 
projection of that force on a plane normal to the axis with respect 
fo the point of intersection of the axis and the plane. 

We shall call a moment positive if the rotation induced by 
force F,, is seen as counterclockwise when viewed from the pos- 

ilive end of the axis, and negative if 
1} SNF il is seen as clockwise. 

It is evident from Fig. 101 thal in 
compuling a moment according lo Eq. 
(51) plane xy may pass through any 
point on the axis z. Thus, in order lo 
delermine the moment of a force about 

Fig. 102. axis 2 in Fig. 102 we have to: 1) pass an 

arbitrary plane xy normal {o the axis; 

2) project force F on the plane and compute the magnitude 

ol F,,: 3) erect a perpendicular from point O, where the plane 

and axis intersect, lo the action line of F,, and determine ils 

length fi; 4) compute the product F,,A; 5) delermine the sense of 
the moment. 

In delermining moments the following special cases should be 
borne in mind: 

1) If a force is parallel to an axis. its moment about that axis 
is zero (since F,, 0). 

2) If the line of action of a force inlersecls with the axis, ils 
moment with respect to lhat axis is zero (since 4 =O). 

Combining the two cases. we conclude thal fhe moment of a 
force with respect to an axis is zero if the force and the axts are 
coplanar. 

3) If a force is perpendicular fo an axis, ils moment aboul 
that axis is equal to the product of the force magnitude and the 
perpendicular distance from the force lo the axis. 





Problem 38. Determine the moments with respect to the coordinale axes of 
forces P and Q acling on a horizontal plale as shown in Fig. 103. 

Solution. 1) Force P is parallel fo the z axis, perpendicular fo the x 
and y axes. and passes al a distance of 6/2 and aj2 from them respcclively. 
Hence, faking into account the signs, 


m.(Py=— Ps. my (P= P >. m,(P) =0. 


* The symbol ma (F). which we used for coplanar lorce systems and which’ 
we shall conlinue lo use, denotes the scalar (algebraic) magnilude of the moment. 
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2) To delermine my, (Q). project force @ on the yz plane. We oblain: 
Qyx = Q sina. 


The snoment arm of force Q,, wilh respect to O is band the rotalion in- 
duced by if, when observed Jrom the end of the x axis, is counterclockwise. 


Consequently, 
m, (Q) = 6Q sina. 


Now let us delermine m,,(Q}. Farce Q lies in plane ABD, which is normal 
lo the y axis and intersects if at 8. Consequently, Q,.—=Q. Erecting a perpen- 
dicular from 8 lo the action line 
oj Q (see supplementary diagram 
in Fig. 103). we find thal it is 
of length Aosin a. Finally, 
faking inlo account the sense 
of rotation, we oblain 

my (Q) = — Qa sina. 

To delermine m.(Q), we pro- 
ject force @ on the xy plane 
and find (hal Q,,—= Qcosa, and 
that the moment arm of Q, 
with respect to O is b. Hence, 
taking info account the sign, 


m,(Q) = bQ cos a. 





Analytical Expression of the Moment of a Force 
about the Coordinate Axes. Consider a rectangular coor- 
dinate syslem with an arbilrary origin O (Fig. 104) and a force 
F applied at a point A whose coordinates are x, y, z. Let us com- 
pule analytically the moment of force 
F with respect (o the z axis. For 
(his we project force F on the xy 
plane and resolve the projection F, 
into reclangular components F, and 
F,. These components are, obviously, 
equal in magnitude lo the projec- 
tions of the force F on the x and y 
axes. But, [rom the definition, 


m, (F) = mo (F,,) = Mo (F,) -+- mo (F,), 





which also follows from Varignon’s theorem. Also, from the dia- 
gram, mo(F.)—=— yF, and Mo(F,)=xF,. Hence, 


Mm, (F)=xF, — yF,. 
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We oblain the moments about ‘the other two axes in the 
same way, and finally. 


mM (F)=y F,—ZF,,. | 
m, (F)=2F,—xF,, : (52) 
mi (Fysx Fi —y Fy. J 


Eqs. (52) give the analyfical expression of lhe moments of a 
force aboul the axes of a carlesian coordinate system. Using 
these equations, we can determine lhe moments if we know the 
projections of a force on the coordinate axes and the coordinates 
ot ils point of application. 


Problem 39. Compufe analylically the moments of force Q in Fig. 193 
with respect to the coordinate axes. 

Solution. Force Q is applied al a point A whose coordinales are x=a, 
yb, z=0. Ils projections on the coordinate axes are 


Q,=—Qcosa,-Q,=—0, 0. =Qsina, 
Subsliluling (hese expressions in Eqs. (52), we have: 


m, (Q) = LQsina, a, (Q) = — aQ sina, m, (Q) = 6Q cosa. 


43. Relation Between the Momentsofa Force about a Point and 
an Axis. Consider a force F acting on a body al a point A (Fig. 105). 
Let us draw an axis z and fake an arbitrary point O on it. 
The moment of F about O is denoted by a vector Mo, normal 
to plane OAB, of scalar magnilude 


Mo=Fh=2 areas A OAB. 


Drawing now a plane xy through 
O normal to axis z and pro- 
jecling force Fon it, we find from 
Eq. (51) that 
m(F)=m(F,,) = 2 areas AOA, B,. 
Fig. 105. Bul triangle OA,B, is the pro- 
jection of triangle OAB on the 
plane xy. The angle between the planes of the two lriangles 
is equal to the angle between lhe normals to the lwo planes, 
j.e., y- Then, from the well-known geometric formula, area 
L\ OA,B,= area A OAB cos y. 
Doubling both sides of ihe equalion and observing that lwice 
ihe areas of triangles OA,8, and OAB are respectively equal lo 
in,(F) and Mo, we obtain finally: 


m, (F) = M, cosy. (53) 
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As the product Af, cos y gives the projection of vector M, = m)(F) 
on axis z. Eq. (53) may also be writlen in the form: 


m.(F)= Al, or in, (F) = [mM (F)).- (54) 


We have thus proved the following relalion between the moment 
of a force aboul an axis and ifs moment about a poinl on that 
axis: The moment of a force F with respect fo an axis is equal to 
the projection on that axis of the vector denoting the moment of 
that force with respect to any point on the given axis. 


44. Vector Expression of the Moment of a Couple. The aclion 
of a couple on a body is characlerised by: 1) the magnitude of 
ihe momenl of the couple, 2) the aspect of the plane of action, 
and 3) the sense of the 
rolation in that plane. In 
considering couples’ in 
space al! three characteris- 
tics must be specified in 
order lo define any couple. 
This can be done if. 
by analogy with the mo- Fig. 106. 
mienlt of a force. the smto- 
ment of a couple is denoted by a vector m or M whose modulus 
(lo some scale) is equa! to the magnitude of the moment of that 
couple, i.e., the product of one of its forces and the moment arm. 
The vector is normal to the plane of action of the couple in the 
direction from which the rotation induced by the couple would 
be observed as counterclockwise (Fig. 106). 

Since a couple may be located anywhere in ils plane of action 
or in a parallel plane (see § 19), il follows that veclor m can 
be allached to any poinl of the body (such a vector is known 
as a free uecctor): 

Ii is evident that vector m does, in fact, define the given 
couple as, if we know m, by passing an arbilrary plane normal 
{to m we oblain the plane of action of the couple: by measuring 
the length of m we obtain (he magnilude of the couple momen|t; 
and lhe direction of m shows the sense of rotation of lhe couple. 

In magnitude the momenl of a couple is equal to the moment 
of one of ils forces with respecl {o the point of applicalion of 
the other force, i.e.. n= m,(F): the lwo vectors have the same 
direction (compare Figs 106 and 100). Consequently, 


m= m,(F)=m,(F’). 





45. Composition of Couples in Space. Condilions of Equilibrium 
of Couples. Couples in space are compounded according lo the 
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following theorem: Any system of couples acting on a rigid body 
is equivalent to a single couple of moment equal to the geometrical 
sum of the moments of the component couples. 

Let us first prove the theorem for two couples of moments m 
and m, acting on a body in planes (/) and (//) (Fig. 107). Take 
on the line of inlersection of the two planes a segment AB—d. 
By virlue of the properlies of couples proved in § 19, we can 
represent the couple of moment m, in terms of forces F, and 
F’, and the couple of moment m, in terms of forces F, and F’ 
applied at points A and 8B respeclively. Evidently. F.d=m. 
and F,d=m,. 





Fig. 107, 


Ry compounding the forces applied at points A and B we 
ascertain thal couples (F,, F,) and (F,, F;) are really replaced 
by (R, R,). Let us delermine the moment M of this couple. As 
R=F,+F,, and the moment of a couple is equal to lhe moment 
of one of its forces with respect lo the point of application of 
the other force. we obtain from Eq. (49): 


M=AB X R= AB X (F, + F,)= (AB XF,) + (AB X FY. 
But ABX F,=™m, and ABX F,=™m,. Hence, 
M=m,+m,, (55) 
i.e., vector M is represented by the diagonal of a patallelo- 


gram with veclors m, and m, as ils sides, which proves the theo- 


rem for two couples. 

If there are n couples of moments m,. m,, ..., m, acting on 
a body, we can apply Eq. (55) successively with the resuli that 
we shall have replaced a syslem of couples by a single couple 


of moment 
M=m,+m,+...+m,=D mM. (56) 
Vector M can be determined as the closing side of a polygon 
constructed wilh the component vectors as ils sides. 
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If the component vectors are non-coplanar, the problem is best 
solved by the analytical method. For this draw a coordinate 
syslem. From the theorem of the projection of a veclor sum on an 
axis. and from Eq. (56), we have: 


M,= Yim, M,=Dm,. M,= Dm,,. (57) 
With these projections we can construct veclor M. [ts magni- 
tude is given by the expression 


Ma=V MEME AE. 


The above resulls readily give the conditions for the equilib- 
rium of a system of couples acting on a rigid body. Any system 
of couples can be reduced lo a single couple of moment deter- 
mined by Fq. (56), but for equilibrium we must have M—O, or 


> m,=0, 
i.e., the polygon construcled wilh the moment vectors of the 
componenl couples acting on a body must be closed. 
The analytical conditions of equilibrium can be found if we 
lake inlo account that M—0 only if A4,—0, M,=0, and 
M,=0. This. by virtue of Eqs. (57), is possible if 


LM. =0 Dry, =0, Ym, =0. (58) 


In conclusion it should be noted that if all the couples lie in 
the same or in parallel planes, the vectors of their moments will 
be collinear and their composition 
is reduced to an algebraic opera- 


lion. This resull was obtained in 
§ 20. 





Fig. 108. 





Problem 40. Acling on a rigid body are two cou i 
; : couples in mutually perpen- 
bea ae (Fig. 108). The moment of each is 3 kg-m. Determine the re- 


Solulion. Denole the moments of the two cov : 
u ] ’ ples by veclors sm, and 
m, applied al an arhilrary Point A; the moment of the reaullant couple is 
denoted by Ihe vecior sa. The resullant couple is located in plane ASCD nor- 
mal to m and the magnilude of the resullant moment is 312 ke-m. 
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If the sense of rotation of one of the given couples is reversed, the result- 
ant couple will occupy a plane normal to ABCD. 

Problem 41. The cube in Fig. 109 hangs from (wo verlical rods AA, and 
8B, so thal ils diagonal AB is horizontal. Applied lo the cube are couples 
(P. P’) and (Q, Q)). Neglecting the weight of the cube, determine (he relation 
between forces P and Q al which if will be in equilibrium and the reactions 
of the rods. 

Solution. The system of couples (P. BP’) and (Q. Q’) is equivalent to 
a couple and can be balanced only by a couple. Hence. the required reactions 
N and N’ must form a couple. Lel us denole ils moment m normal to diago- 


nal AB as shown in the diagram. In scalar magnilude m= WNeae J 2, where ais 
the length of the edge of the cube. Denote the moments of the given couples 
by the symbols m, and m,: their scalar magnitudes are m,= Pa and m,= Qa 
and their directions are as shown. 

Now draw a coordinate system and write the equilibrium equalions (58): 


D mer =m, — mcos 45° =9, > Mp y = mn, — mcos 49° = 0, 


The third condition is satisfied similarly. 
It follows from the obtained equations that we must have m,=my,, i.e., 
Q= FP. We find, further, that 


n= —te = m, VY 2= Pa V 2. 


™ cos 437 


But m=Na} 2, hence N=P. 
Thus, equilibrium is possible when Q=P. The reaclions of the rods are 
equal to P in magnilude and are directed as shown. 


46. Reduction of a Force System in Space to a Given Centre. 
The results obtained above make it possible to solve the problem 
of reducing an arbitrary force sys- 
tem to a given centre. This problem, 
which is analogous lo the one exam- 
ined’ in § 22, is solved by applying 
(he theorem of (the translation of a 
force to a parallel position. In order 
to transfer a force F acting on a rigid 

Fig. 110. body [rom a point A (Fig. 110a) {to 

a point O, we apply at O forces 

F' =F and F”=—F. Force F’ =F will be applied at O together 

with the couple (F, F”) of moment m, which can also be shown 
as in Fig. 1100. We have: 

m—m,(F). . (59) 


Consider now a rigid body on which an arbilrary system of 
forces F,, F,, .--. F, is acting (Fig. 11a). Take any point O as 
the centre of reduction and transfer all the forces of the system 
to il, adding the corresponding couples. We have then acting on 
the body a system of forces 


Fi=F,. Fu=F,, ..., FoF, (60) 
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applied al O and a syslem of couples whose moments, by Eq. 
(59), are: 


m,—m,(F,). m,—m,(F,). .... m,=—m,(F,)- (61) 


The forces applicd al O can be replaced by a single force R 
applied at the same point. Ils magnilude is R= ))Fy. or. by 


Eqs. (60) 
R=YF,. (62) 


We can compound all lhe oblained couples by geometrically 
adding lhe veclors of their moments. The system of couples will 
be replaced by a couple - 
of momenl M,= > m,. 
or, by Eqs. (6)). 


Mo=> m9 (F,). (63) 
As in the case of a 
coplanar system, the 
quantity R (the geomel- 
trical sum of all the 
forces) is called the prin- 
cipal vector of the sys- 
lem; vector M, (the geo- Fig. Vl. 
metrical sum of the 
moments of all the forces with respect to O) is called the prin- 
cipal moment of lhe system wilh respect to O 

We have thus proved the following theorem: Any system of 
forces acting on a rigid body can be reduced to an arbitrary centre O 
and replaced by a single force R, equal {o the principal vector of 
fhe system applied af the centre of reduction, and a moment M,. 
7 ed Ate fhe principal moment of the system with respect fo O 
(Fig. 1116). 

Veclors R and My are usually delermined analylically, i.e 
according to their projeclions on the coordinate axes. 

We know lhe expressions of R,, R, and R, from § 10. We shall 
denote the projections of M, on the coordinate axes by the sym- 
bols M,, M,, M,. From the theorem of the Projection of a vector 
sum on an axis we have M,=)'|m,(F,)].. or, from Eq. (54), 
M,=) m,(F,). Similarly we obtain M. and M 

_ Thus the formulas for delermining the projections of the prin- 
cipal veclor R and the principal moment M, are: 


Re= Di Fas. Ry=D Fy. R,= DF a: (64) 
M,=S\m,(F,), M= Sm, (F,). Ms—=3im,(F,). (65) 
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11 follows fron’ this theorem that two systems of forces, for 
which R and Mo are the same, are stalically equivalent. Hence 
to define a force system acting on a rigid body it is sufficient to 
define ils principal vector and ils principal moment with respect 
{o Die centre, i.e., to specify the six quantities in Eqs. (64) 
and (65). 


Problem 42. Determine the stresses in section AA, of a beam subjected to 
forces as shown in Fig. 112a. Force Q goes through the centre of (he right-hand 


portion of the beam; lorce F lies in the plane Oxz; force P is parallel to the y 
axis. 





Solution. The required stresses are determined as in Problem {8 (§ 22), 
For this reduce all the forces to the centre O of the seclion, and place the ori- 
gin of the coordinate system there. Applying Eqs. (64) and (65) lo determine 
ihe principal vector and principal moment of the system, we have: 

R,=Fsina—Q,. Ry=—P, R,=Frosa; 
h 


My, = OP, My = 6F sina — = Q, M=> P. 


Thus, acling on the seclion AA, are two lateral forces R, and R,, an axial 
fension R,, and three couples of moments M,. M,, and M, (Fig. 1126): the 
first lwo tend to bend the beam aboul axes Ox and Oy and the last tends to 
{wist it about axis Oz. 


47. Reduction of a Force System in Space to the Simplest 
Possible Form. The theorem proved in § 46 makes it possible to 
establish the simplest form to which a given force system in space 
can be reduced. For this it is necessary to determine the princi- 
pal vector and principal moment of the system wilh respect to an 
arbilrary point and investigate the result. 

The following cases are possible: 

1) If R=O and M,=0, the system is in equilibrium. This case 
will be examined in § 48. 

2) If R=O and M, -<0, the system can be reduced to a couple 
of moment computed according to Eqs. (65). A free body subjected 
1o the action of such a force system can be (though not always) 
in pure rotational molion. 
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3) If R540 and M,=—0O, the system can be reduced to a result- 
ant R passing through point O. The magnitude of R is compuled 
according to Eqs. (64). 

A free body subjected fo the aclion of such a force syslem can 
be in pure translatory molion (if the resulfant R passes through 


{he centre of gravity of the body). Mw 
4) fi R=0 and Mg=0, and 40 
Mo, LR. the system can be reduced db 
to a single resullant R nol passing . ‘ 
a ay a 


through point O. } 

For if M, | R. the couple denoled 
by veclor M,. and force R are co- 

planar (Fig. 113). If we take the couple a 

forces R’ and R’ equal in magni- Fig. 113. 

tude lo R and place them as shown ; 

in Fig. 113. we obtain forces R and R” which cancel each other, 
and the system is replaced by a resullant R’=R through point 
O° (see § 23. case 30). The distance OO’ (OO’ | R) is determined 
from Eq. (31), where d=0O0’. 

It will be readily noticed thal this case applies. in particular, 
to any system of parallel forces or coplanar forces whose princi- 
pal vector R=0O. 

5) If R={0 and M,=<0, 
and veclor Mp, is parallel 
to R (Fig. |14a), the system 
can be reduced to a resultant 
force R and a couple (P, 
P') in a plane normal to 
the resultant force (Fig. 1140). 
Such a force-and-couple sys- 
‘tem is called a wrench: ihe 
line a action of force R is the 
; : axis of the wrench. No further 
reduction of the system Is possible. For, (hough the system will 
not change if the couple is transferred, if { R is 1 ferred 
from centre O to an int C iF eps proeialnails 
eae y point C, there will be added perpendicular 

€ moment My a moment Mc=m,(R). and the moment 





Fig. 114. 
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6) If R=20 and M,--0 and vectors My and R are neither 
perpendicular nor paralicl, the system can be reduced to a wrench 
whose axis does nol pass through poinl O. 


To prove this, let us resolve veclor Mo into (wo componenis, M, along R. 
aad M, perpendicular lo R (Fig. 116). We have Mf,y= Mg cosa and 
M, = Mg sing, where % is the angle between veclors Mog and R, The couple 
cenoled by the veclor M, (Af, | Ri and force R can be replaced, as in the case 
shown in Fig. (13. with a single resultant R° applied al point O’. As a result, 
le given system is replaced by a force R’ =R and a couple of moment M, 
parallel lo A’, i.e., a wrench whose axis passes through point 0’. 





Fig. 115. Fig. 116. 


48. Condition of Equilibrium of an Arbitrary Force System in 
Space. The Case of Parallel Forces. Like a coplanar force syslem, 
any force system in space can be reduced to a point O and re- 
placed by a resullant force R and couple of moment M, [the 
values of R and M, are determined from Eqs. (62) and (63)]. 
Reasoning as in the beginning of § 24, we come to the conclu- 
sion that the necessary and sufficient conditions for the given 
syslem of forces to be in equilibrium are that R=O and M,=0. 
But vectors R and M,, can be zero only if all their projections 
on the coordinate axes are zero, i.e., when R,=R,=R,=0 
and M,=Al,—=M,=0, or, by Eqs. (64) and (65), when the 
acling forces salisfy the condilions 


ZF =0, » Fry = 9, DF = 9; \ (66) 
SYm(F,) = Ym, (F)=0 Ym, (F,) =. 


Thus, the necessary and sufficient conditions for the equilibrium 
of any force system in space are that the sums of the projections 
of all the forces on each of three coordinate axes and the sums of 
the moments of all the forces about those axes musf separately 
vanish*., 


* In wriling conditions (65) you may lake, if you find it expedient, one 
courdinate system to compule the force projections and anolher lo compute 
the momenls. 
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Eqs. (66) express the simultaneously necessary conditions Jor 
the equilibrium of any rigid body subjecled to lhe action of any 
force syslem in space. The first three of the equalions express 
the conditions necessary for the body to have no translatory 
motion parallel to the coordinate axes: the latter three equations 
express the conditions of no rolation about the axes. 


If, besides Jorees, there is also a couple defined by ils moment M acling on 
a body, the form of the first three of Eqs. (66) will remain the same (the sum 
of the projections of the forees of a couple on any axis is 2eru), bul the last 
three equations will lake the following form: 


Dm (Fy) + Al =0, Dany(Fy) + ML =O, Dim (Fy) + Atz=9. (67) 


The Case of Parallel Forces. If all the forces acling 
on a body are parallel, the coordinate axes can be chosen so 
(hal the z axis is parallel lo the forces 
(Fig. 117). Then the x and y projections 
of all the forces will be zero, (heir mo- 
ments aboul the z axis will be zero, and 
the Eqs. (66) will be reduced to three 
conditions of equilibrium: 


ea =0. Day(F,) =, 
Dm, (F,) =0. (68) 





The other equations will turn into identities OO. 

Thus, fhe necessary and sufficient conditions for the equilibrium 
of a system of parallel forces in space are that the sum of the pro- 
jections of all the forces on the coordinate axis 
parallel to the forces and the sums of the mo- 
ments of all the forces abou! the other two 
coordinate axes must separately vanish. 


49. Varignon’s Theorem of the Moment 
of a Resultant with Respect to an Axis. Let 
there be acting on a rigid body a force SYS- 
lem F,, F,, ..., F, which can be reduced 
to a resullant R whose aclion line passes Fig. 118 
through any point C (Fig. 118). Let us apply sais 
at the same point a force R’==—R. The system | ay Rr 
F., R’ will now be in equilibrium and wiil salisly all the 
ieee (66). In particular, for any coordinate axis Ox we 

ave: ; 





D™, (Fy) +m, (R')=0. 
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Bui as R’ —=—R and both forces are collinear, it follows thal 
m,(R')= —m,(R). Subsliluting this expression of m,(R‘) in the 
previous equalion, we find that 


m,(R)= dm, (F,). (69) 


Thus. ff @ given force system has a resultant, the moment of 
that resultant with respect to any axis ts equal fo the algebraic sum 
of the moments of the component forces unth respect to the same 
axis (Varignon’s Theorem). 


50. Problems on the Equilibrium of Bodies Subjected to the 
Action of Force Systems in Space. The principle of solving the 
problems of this section is the same as for copJanar force syslems. 
Alter isolating the body whose equijibrium has to be considered, 
{he constrainls ailached lo it are replaced by their reactions, 
the equilibrium equations are written as for a free body, and 
the required quantities are obtained. 

In order to obtain simpler sels of equations, the student is 
advised to draw the coordinate axes so thal they would intersect 
with, or be perpendicular lo, as many unknown forces as possible 
(if (his does not complicate the computation of the projections 
and moments of other [orces). 

A new feature in writing equations is {he computation of the 
moments of the forces with respect to lhe coordinale axes. 

If, while examining the general diagram, the student finds 
difficulty in delermining the moment of some force with respect 
to an axis, he is advised to draw an auxiliary diagram showing 
the projections of the given body and the required force on a 
plane normal to the axis under consideration. _ 

If, in compuling a moment, there is difficully in determining 
the projection of a force on any plane. or lhe moment arm olf 
the projection, resolve the force 
into two rectangular components 
(one of them parallel to a coor- 
dinale axis) and then apply 
Varignon’s theorem. The mo- 
ments can also be computed 
analytically from Eqs. (52). 


Problem 43. Three workers Lifl 
a homogeneous rectangular plate 
whose dimensions are a by 6 (Fig. 119). 
If one worker is al A, determine the 
points 8 and D where the olber workers 
should sland so thal they would all exerl the same force. 

Solution. The plale is a free body acled upon by four parallel forces 
Q@,, Q:. Q,, and P, where P is lhe weight of the plale. Assuming that lhe 
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plale is horizontal and drawing (he coordinale axes as shown in Whe figure, 
we oblain from the equilibrium conditions (68): 


Qo + Qy — P > =0, 


— Q.0— Qu +P 5 =0, 
Q24+4,+9,=P. 


According to the conditions of the problem. Q, = Q,=Q,—Q, hence. from 
the last equation, P = 3Q. Substituting this expression in the first lwo equations 
and eliminating Q, we have: 


3 
b+y=7 6, atir= 5a, 
whence 


cas pS’ 
a 


Problem 44, A horizontal shafi supported in bearings A and 8 as shown 
has altached al right angles to ita pulley of radiuy 7, == 20 cm and a drum of 
radius 7, = 15 cm (Fig. $2G). The shalt is driven by a bell passing over the 
pulley; allached to a cable wound on 
the drum is a load of weight P = 180 kg, 
which is lilied with uniform motion 
when the shafl turns. Neglecting the 
weight ol the construction, determine 
the reaclions of the bearings and the 
lension 7, in the driving portion of 
the belt, if il is known thal il is 
double the tension 7, in the driven 
portion and if a=40cm, 6=60 cm, 
and a = 30°. 

Solution. As the shaft rotates 
uniformly, the forces acting on il are 
in equilibrium and the equations of 
equilibrium can be applied. Drawing 
the coordinate axes as shown and regarding the shalt as a free body, denote the 
forces acling on il: the tension F of the cable. which is equal to P in magnitude, 
the tensions 7, and 7, in the bell, and the reactions Y4, Z4, Yq. and Z, of the 
bearings (each of the reactions Ry, and Rp» can have any direclion in planes 
normal (o the x axis and they are therefore denoted by their rectangular components). 

To write the equilibrium equations (66). calculate the projections of all the 
forces on, and their moments about, the coordinate axes (see lable); as the x 
projections of all the forces are zero, they have been omilted °. 








_* Tables will be found especially convenient in solving the problems of 
this chapter. The table is fled column by column, i.e., first the projections 
and moments of force F are computed, then of force T,. elc. In this way alten- 
lion is focused on every force in succession. If we were lo write the equilibrium 
equalions (66) at once, we should have to return to each force six times with 
a SS ieee Tht greater chance of making a mistake—especially of omitling 
some force in this or that equation, 
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From the equilibrium equations, and noling that F =P, we ablain: 


PoosatT, +7,+¥4+V_=—20 (I) 

— Psina+Z,+Z,_—9, (Il) 

—1yP +6,7,—7,7,=9, (11) 

bP sina — (a+ 6) Zp =0, (IV) 

bP cosa — aT, — aT, + (a + 6) Yp =D. (VY) 


aie (hat 7,=27,, we find immediately {rom equations (III) and 





T= = 135 ke. 
oP. 
a> Spe kg. 


From equation (V) we obtain 


y __3aT, — bP cose 
Be a+b 
Substituting these values in lhe 

other equalions we find: 

Y 4 Pcosa— 37, — Ys 

== — 630 kg, 
Z,=Pslna— Zy—36 kg. 
and finally, 
T, = 270 kg, Y 4 == — 630 kg, 
Za= 36 kg, Ya = 69 kg. Za— 34 kg. 
Problem 45. A rectangular plale 
of weight P = 12 kg making an angle 
a=60° wilh the verlical is supporl- 
Fig. 12a. ed by a journal bearing al 5 and 
aslep bearing al A (Fig. 12la). 
The plate Is kept in equilibrium by the action of a string DE; acling on 


the plale is a load Q=20 kg suspended from a slring passing over pulley 0 
and attached al K so thal KO is parallel to AB. Determine the tension in 


=z 69 kg. 
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string DE and the reactions of the bearings A and 8. if 8D=BE, AK = 

=0.4m, and AB=b6=1 mM. . 
a Se lution! Consider the equilibrium of the plate as a free body. Draw 
ihe coordinate axes wilh the origin al B (in which case force T intersects with 
the y and z axes, which simplifies the moment equations) and the acting torces 
and the reaclions of the constrainis as shown (the dashed vector Af betongs lo a 
different problem). For the equilibrium equations. calculate the projections and 
moments of all the forces; for Ihis we introduce angle fi and denole d = BD = BE 
(see lable). Comnpulation of some of the moments is explained in the auxiliary 
diagrams (Figs 1216 and c). 





























F,, . | P | Q | Tr | R, | Ry 
Ze 
Fry | 0 | 0 | — Tsinf | Y | Yr 
Fr, | —P | 0 | T cos ft | ca | Zn 
qs i 0 0 
m, (Fx) P-> sing 0 Td sins 

b : 0 

my (Fg) —P oy Q‘acosa 0 Zab 
m:(Fy | 0 | Qasma | oo | —Y¥Qp | 0 


Fig. 1216 shows the projection on plane Ayz from the positive end of the « 
axis, This diagram is useful in compuling (he moments of forces P and 7 about 
(he x axis. It can be seen from 
the diagram that the projections 
of these forces on the yz plane 
are equal to the forces, and thal 
the moment arm of force P with 
respecl to point & is BC, sina = 


=F sina; the moment arm of 


force T with respect lo point B 
is BE sinfi=d ana 

Fig. 12)¢ shows lle projection 
on plane Bxz from lhe positive 
end of the y axis. This diagram, 
togelher with Fig. 1216, helps 
: cg ly “are menents of 
orces P and Q’ aboul the y axis. ig 
It cin be seen thal the prolec- rie telene: 
lions of these forces on the xz plane are equal lo the forces Ihemselves and that 


the moment arm of Jorce P wilh respect to point B is ,AB= 5 ; the arm of 


force Q’ with respecl lo 8 is AK,, i.e., AK cos a, or a cosa, as is evident 
from Fig. 1216. : 
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Writing the equilibrium equalions and assuming Q’ =Q, we oblain: 


—Q+X,=0, (D> 
—TsinpP+Y,+V,_=0, (il) 
—P+TcosB+2Z,+23=0, (lit) 
_ ps sina + Td sinB=0, (IV) 

b 
—P>+Qacosa+Z,b=0, (V) 
Qa sing — Vp5—0. (V1) 


re a . 
Taking into accounl that f=>5 = 30°, we find from equations (1), (IV), (V), 
and (VI) that 


Xa=Q= 20 keg. T= P gt 104 kg, 
P Qa 


Za= a — cosa 2 kg, ¥a=Zsinax69 kg. 


Substituting these values inlo equations (I) and (II), we obtain 
Yp=TsinPp—Y,z=—1.7 kg, Z2g=P—TcosfP—Z,=1 kg, 
and finally, 


T= 10.4 kg, X,=20 kg, Vy7=6.9 kg, 
Za=2he, VYg=—l.7kg, Zg—1 ke. 


Problem 46, Solve Problem 45 for the case when the plate is additionally 
subjected to a couple of moment 44 = 12 kg-m acting in the plane of the plate; 
the sense of rolation (viewed from the lop of the plate) is counterclockwise. 

Solution. Add to the forces in Fig. 12la the moment vector M of the 
couple applied at any point perpendicular to the plate. e.g.. point A. Ils pro- 
jeclions are: Mf, =0, My—= Mcosa, and M,=M sina. Applying the equilibrium 
equations (67), we find thal equalions (I) lo (1V) remain the same as for Prob- 
lem 45 while the last {wo equalions will be: 


—P+ + Z,0 + Qacosa+ Mcosa=0, (V') 
— VY ,o+ Qasinag+ Msina=0O., (VI’) 


Nole thal lhe same resull can be oblained without writing Eqs. (67), by 
denoting the couple as two forces directed, for example. along AB and KO 
(their magnitude will, apparently, be Af,a) and applying the usual equilibrium 
equations. 

i Solving equations (1)-(IV), (V‘), and (VI), we oblain resulls similar lo those 
in Problem 45, the only difference being thal in all the equations Qa will 
be replaced by Qa+ M. The answer is: 


T= 10.4 kg, X,=20 kg, Yq=l7.9kg, Zga—=—4 ke. 
Yp=—12.. kg, Zp—=7 kg. ® 


Problem 47. A horizontal rod AB is atlached to a wall by a ball]-and-socket 
joint and is kept perpendicular lo the wall by wires KE and CD as shown in 
Fig. 1220. Hanging from end B is a load of weight P = 36 kg. Determine the 
reaction of the ball-and-socket joint and the tensions in (he wires if AB =a= 
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—08 m, AC=AD, = 6=—06m, AK =>, 4 =30, and P= 60. Neglect the 
weight of the rod. 2 


Solution. Consider the equilibrium of the rod as a free body. Acling on 
it are force P and reactions Ty. Te. My. Ya. and Za. Draw the coordinate 
axes and calculale ihe projections and moments of all the forces. As all the 
forces pass through the y axis, their moments with respect lo it are zero. To 
compute the monients of force Te wilh respect to the coordinate axes, resolve it 
jnlo components 7, and T, (7, =Te cosa. T, =T, sina) and apply Varignon’s 
theorem*. We have my, (7c) =, (7,). as m.(7,)=0, and m,(Tc) =m, (1T)), 





as m,(7\)=0. The computation of the moments of the forces wilh respect lo 
the z axis is explained in the auxiliary diagram 1226 showing the projection 
on plane Ary. The resulls of the computalions are labulated as follows: 











Fe | 0 | Tx cos (\ | — T, sin 45° | Xa 

Fay 0 | — Ty sin | — T, cos 45° | Ya 

Fis | Lp | 0 T, | Za 
ms (Fs) | —Pa | 0 | Tb | 0 





a 
m, (Fy) | 0 | —Tx Zz “os fi | T,6 sin 45° | 0 








* Allention is drawn to the lact that the an 
I . gle between force 7¢ and pla 
fer ie ne 45°, as is somelimes erroneously assumed in such cases. Therefore, 
pa ample, in compuling m,(T¢) in the usual way, Il fs first necessary to 
= ermine the angle, which complicales the computalions. With the aid of 
arignon’s theorem, however, we find immedialely thal m, (7c) =m, (T,) =T, AC. 
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Substituting the values of 7, and T, we obtain the following equations: 


Ty cosh — Te sina sin 45° + X,=0, (I) 
— Tysinf — Te. sina cos 45° + Y,=0, (Il) 
—P+T,-vsa+Z,=0, iy) 
— Pa+Tebcosa=0, (IV) 
~Tx 5 cos B+ 7,6 sina sin 45° = 0, (V) 
solving which we find that Tes: 55.4 hg. Ty 58.8 kg, X4=—9.8 ke, 
Ye 70.5 ky, and Z4—=— 12 kg. Componcnts #4 and Z, thus actually act in 
the opposile direclion than that shown in the 

diagram. 


Problem 48. An equilaleral triangular plate 
wilh sides of length a is supported in a hori- 
zontal plane by six bars as shown in Fig. 123. 
Each inclined bar makes an angle of a=30° 
wilh the horizontal. Acling on the plate is a 
couple of moment .W. Neglecting the weight of 
the plate, determine the stresses produced in 
the bars. 

Solution. Regarding the plate as a free 
body, draw, as shown in the figure. the vector 
of moment M of the couple and the reactions 
of the bars S,. S,, ..., §,. Direct the reactions 
as if all the bars were in’ tension (i.e., we 
assume that the plate is being wrenched off the 
bars). As the body is in equilibrium, the sums 
of the moments of all the forces and couples 
acling on it with respect to any axis must be zero [see Eqs. (67)|. : 

Drawing axis z along bar 2 and wriling the equations of the moment with 
respect lo that axis, we obtain, as Af,= M, 


(S,cosayh-+ M =O, 





is the allitude of the triangle. From this we find: 


2V3 M 
3.  ecosa’ 


where A= 





aV3 
2 


Writing (he equations of the maments with respect to the axes along bars 
2 and 3, we oblain similar results for forces S, and S,. | Se teres 

Now wrile the equations of the moments about axis x, which is directed 
along side BA of the triangle. Taking into account thal M,=0, we obtain 


S,h + (S, sina) A = 0, 


whence, as $,= S,, we Ond 


2V3 M tan a, 
3. 20a 


Writing the moment equations with respect to axes AC and C8, we obtain 
similar results Jor S, and Sy. 

Finally, for a= 90°, we have: 

: 2M. 


§=5,=3= 5 ca 





$§,=— S,sina= 
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The answer shows thalthe given couple creales lensions in the vertical bars 
and compressions in the inclined ones. sa oS 

This solution sugge-ly that it is not always necessary to appsy equilibrium 
equalions (66). There are several formy of equilibrium equations lor non-coplan- 
ar force systems, just as for coplanar systenis, of which Eqs. (G6) are the 


principal form. _ i 
in particular, al can be proved thal the necessary and sbfficient conditions 


fur the equilibrium of a force system in) space are that the sums of the mo- 
ments of all the forces wilh respect fo each of six axes directed along the 
edges of any triangular pyramid or along the side and base edges of a triangu- 
lar prism are each zero. 

The laller conditions were applied in solving the above problem. 


51. Conditions of Equilibrium of a Constrained Rigid Body. 
Concept of Stability of Equilibrium. In §§ 11, 24, 48 and others 
we oblained equations specifying the necessary condilions for lhe 
equilibrium of free rigid bodies. Wilh regard to constrained 
bodies, these equations are applied on the basis of the axiom of 
constraints. The resulting equations define lhe reaclions of (he 
consltrainls. 

The question of the conditions for the equiJibrium of a con- 
slrained rigid body arises when ils supports do not conslrain it 
rigidly (see Problems 6 and 7 in § 13 and others). In this case 
only some of the equalions 
based on the axiom of 
conslraints contain the re- 
aclions of {the constraints 
and can define those reac- 
lions. The other equalions 
show the relations belween 
the given forces (Problem 
6) or the specific position 
(Problem 7) in which equilibriutn is possible, i.e., they specify the 
condilions of equilibrium for {he given body. Thus, for the case 
of a constrained body, the conditions of equilibrium are specified 
only by those equations based on the axiom of constrainis which do 
nol include the reactions of the constraints. 

For instance, applying the axiom of constraints lo a body with 
a fixed axis of rotation (Fig. 124) and writing Eqs. (66), we find 
(hat the reactions of bearings A and B are present in all the 
equations except Ihe last one (see Problem 44). The reactions 
are absent from equation >)m,{(F,)=0 as they inlersect with 
the z axis. 

Hence, the condition for the equilibrium of a body with a fixed axis 
of rotation is that the sum of the moments of all the acting forces 
with respect to that axis is zero: 


DM, (F,)=0. (70) 
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For a body whose supports do not constrain it rigidly, the 
important question of stability of equilibrium arises. If the acting 
Jorces tend to return a body to its configuration of equilibrium 
(when il has been displaced from that configuration), the equilibrium 
is said to be sfable: otherwise it is unstable. In real conditions a 
body can be in equilibrium only if il is in stable equilibrium. 

Consider, for example. a body mounled on a horizontal axis. 
Ht will be in equilibrium under the action of the force of gravily 
P when, according to Eq. (70), m,(P)—0, i.e., when the centre 
of gravily C of the body is in ils lowest (Fig. 124a) or highest 
(Fig. 1246) configuration. In the first case, if the body is displaced, 
the moment of force P tends to return it to ils position of equi- 
librium. In the second case. the slightest displacement of C will 
cause the momenl of P to increase that displacement. Consequently, 
equilibrium is stable if the centre of gravity of a body occupies the 
lowest possible configuration, and unstable when tt occupies the 
highest configuration. This applies to all cases of equilibrium of 
bodies in gravity conditions. If the centre of gravity lies on the 
axis of rotation, the equilibrium is said lo be indifferent or neutral. 

Let us consider also the equilibrium of the rod examined in 
Problem 7 (or in Problem 12). The equitibrium equation for the 
rod is Sim, (F,)=0. In this case (see Fig 38): 


m,, (T) = Qa cos >: |m,(P)| = Pasina. 


If angle @ is increased, m,(P) increases and m,(T) decreases, 
and under the action of force P angle a will continue to increase. 
If angle a is decreased. m,(T) increases and m,(P) decreases, 
and under the aclion of force T==Q angle a will conlinue to 
decrease. Hence, the equilibrium of the rod as defined by the 


equation sin t=5¢ is unstable. Al a= 180° the equilibrium is 


stable if Q<2P, and unslable if Q>>2P, which can be verified 
by introducing B = 180° —a. 

This method of analysis is applicable only in the simplest 
cases. More complex cases are analysed by methods of dynamics. 


Chapter 8 
CENTRE OF GRAVITY 


52. Centre of Parallel Forces. The concepl of centre of paral- 
Jel forces comes in handy when we have to deal with the com- 
position of parallel forces acling on a rigid body whose direclion 
lines change with respect to that body. Specifically. this concept 
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is useful in solving certain problems of mechanics, in particular, 
when (he centre of gravily of bodies has to be determined. 
Consider a system of parallel forces F,, F,, --.. F, of same 
sense applied 1o a rigid body at poinls A,, A, .... A, (Fig. 129). 
The resultant R of this system is. evidenlly. parallel to the 
component forces in lhe same direction. and its magntiude is 


R=) F,. (71) 


If, now, the given forces are rotaled in the same direction 
through the same angle aboul their points of application, we 
oblain new systems of parallel forces of same sense, whose mag- 
nitudes and points of ap- 
plication are the same as 
for (he original syslem, bul 
which act in a different 
direction (e.g.. as shown 
by the dashed lines in 
Fig. 125). The resultant of 
each of these parallel-force 
systems will, evidently, 
be of same magnitude R, 
but differently direcled. To 
determine this direction, we 
must find for each case a 
point through which the 
resullant passes. Lel us 
show that the aclion line 
of a resultant of parattlel 
forces always passes through 
a cerlain point C, regardless 
of the direction of the 
forces. Thus. resultant R, (not shown in the diagram) of forces F, 
and F, will pass through a point c, on line A,A, such that 
F,-Ayc, = F,-A,c,, regardless of the direction of the forces, since 
the latter does nol affect the localion of A,A, or the form of the 
equation. The resullant of forces R, and F, (which is the result- 
ant of forces F,, F,, and F,) will always pass through a point 
¢, on line c,A, delermined in lhe same way as point c,. By 
successively compounding all the forces, we find that their re- 
sultant R passes through a point C, which is fixed relative {o 
points A,, A,, ..., A,, and consequently, relative lo the body 
as a whole. 

The point C, through which the action line of the resultant of 
a system of parallel forces passes, no matter how those forces are 
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rotated about their points of application through th 
oe same Cee is called the centre of parallel (ere aoe 

et us find the coordinates of the centre of 

el : parallel : 
position of point C with regard to the body is coastant ac He 
not depend on the coordinate system. Let us, therefore, take os 
arbitrary coordinate system Oxyz and denole the coordinates 
the points in this system: A,(4,.y,.2,). A, (4,. y. 2,) . 
C(x. Hes 2). AS the position of point C does not depend on the 
direction of the forces. let us first rolate the forces about their 
points of applicalion to a position parallel tothe z axis, and let 
us apply to the turned forces F,. F:. ..., F,, Varignon’ 
(§ 49). ig ae Seely of these forces is R’, rien eGine. tie 
moments of the forces with respect to the ae i 
from Eq. (69): Pp y axis, we obtain 


m,(R’) = dm, (F;). 
Bul from the diagram jor from Eqs. (52)] we see that 
m, (R’)=Rx,. as R°o=Ri am (F,)= F,x,. as F,=F 
quently. Rx = F,x,+ Fix +. at Fox, whence Serre 
r= Fix, + Fiaxp~t...+F,4, a SF ate 
R R : 
We obtain a similar expression for coordinale 4 i 
; : ve by tak 
the moments with respect lo the x axis. In order to dctecmine 
Ze, We again rotate the forces to a position parallel lo the y 
axis (as indicaled by dash-dol lines) and apply Varignon’s theo- 
rem, taking the moments with respect to the x axis. This gives 


us: 
— Rze= — F,z,+(— F,z,)+- --- +(— F,2,), 
whence we find 2-. 


We thus obtain the following equations which specify the co- 
ordinates of the centre of parallel forces: 





F yx F Yi 
eae ye = SE, 2 Ses, (72) 


where R is determined from Eq. (71). 

Note that Eas. (71) and (72) are valid for parallel forces acting 
in opposile directions. if F, is taken as an algebraic quanlily 
(i.e.. plus for one sense and minus for the opposite sense) and 


if R=0. 
53. Centre of Gravily of a Rigid Body. Every parlicle of a 


body near the surface of the earth is subjected lo the action of 
a verlical downward force known as the force of gravily. This 


Sec. 53] Centre of Gravity of a Rigid Bedy 121 
Ee nn 


force is the resullant of the ecarlth’s gravilalional Jorce and the 
centrifugal force generated by the rotation of the earth (this 
will be discussed in delail in § 121). 

For a body that is very small as compared wilh lhe earth's 
radius, the gravity forces acling on ils particles may be regarded 
as parallel 1o each other and constant in value however the 
body is turned. A field in which these conditions are salisfied 
is called a uniform gravitalional field, 

We shall denole the resullant of 
gravily forces p,. p,. -+-. DP, acting 
on the particles of a given body by the 
symbol P (Fig. 126). This force is equal 
to the weight of the body in magnilude 
and is specified by the equalion”: 


P= Spy. (73) 


The forces p, continue fo act paral- 
lel lo each other and are applied at 
the same points of the body regardless 
of how if is rolated. It follows, then, Fig. 126. 
as proved in § 52, that the resultant 
P of the forces p, passes through one, and only one, point C, 
which is constant for the given body. This point is the centre 
of the parallel gravily forces p, and is called the centre of gray- 
ity of the body. Thus, the centre of gravity of a body is a point, 
constant for every body, through which the resultant of the gravity 
forces acting on the particles of that body passes, regardless of how 
the body is orientated in space. Thal such a point must always 
exist follows from the discussion in § 52. 

The coordinates of the centre of gravily, as the centre of 
parallel forces, are specified by Eqs. (72) and are 








_ Duke _ DP ats Ze = Reet ; (74) 


» LT i 


Where x4, %, 2, are the coordinates of the points of application 
of the gravily forces acting on the particles of the body. 





* The weight of a body is defined as the force with which a body at rest in 
a gravilalional fleld acts on a constraint preventing ils verlical Jal! (e.g., the 
{ray of a balance). It will be noted that the familiar feeling of one’s own weight 
Is a resull of the pressures between the parts of the body produced by the action 
of gravily forces being opposed by ihe reaclions of the constrainls which keep 
us from falling vertically down. In free vertical fall (e.g., in a lifl if the 
cable breaks) {hese reciprocal pressures are absent and a person [eels “weightless”, 
allhough the force of gravity continues to acl on him. A passenger in an artif- 
clal earth satellite will experience a similar sensation. 
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It should be noted in conclusion thal the centre of gravily, by 
definilion, is a geometric point which is nol necessarily a parl 
of the body (e.g... the centre of gravily of a ring). ; 


54. Coordinates of Centres of Gravity of Homogeneous Bodies. 
The weighl p, of any parl of a homogeneous body is proportion- 
al lo the volume of (hat part, i.e., p,=yv,: the weight P of 
the whole body is proporlional to its volume V, i.e, P=yvV, 
where y is the weight of a unit volume. 

Substiluling (he values of P and p, into Eqs. (74), we find 
that the factor y appears in bolh the numeralor and lhe de- 
nominalor and therefore cancels oul. Thus we obtain: 


_ Sopre = Dome DATES 
oS Joc ‘c=, * (75) 


We see that the cenlre of gravily of a homogeneous body de- 
pends only on ils geometric shape and does not depend on the 
value of y. The point C, whose coordinates are specified by Eqs. 
(75), is called lhe centre of gravily of the volu:ne V. 

Reasoning in the same way, we may obtain for a homogeneous 
lamina the equations 


Spx Sey 
re SEE ye = (76 


where S is the area of (he lamina and s, the areas of its divisions. 
The point whose coordinales are specified by Eqs. (76) is called 
fhe centre of gravity of the area S. 
The equalions specifying (he coordinales of the centre of gravity 
of a line are deduced similarly: 


Dilute 
L 


where L is the length of (he line and /, the lengths of its divi- 
sions. 

Eqs. (77) are convenient for determining the centre of grav- 
ity of arlicles made of thin wire of uniform cross section. 

Thus, the centre of gravily of a homogeneous body is deler- 
mined as the centre of gravily of the respective volume, area or 
line. (The centre of gravity of a geometrical figure—a volume. 
area or line —is often referred 10 as ils centroid, since, strictly 
speaking, a geometrical figure has no weight.) 





i i 
i= te = ate zee (77) 


55. Methods of Determining the Coordinates of the Centre of 
Gravity of Bodies. Proceeding {rom the general formulas evolved 
above, the following methods are suggested for determining {he 
coordinates of lhe centre of gravily ol various bodies: 
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1) Method of Symmetry. Let us prove thal il a body has 
a plane, axis, or centre of symmelry, ifs cenlre of wravily is 
coincident with the plane, axis or cenlre, respectively. 

Consider a homogeneous body which has a plane of symmetry, 
This plane, then, divides the body into lwo parls of equal weight 
p, and p,, the centres of gravily of which lie at equal dis- 
{ances from the plane of symmelry. Consequently. the centre of 
gravity of the body, as a point through which the resultant of 
ihe {wo equal and parallel forces p, and p, passes, musl lie in 
lhe plane of symmetry. The proof is similar for the case of 
bodies with an axis or centre of symmetry. 

It follows, by virtue of the properlies of symmetry, that the 
cenlre of gravily of a homogeneous ring, disc. reclangular lamina, 
reclangular parallelepiped. sphere, and other homogeneous bodies 
having a centre of symmelry, is coincident with their geometric 
centre (centre of symmetry). 

2) Method of Division. If a body can be divided inlo a 
finile number of elements, for each of which lhe centre of grav- 
ily is known, the coordinates of the cenlre of gravity of the 
body as a whole can be direclly calculated from Eqs. (74)-(77). 
The number of components in the numeralors will be equal to 
the number of elements inlo which the body is divided. 


Problem 49. Locale the cenlre of gravily of the homogeneous thin plate 
shown in Fig. 127 (the dimensions are given in cenlimelres). 

Solution. Alter choosing the coordinale axes and dividing the plate into 
three rectangles as shown, we compute the 
coordinates of the cenire of gravily and yh? 


the area of each rectangle: ‘i. / lll 











4 
r4 






39 


Li 





The total area of the plate Is 





wT 
S=s, +5, -+s,—=36 cm’, Fig. 127. 
Substituting the computed values in Eqs. (76), we have: 
— Sa eae Ss —4-+20+ 60 1 
Ic ap i Te = — 3s =2 9 cm, 
— AS FHSat Ss _ 44+ 1004 108 8 
¥eo= Ss = ‘oa =5 5 cm. 


——. 
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The location of the centre of gravily C is shown in the diagram, and in 
Ihixs case it is outside of the plale. This example shows again that the centre 
of gravity of a body is a geometric point which is nol necessarily a part of 
ifie body. 


3) Method of Supplementation. This method is a spe- 
cial case of the method of division and it jis used to locate the 
cenlres of gravily of bodies with holes or cavities, if the centres 
of the body as a whole wilhoul (he cavily, and of the cavity 
itself. are known. : 


Problem 50. Delermine the cenlre of gravily of a thin disc of radius R 
will a circle of radius ¢ cut out of il (Fig. 128). The distance C,C, =a. 

Solution. The centre of gravily of the dise lies on the line C,C,, as il 
is (he axis of symmetry. Draw the coordinale axes as shown. To find the coor- 
dinale xc. first supplement the missing part of the plate to make a uniform 
dise and then reduce the whole by the area of 
Ihe cul-oul circle, laking that area with a neg- 
alive sign. We have: s,;=aR*, x, =0, 5,= 
m= —arl xa, S=s,+5,= 0 (R?-—P). 

Substiluling these values inlo Eqs. (76), we 
oblain: 

x,s X48 ar? 
oe ut 23—- Ror + ¥c = 9. 


The centre of gravity, we find, lies to the 
lelt of C,. 


4) Method of Integration. If 
a body cannol be divided inlo a finite 
number of elements with known centres 
of gravily, il is first divided into infinitesimal elements of vol- 
ume Av,, for which Eqs. (75) acquire the form 





rp SEM, ete, (78) 


where X,. Ye. Z, are the coordinates of a point inside the volume 
Av,. Passing to lhe limit in Eqs. (78), with Av, — 0. i.e., reduc- 
ing the elementary volumes to poinis, we replace the summa- 
tions in the numerators by integrals over the volume of the body. 
In the limil, Eqs. (78) give 


x=4 ( xdv, c= ydv, 7c= 7 \ zdu. (79) 
iV) 


Vv, , 
(Vv) (v) 
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Similarly, for lhe coordinates of {he centre of gravily of an 
area or curve we oblain in the limit, from Eqs. (76) and (77), 


=e (cds. Y= ye \y dy (0) 
\ (51 , iS), , 
and =7 { xal, WFRTL (yar, 72ST ( zd. (81) 


ta) thy [ oa 

An example of the use of lhe method of integration is given 
in the following section. 

5)Experimenlal Method. The cenlre of gravity of acompo- 
site non-homogeneous body, say an aircraft or locomotive, can be 
delermined experimentally. In one method (the melhod of suspen- 
sion), the body is suspended by strings or ropes altached to 
different points. The direction of the string supporting the body 
will each time give the direction of the gravitational force. The 
point of intersection of these direclions locates the centre of 
gravily of the body. 

Another method of experimentally locating the centre of gravily 
is the method of weighing. explained by the following example. 


Example. Delermine the centre of gravity of an aircraft (the disiancea 
in Fig. 129) if distance AB=/ is known. 

By eplacing wheel B on the plalform of a balance, we delermine the pres- 
sureexerted by the wheel, and hence the reaction A, Similarly, we determine 
lhe reaction V,. Equaling lo zero Ihe sums of 
lhe moments of all lhe forces with cespect 
to the centre ol gravily C. we oblain Nia — A, 
(/— a) =0, whence 


pnw 
RAN, 
Obviously V,4+-N,y=P, where P is the 


Weight of the airccall. If P is immedialely known, 
a single weighing is sufficient. Fig. 129. 





56. Centre of Gravity of Some 
Homogeneous Bodies. 

1) Centre of Gravity of a Cir- 
cular Arc. Consider an are AB of radius 
R subtending a central angle AOB~2a 
(Fig. 130). By virtue of its symmetry, 
the centre of gravity of the are lies on 
the x axis. Lel us determine the 
coordinate x, by integration (an alternate 
method, without integration. is given 
below), For this take an element MM’ 
ol length d/—Rd@ on the arc..[{s_ loca- 
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a 


lion is defined by angle g. The x coordinate 

vis | = : of the el 

ay _ is x=Reosg@. Substituting these values of x aad. in 
e first of Eqs. (81), and remembering thal the integral must 

be over the whole length of the arc, we obtain: 


B a 
1 R? 8 
a ea { cos gdp =2 © sina, 
where L is {he length of the arc A#B, which is e 
: < ual to 

Hence, the centre of gravity of a circular arc lies on ifs eee 
symmetry al a distance from the centre 

sina 


i= (82) 


a 





wee angle a is measured in radians. 

e same result can be obtained without direct integratio 
n. 

If we denole the length of an arc element by the gall 


Al,, Eq. (77) gives 
1 s 
Xe = o. xX, Al,. 


where x, 1s the coordinale of elemenl Af, with an accuracy to 
infinilesimals of higher order, we have x,—R Cos gy, (subsliluting 
8 ¢, for g). Then (see Fig. 75, § 28), 
x, Al, = RAi OS Py = RAy,, whence 
YS x,Al, = RS Ay, —=R- AB. And finally, 
noling thal AB=2Rsina and L=R-2a, 
we arrive at Eq. (82). 
4 z ? 2) Centre of Gravily of a Tri- 
Ba ciel angular Area. Let us divide lriangle 
‘B- : ABD (Fig. 131) into narrow strips paral- 
lel to side AD. The centres of gravity of 
these slrips will, evidenlly, lie on median HE of the triangle. 
We conclude, ihen, thatthe centre of gravily of the triangle ties 
on this median. A similar result is ob- 
tained [or the other two medians. We 
conclude. therefore that fhe centre _ of 
gravily of a@ triangular area lies af the in- 
fersection of ifs medians, And, as is known, 


1 


3) Centre of Gravity of a 
Circular Sector. Consider a circular 
sector OAB of radius R whose central 
angle is 2a (Fig. 132). Let us divide 
the area of the sector with radii 
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drawn from O inlo vm sectors. In the limit, when we increase a 
indefinitely, we can regard lhe sectors as triangular areas the 


centres of gravily of which lie on arc DE of cadius ZR. Con- 


sequently, the centre of gravity of the sector O4AB is coincident 
with the centre of gravily of arc DE, the location of which is 
determined by Eq. (82). Thus, ¢he centre of gravity of a circular 
sector fies on iis axis of symmetry af a_ dis- 
fance from ils centre 
2 5 sina 
X= ZR (83) 

4) Cenlre of Gravily of a Pyramid. 
Consider the triangular pyramid (felrahedron) ABDE 
in Fig. 133. To locale ils centre of gravily, let ‘us 
divide il wilh planes parallel: lo base ABD inlo a 
infinitesimal truncated pyramids, whichcan be regard- 
ed in the limil, when a is increased indefinitely, as 
plane triangles. The centres of gravity of these trian- 
gles lie on iine EC, joining the vertex E of ge 
amid and lhe centre of pay C, of ils base. Con- 
sequently, lhe centre of gravily of lhe pyramid fies 
on line EC,. 

Reasoning in the same way. we find lhal the 
centre of gravity also fies on line BC, joining verlex B with (he centre of 
gravily of base ADE. Hence. the required centre of gravity lies al point C 
where EC, and BC, inlersect. 

Lel us now locale point C. As C,C. and BE divide (he sides ol angle AKE 
inlo proportional segments, they are parallel, and triangle C,CC, is similar to 


triangle ECB. Furthermore, C,C,= ug BE. as KC, = ue KA. We thus find: 
“a 3 a 3 








CG 266 i, 
CE BE 73° 
whence 
CC, = 4 CE =< CE. (84) 


This formula is valid for any polyhedral pyramid and, in the limit, for a 
cone, 


Thus, fhe centre of gravity of a pyramid (or cone) fies on the fine joining the 
* vertex of the pyramid (cone) and the centre of gravity of the base, at a distance 
from the base equal to one quarter of the length of the whole line. 


Formulas for the coordinates of the centres of gravily of other 
homogeneous bodies can be found in various technical and mathe- 


*matical handbooks. 


PART Il 


KINEMATICS OF A PARTICLE 
AND A RIGID BODY 


Chapter 9 
RECTILINEAR MOTION OF A PARTICLE 


57. Introduction to Kinematics. Kinematics is that division 
cl mechanics which treats of the geomelry of the molion of bodies 
without taking inlo account their inerlia (mass) or the forces 
acling on them. 

On the one hand, kinematics is an introduction {o dynamics, 
insofar as lhe fundamental concepls and relationships of kinemat- 
ics have to be understood before studying the motion of bodies 
faking inlo account the action of forces. On the other hand, the 
methods of kinematics are in themselves of practical importance, 
for example in studying the lransmission of molion in mechanisms. 
That is why the demands of the developing machine-building 
induslry led to the emergence of kinemalics as a separate division 
of mechanics (in the first half of the 19th century). 

By motion in mechanics is meant the relalive displacement 
wilh lime of a body in space with respect to other bodies. 

In order to locale a moving body (or particle) we assume 
a coordinale system, which we call the frame of reference or re- 
ference syslem, lo be fixed relalive to the body with respect to 
which the motion is being considered. If the coordinates of all: 
the points of a body remain constant within a given JSrame of 
reference, (he body is said to be at resi relative to that reference 
system. If, on the other hand, the coordinates of any points of 
the body change wilh time, the body is said to be in motion 
relative to the given frame of reference (and consequently, rela- 
tive to a body which is fixed with respect lo the frame of refe- 
rence). When we speak of the motion of a body with respect to 
a given frame of reference, we shall mean ils motion relalive 
to a body fixed with respect to that frame of reference. 

Any motion in space lakes place with lime. In mechanics we 
deal with three-dimensional Euclidean space in which all dimen- 
sions are measured by the methods of Euclidean geometry. The 
unit of length, by which distance is measured, is the metre. Time 
in mechanics is considered as universal. i.e., as passing siniul- 
taneously in all our frames of reference. The unit of lime is one 


; : 1 
second, which conslilules sa-3600 = bos! of the mean solar day. 


Sec. 57] Introduction ty Kinematics 129 


Euclidean space and universa! time reflect only approxi- 
mately the actual properties of space and time. Our daily experience 
shows. however, that for the motions considered in mechanics 
(at velocilies much below the velocily of light) the approxima- 
lion is sufficiently accurate for all practical purposes. 

Time is a conlinuously varying scalar quantily. In problems 
of kinematics, lime ¢ is taken as an independent variable (the 
argument). All olher variables are regarded as changing with time, 
j.e., as functions of lime ¢. Time is measured from some tifial 
instant ((==0) which is specified for every problem. Any given 
instant of time ¢ is specified by the nuniber of seconds that has 
passed between the inilial and the given time. The difierence 
between successive instants of dime is called the fisme interval. 

The principles of kinemalics. evolved from and confirmed 
by praclical experience, are based on the axioms of geometry. No 
other laws or axioms are necessary for (he kinematic study of 
motion. 

For the solulion of problems of kinematics, the specific motion 
under consideration has to be described. To describe the motiort, 
or the law of motion, of a given body (particle) kinematically 
means to specify the position of that body (particle) retative to 
a given frame of reference for any moment of time. One of the main 
problems of kinematics is that of describing the motion of particles 
or bodies in terms of niathematical expressions. 

The principal problem of kinematics is thal of determining all 
the kinematic characteristics of the molion of a body as a whole 
or of any of its particles (palh, velocity. acceleration, etc.) when 
the law of motion for the given body is known. 

Fur the solulion of this problem we musl know either the 
equations of motion for the given body or for anolher body kine- 
matically associaled with it. 

We shall start the study of kinematics wilh an investigation 
of the motion of the simplest body—a particle (kinematics of 
a parlicle), proceeding laler lo the examination of the kinematics 
of rigid bodies. 

The conlinuous curve described by a particle moving wilh re- 
spect lo a given frame of reference is called the path of that 
particle. If the path is a straight line the molion is said to be 
rectilinear, if the path is a curve lhe molion is curvilinear. In 


this chapler we shall consider the case of rectilinear molion of 
a particle. 


58. Equation of Rectilinear Motion. Consider a particle M 
moving in a straight line. If we take a point O on that line as 
the origin of a coordinate system and direct axis Ox along the, 


5~z084 
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line (Fig. 134), the position of the particle on the axis will b2 speci- 
fied by ils x coordinate, equal to the distance OM taken with 
the appropriale sign. The displacement oj particle M carries it 
through posilions M,, M,. elc., i.e.. the value of x changes 
continuously. The position of the particle cn its palh at any 
given instanl is specified by lhe re- 

6 At My, My lationship 
a - x=] (0). (t) 


Fig. 134. Eq. (1) is lhe generat expression of 
rectilinear motio of a particle, 
For example. if lhe displacement of a particle moving from 
the origin O is proportional lo lhe square of time, (he motion 
of thal particle is given by the equation 


x=al’, 


where a-is a factor equa] lo the distance travelled by the particle 
in the first second. At time ¢,=2 sec, the parlicle will] be at 
a distance 4a@ [rom lhe origin. Thus, if we know Eq. (1), we can 
delermine the position of a moving particle for any moment of 
time. 

Il should be noted that the quantily x in Eq. (1) specifies the 
position of a moving parlicle, nof fhe distance travelled by it. 
Thus, if a parlicle moving from O reaches position M, (see Fig. 
134) and then reverses its motion and relurns to M, its coordi- 
nate by thal tinie will be e=OM, but the distance travelled by 
it will be OM, -+-M,M, i.e., not equal to x. 


§ 59. Velocity and Acceleration of a Particle in Rectilinear 
Motion. One of lhe basic kinematic characteristics of a moving 
parlicle is ils velocily. An important concept is that of average 
velocily. 

lf the posilion of a parlicle at time ¢ is M, and at time /, it 
becomes M,, ils displacement in the time interval At—f,—fé 
being Axx, —x (Fig. 135), the average velocity of the particle 
will be a vector quanlity the numerical value* of which is 


nar’ 
Vw —=7—1t At’ (2) 





* The numerical (or algebraic) value of any veclor can differ [rom its 
modulus only in sign. Accordingly, we shall denote the numerical value of 
a vector by the same symbol uw thal we use fo denole ils modulus. In praclice 
this nolalion will not lead to any misunderstandings. Whenever il is imporlanl 
to stress the fact that the quantily under consideration is the modulus of a vec- 
for u, we shall employ the symbol |u|. 
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The vector of average velocily v,. has the same direction as 
ihe displacement of the particle. i.e., from M lo M,. 

The less the inlerval of lime Af—{/,— for which lhe average 
velocity is computed, (he more accurately will the quanlily way 
characterise lhe motion of the particle. In order to obtain 
a characleristic of molion which would be independent of the 
lime interval Af, the concept of tasfantaneous velocity of a particle 
alt a given lime is introduced. 

The inslantaneous velocity of a particle al a lime ¢ is the 
quantity @ towards which the average velocity v,, lends when 
the lime interval Aé tends lo zero. The 





; ; M 
numerical value of v is 7, 
. Ax dx na t— -ee Jz» 
v= lim—— or v=>—' (3) ses 
af-~90 At dt 
Thus, in vectilinear motion the nu- Fig. 135. 


merical value of the instantaneous velocity 
of a particle is equal to the first derivative of ifs coordinafe x 
with respect fo time f¢. 

The velocity v can have a posilive or negative value. It is 
evident from Eq. (3) that the sign of v is the same as the sign 
of Ax; consequently, if v>>O the motion of the particle is in the 
direction of «x increasing (lhe veclor @ is in the positive direc- 
tion of the x axis); if u<cOthe motion is in the direction of 
x decreasing (ihe vector o is in the negative direction of the x 
axis). The dimension of velocily is length time, specifically m/sec. 

The velocily of a particle may change in the course of ils 
motion. The quantily characterising the time rate of change of 
velocily of a parlicle is called the acceleration of that particte. 

Let us first introduce the concept of average acceleration. If 
the velocity of a parlicle at any {ime ¢ is vu, and at lime ¢, it 
has become v,, 1.e., receives an increment Av=v,—v, the 
average acceleration of the particle in the time interval Af—/,—¢ 


is a vector quanlily w,,, the numerical value of which is deler- 
mined by the equation 








wat 6 A (4) 

The vector w,, is in the positive direction of- the axis when 
w,, >0, and in the negative direclion when w,, <0. 

The instanlaneous acceleralion of a particle for any given (time 

f is defined as the limit towards which the average acceleralion 


W,, tends when lhe time interval Af tends to zero; ils numerical 
value is 


5* 
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or, taking inlo account Eq. (3), 


,_ dv dt 
ap 5 °TE (9) 
Thus, in rectilinear motion the numerical value of the instanta- 
neous acceleration of a particle is equal to the first derivative of 
the velocity. or the second derivative of the coordinate x of the 

particle with respect to time. 

The vector of acceleralion w is in the positive direction of 
the x axis when w>>0. and in the negative direction when w<0. 
The dimension of acceleralion is 
cd pel WA a) _length:time’, specifically m/sec’. 
ym wy + If the velocity of a moving 
particle increases, {he motion is 





> 4 said to be accelerated, if the 
4 % % 4 velocily decreases. the molion is 


Fig. 136. said lo be refarded, or decelerat- 

ed. Evidently. the rectilinear 

motion of a particle is accelerated when the velocity and accelera- 

lion vectors are in the same direction, i.e., when vu and w have 

the same signs (Fig. 136a); il is retarded when the velocity and 

acceleralion vectors are of opposile sense, i.e., when v and w 
have opposite signs (Fig. 1368). 

The obtained formulas show that if we know the equation of 
motion of a particle in the form (1), we can delermine not only 
the posilion of lhe particle al any instant but also the basic 
characteristics of ifs motion, i.e., velocily and acceleration. 


60. Some Examples of Rectilinear Motion of a Particle. The 
molion of a particle along ils palh, in particular in a slraight 
line, may be described by different equations. Let us examine 
some of them. 

l) Uniform Motion. Uniform rectilinear motion is defined 
as reclilinear translation wilh constant velocily (v¥==consl.). The 
equation of such molion has lhe lorm”*: 


x=x,+ 0, (6) 


where x, is ihe coordinate of the particle at time f=0. eee 

It is apparent thal the displacement s of the particle in 
the lime ¢ is x—-x,. It follows, then, thal in uniform mo- 
{ion the displacement of a particle is proportional to time, 


* Eqs. (6) and (8) can also be derived in the same way as for curvilinear 
nivtion in § 70, 
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and the velocity is equal to the ralio of the distance lo lime: 


svt, vu=—. (7) . 


As lhe velocily v is conslanl, the acceleration in this type 
of molion is zero (w==0O). 

2) Uniformly Variable Molion. Uniformly variable 
rectilinear motion is defined as reclilinear translation with conslanl 
acceleration (<»=consi.). The equation of such molion has the 
form: 


x= x, + vt + 5 wt, (8) 


where uv, is the iniltal velocity of the particle (the velocily at 
time /=0O). ; 

Diflerentialing Eq. (8) with respect to lime, we find thal the 
velocity of uniformly variable molion al any instant is 


v=7,+ vt. (9) 


Thus, the velocity of this type of molion increases in propor- 
tion to lime (i.e., uniformly) and the displacement (at v, =0) 
is proportional to the square of the time. 

li vu and w are of the same sign the molion is uniformly 
accelerated, if \hey are ol oppo- 
site sign lhe motion is uniform- a Mo My 
ly retarded. 

An example of uniformly 
variable reclilinear motion is Fig. 137. 
the motion of a weight thrown 
vertically up or down (neglecting the resistance of the almosphere)}. 

3) Harmonic Motion. Consider the reclilinear motion of 
a parlicle, the distance x of which from lhe origin O of a coordi- 
nate syslem changes according to the equation 


+ =a cos ki, (10) 


——-?@ ee NG @ on * 


where a and & are constants. 

In the motion defined by this equalion, a parlicle M (Fig. 137) 
oscillales between positions M,(-+-a) and M, (—a). Molion of 
this type, which is known as simple harmonic motion, plays an 
important part in engineering. The quantily a, which is the 
greatesl displacement of the Particle from ihe cenlre O, is called 
the amplitude of vibration. 

It will be noticed that if motion starts al lime f=0 from 


point M,, the particle will return to that point at a time ¢,, 
for which cos kt, == 1, or kt, =2n. ie ' 
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The time T=i== required for the point to make one com- 


plete cycle is called the period of vibration. 
Diflerentiating x with respect to ¢. we obtain the numerical 
values of the velocity and acceleration of the particle: 


v==—aksink&t. w—=— ak’ cos kf. 


Thus. in this lype of motion the velocily and acceleration of 
a parlicle change wilh time according to the law of harmonic 
motion. When the particle is at the centre of vibration («x =0 
and coskt=0). its acceleralion «==0 and its velocity has 
a maximum value v,,,==ak (al coskt=0, sinkt—= +1): in the 
exlreme positions M, and M,, where x= +a and coskt= +1, 
the pea is zero and the acceleration has a maximum value 
Whrax — @ ra 

The signs of v and w show (hat when the particle moves to- 
wards the centre of vibration its motion is accelerated, when il 
moves away from the centre of vibration it is retarded. 

Motion of a similar type is described by the equalion x= asin kt, 
only the motion starls at the cenlre O. 


61. Graphs of Displacement, Velocity and Acceleration of a 
Particle. If we lay off the time ¢ to scale on the axis of abscis- 
sas, and the displacement x on the ordinale axis, the plotted 
curve x=/(t) gives us a displacement-fime graph for a given par- 
licle. If shows graphically the displacement of the particle (the 
change of its x coordinale) with reference to time. 

Similarly, we can plot curves to some scale to represent the 
velocity-time relationship u(t) and the acceleration-lime relationship 
u(t) for a moving particle. 

In Figs 138 a, 6, and c are given graphs for the cases of mo- 
lion described by Eqs. (6), (8), and (10): the displacement-time 
graphs (top row), the velocity-time graphs (middle row), and the 
acceleration-time graphs (botlom row). : 

The displacement-lime curve of uniform motion, we see, Is a 
straight line inclined to the axis of abscissas, the velocity-time 
curve of such motion is a straight line parallel to the axis of 
abscissas (v==consl.), and the acceleration-time curve is a straight 
line coincident with the axis of abscissas (#0). For uniformly 
variable motion (accelerated in the case shown in Fig. 138 6), 
the displacement curve is a branch of a parabola, the velocily 
curve is a slraight line inclined to the axis of abscissas, and (he 
acceleration curve is a straight line parallel to the axis of 
abscissas (w==const.). Finally, for simple harmonic motion 
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Fig. 138. 


(Fig. 138 c) the respeclive graphs are represenled by cosine and 
sine curves. 

A displacement graph for a particle should nol be confused 
wilh ils path, which in all the above cases is a straighl line. 


62. Solution of Problems. Problems solvable by the melhods 
of particle kinematics may require the determination of the veloc- 
ity or acceleration (and, in curvilinear motion, also the path) 
of a particle, the time in which a given displacement has been 
carried oul, the distance travelled in a given time, etc. 

Before solving any such problem, it is necessary lo establish 
the law of motion of the given particle. Eilher of two cases is 
possible: 

1) The law of molion is given. by an equalion of motion or 
by slating the lype of motion (e.g., “a particle moves unilormly...”, 
“a uniformly relarded particle..."). In such cases the solution is 
reduced io the application of the relevant formulas. 

2) The law of molion is not given, but the motion of a par- 
ticle depends in some way on the given motion of another par- 
ticle (or body). In this case the solution must sfart with the deduc- 
tion of the equations of motion for the given particle. 
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_ Problem St. A train travelling at a velocity v,—=54 kmh stops in f,=2 
min alter braking slar{s. Assuming {he motion of the train during braking to 
be uniformly retarded, delermine the distance covered during the braking {ime. 

Solution. The problem stales that the motion is uniformly retarded, Con- 
sequently, if is described by Eq. (8): 
z 


f 
raul fw >, (a) 


where x is measured Irom the place where braking began (therefore x, = 0). The 
velocily is 
v=u,++wt. (b) 


_ As the train slops at f=4,, its velocity al that instantis v,=0. Substitut- 
ing these values in equation (b), we oblain O=v,+ wf,, whence we find the 
acceleration: 
woe 
= ae 
Substituling the value of w into equalion (a) 
and assuming {= f¢,, we obtain the required dis- 
lance: 
Ul, 


i= ? 


If should be noted thal in the numerical 
compulations special atlention should be paid 
to expressing all quantifies in the same unit 
systems (distance is usually measured in melres 
and time in seconds). In our case, 


= 900 m. 








54-1000 54 oo 
Fig. 139. %= 3600 ~se—/5 mjsec; , = 120 sec. 


Problem 52. A man of height A walks away {from a lamp hanging at a height 
H with a velocity u. Determine the velocity of the lip of the man’s shadow. 
Solulion. Birst let us eslablish the law of motion of {he lip of the shadow. 
Choosing point O directly under the lamp as the origin of our frame of reference, 
draw the x axis to the right, as shown in Fig. 139. Now, depicting the man at 
an arbitrary distance x, from O, we find thal the tip of his shadow is at x,. 
By virlue of the similarity of triangles OAM and DAB, we have: 


H 


Xx; >= Wo-a'™ 


This is the equation of motion lor the tip of the shadow M, provided the 
equation of molion for the man, i.e., x,=/ (8, is known. ; F 
Differenliating both parts of the equation with respect lo time and noting 





thal aise and a=, where v is the required velocity, we oblain: 
=F" 


li the man moves with unilorm velocity (u=:const.), the velocity of the 





shadow v is also unilorm, bul it is > a fimes faster than thal of the man. 


It should be noted that 1a developing the equations of motion, the moving body 
or mechanism (see Problem 53) should be drawn in an arbitrary position. Only 
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thus can we oblain an equation specilying the position of a moving particle 
body) al any moment of lime. : 2 Sa 

al Problem 33, Blocks A and B of the mechanism in Fig. 140 are connected 

by a rod AB of length /= 30 cm and move in mutually perpendicular directions 


when the crank rolales. The crank OD of length > is hinged to Ihe middle of 


the rod AB at D. Develop the equations of 
motion for the sliding bluck» A and B if angle @ 
increases in proportion lo lime (such rota- 
lion is called uniform) and the speed ol rola- 
lion of the crank is 2 cpm. Determine the 
velocity and acceleration of the blocks al the 
inslanl when angle ¢ = 30°. 

Solution. The equations of motion lor 
points A and B can be developed from the 
equalion of motion for thecrank OD. Accord- 
ing 10 the condilions of the problem, 
phi, where & is a constanl faclor, We 
also know thal, at {= 60 sec, angle @ = 47 
{two revolutions). Hence, 41 = 60%. and Fig. 140 
k=n/jI15. ig. i 

Now we can draw the coordinale axes 
Ox and Oy and evolve the equalions of motion [or the blocks. As OD= AD, 
ZLOAB=Q. Hence, xg=/cosp, and yg =i sing, or 


Kgacicaskt: yamisinki. (a) 





The equalions show thal both blocks are in simple harmonic motion. Differ- 
enlialing x4 and yq with respect lo lime, we obtain the velocity and accelera- 
tion of the blocks: 

Vga —Risin kt, war—k cos kf, 
Uy =Alcoskt, Wp = — AU sin af, 


When angle p=30?, &Af—=—~. At thal instant 





6 
yy’ 
v= = —3.14 cmjsee, w= -“) == — 1.14 cmjsect, 
_ 1 
op = VS 5.44 emysee, wa =— MY! = — 0.66 cm/sec! 


The signs indicale the direclions of the velocity and acceleralion vectors. In 
lhe case examined above, block A is moving with acceleralion and block B 
wilh relardalion. 


Chapter 10 
CURVILINEAR MOTION OF A PARTICLE 


63. Vector Method of Describing Motion of a Particle. To 
describe the molion of a particle, it is necessary 1o specily its 
position in a chosen frame of reference al any given moment of 
time. Curvilinear motion can be described by one of the follow- 
ing three methods: 1) the veclor method, 2) the coordinate 
method, 3) the nalural method. 
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We shall start wilh lhe vecfor meihod of describing motion. 
Lei a particle M be moving relative lo any frame of reference 
Oxyz. The position of lhe particle at any instant can be specified 
by a vector r drawn from the origin O to the particle M (Fig. 141). 
Vector r is called the radius vector of the 
parlicle M. 

When the particle moves, the vector 
changes with time both in magnitude and direc- 
tion. Thus, rf is a variable vector (a veclor- 
function) depending on the argument /: 


r=r(t). (11) 


Fig. 14. Eq. (11) describes the curvilinear motion 
of a particle in vector form, insofar as it 
makes it possible to construct a vector r for any particular moment 
of time and lo determine the position of the moving particle at 
that moment *. 
The locus of the tip of veclorr defines the path of the moving 
particle. 





64. Velocity Vector of a Particle. Let a moving particle 
occupy at lime ¢ a position M defined by the radius vector r, and 
; al time /, a position M, defined by the 
radius veclorr, (Fig. 142). The displace- 
ment during the time interval 4f= 
=f,—t is defined by a vector MM, 
which we shall call the displacement 
vector of the particle. 
From triangle OMM, we have r+ 
+MM,=r,, whence 
MM,=r,—r=Sr. . 


The ratio of the displacement vector 

Fig. 142. of aparticle to the corresponding time 

interval defines the vector of average 

(both in magnitude and direction) velocity of the particle during 
the given lime interval: 





MMA, Ar (12) 


® Vector r can be defined by ils magnilude and the angles it makes wilh 
ihe coordinale axes or by ils projections on the axes. Thus, Eq. (11) slands for 
a sel of equations giving the dependence olf r, a, p, and y on ¢, of of ry, Fy, 
and r, on ¢. 
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The magnilude of the average velocily given by Eq. (12) is 


MA, ' 

aw Aft bd (12°) 

Vector o,, has lhe same direclion as vector MM,, i.e., along 

ihe chord MM, in the direction of ihe motion of the particle 

(the direclion of the veclor is mot altered by being divided by Af). 

The instantaneous velocity of a particle al any time ts defined 

as the veclor quantity o towards which lhe average velocily 9,, 
tends when the time inlerval Af tends to zero: 





P . Ar 
v= lim (0, = lim At’ 
+90 to 


The limit of the ralio als when At— 0 is the first derivalive 


Ad 
of the vector r wilh respect 1o ¢ and is denoted, like the deriv- 
alive of a scalar funclion, by the symbol] *, 
Finally we obtain: 
dr 
o=T7: (13) 


Thus, fhe vector of instantaneous velocify of a particle is equal 
fo the first derivative of the radius vector of the purticle with 
respect to time. 

As lhe limiling direclion of the secant MM, is a tangent, the 
vector of inslantaneous velocity is tangenl {o the path of the 
particle in lhe direction of motion. 

Eq. (13) also shows {hat the velocity veclor @ is equal lo lhe 
talio of the infinilesimal displacement dr of the particle langenl 
fo its palh lo ihe corresponding time interval df. 


65. Acceleration Vector of a Particle. In curvilinear motion, 
acceleration characterises (he time rate of change of velocity in 
magnitude and direclion. 

Lel a moving parlicle occupy a posilion M and have a veloci- 
ly @ at a given time f, and let il at lime f, occupy a position 
M, and have a velocily 0, (Fig. 143). The increase in velocity 
in the time inlerval Af=/,—? is Av=v,—o. To construct 
vector Ag, lay off vector v, from point M and construct a paral- 
lelogram with v, as ils diagonal and @ as one of its sides. It is 


* In general, Jor any varlable veclor a depending on an argument ¢ 


im 
Atego Al dt a 
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evident (hat lhe olher side will represent .vector Ag. Note that 
veclor Av is always direcled fowards lhe inside of the path. 

The ratio of the velocily increment veclor Ag to the corre- 
sponding lime inlerval Af defines the vector of average acceleration 
of the particle in the given lime interval: 

Ao 
Vv, ar’ 

Obviously, Uhe vector of average acceleration has the same 
direction as vector Ag, i.e, towards the inside of the path. 

The instantaneous acceleralion of a particle at a given time ¢ 
is defined as lhe veclor quanlity w towards which the average 
acceleration w,, tends when the lime 
interval Af tends to zero: 


; Ae do 
w = linn => = a 
stag Df dt 


”% or, faking info account Eq. (13), 


do _ d‘r 
dt” =6df-* 


Fig. 143. Thus, the vector of instantaneous 

acceleration of a particle is equal 

to the first derivative of the velocity vector, or the second derivative 
of the radius vector of the particle with respect to lime, 

It follows from Eq. (14) that the acceleration vector w 1s equal 
to the ratio of the increment ol the velocily vector do to the 
corresponding time interval df. 

Lel us see how vector w is directed with respect lo the path 
of the parlicle. If the path is a plane curve, the acceleralion 
vector w. like lhe vector w,,, lies in (he plane of the curve and 
is directed towards the inside of the curve. a 

If the path is a curve in space, the vector W,, is directed 
towards its inside, in a plane through the tangent to the palh al 
point M and a line paralle! to the tangenl through the neighbour- 
ing point M, (see Fig. 143). In the limit, when point M, tends 
1o M, this plane coincides wilh the so-called osculating plane*. 
Hence, in the general case. (he acceleration vector W lies in the 
osculating plane and is directed towards the inside of the curve. 





w= (14) 


‘ : d 

* The osculating plane through a point M on a curve may also be define 

as the limiting puailion of a plane through poinls M, M,, and M; of ine elven 

curve when points M, and Mf, tend.lo Af. Of all the planes Dane Oe 

point M, the osculating plane has the highesl order of osculalion (has e greal- 

est. contact with the curve), Every point of 4 three-dimensional curve (€@.g., 3 

helix) has ils own osculaling plane. The osculating plane of a plane Suns is 
coincident with the plane of the curve and is common for all ils points. 
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Eqs. (13) and (14) oblained in §§ 64 and 65 give lhe general 
expressions of the basic kinemalic characteristics of motion in 
vector form and are essential for developing all other formulas 
and relationships in particle kinematics. 


66. Theorem of the Projection of the Derivative of a Vector. 
The following theorem will be found useful in solving veclor 
equations containing derivalives. when if is necessary to go over 
from relalions belween veclors lo relations between their projec- 
lions: The projection of the derivative of a vector on a fixed axis 
is equal to the derivative of the projection of the differentiated 
vector on the same axis. 

Lel there be a variable veclor p depending on an argument ¢. 
The derivative of p wilh respect lo ¢ is also a vector g. By 
definition, 


— jim OF. — tim 2? 

cane Ai pe At ¢ 
where p and p, are the values of the differentiated vector at 
instants ¢ and f,. Applying the theorem of the projection of a 


veclor sum (or difference) on an axis, we obtain: 


= ji Pix — Px 
4 Pe MM 
where p, and g, are the projections of veclors p and q on the 
axis Ox. Bul p,.— p,—=Ap,. Hence, 


ps Py 
At sodt 
The theorem is (hus proved, as we have shown thal 
: __ dp dp 
if q=-,,> then q.5= FF. (15) 
It should be noled that the relalion of the form (15) is not valid for the 


q, =lim 








. : . d, al 
magnitudes of vectors, i.e, if g—= -.. then generally Iq|# ane In 
parlicular, we have proved thal on and w= cd >; here, loo, in the 

d{r| d|v| 
eneral case |v 
g [vel¥ Tn and |w| xz ai 


For, say, il a parlicle moves in a circle whose centre is al the origin of a 
coordinate system, ils velocity is = (the direclion of r changes with time), 


d 
“a! =0. Il ts evident, 





but in magnilude |r |==consl., and consequently, 


. dir d 
then, thal lu} ¢—L that tw] 9 Jet will be shown in § 69. 


The methods of delermining th i i i 
dd poclicle are dicen farther meguiteces of the velocily and acceleration 
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67. Coordinate Method of Describing Motion. Determin 

the Path, Velocity and Acceleration of . Particle. The postion i? 
a parlicle with respect lo a given frame of reference Oxyz can 
be specified by ils cartesian coordinales x, y, z (Fig. 144). When 
motion takes place, the three coordi- 
nates will change wilh lime. If we 
want lo know the equation of motion 
of a particle. i.e., ils location in 
space al any instant, we must know 
its coordinates for any moment of 
lime, i.e., the relalions 





x=f,(). g=h,00, 7=F,(0 (16) 


should be known. 

Eqs. (16) are fhe equations of motion of a particle in terms ‘of 
cartesian rectangular coordinate axes. They describe the curvi- 
linear molion of a particle by the coordinate method *. 

If a particle moves in one plane, then, taking that plane for 
(he xy plane, we obtain two equations of motion: 


x=],(1), y=, (0. (17) 


Let us see how the kinematic characteristics of motion are 
determined by the coordinale melhod of describing the motion 
of a particle. 

1) Determination of the Path of a Particle. Taking 
{ime f as the parameter in Eqs. (16) and (17), we notice that 
{hese equations are, in fact, the equations of the path of a par- 
licle in parametric form. To obtain the equation of the path in 
the usual form, i.e., in the form of a relation only between the 
coordinates of a parlicle M, time / must be eliminated from the 
equations of molion. 

2) Delermination of the Velocily of a Parlicle. 


The velocity vector of a particle is o=". Hence, from rela- 
lion (15), we obtain: 


p= dr, dry dr, “ 
x dt " "¥ di ‘ dt 








But from the diagram in Fig. 144 we see thal the projections 
of the radius vector r of the particle on the coordinate axes are 


* The motion of a parlicle can be described in oller coordinale syslems: 
olar, spherical, ete. In this case the formulas for delermining v and w will 
be other than Eqs. (18)-(21) deduced in this seclion (see, for example, § 71). 
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equal fo the coordinates of the particle, ie., r,=x, r,=y,. 
r,==z. Therefore finally, 


d. 
v eee | a =>. (18) 


i.e., the projections «f the velocity on the coordinate axes are 
equal to the first derivatives of the corresponding coordinates of 
the particle with respect to tinte. 

Knowing the projeclions of the velocily, we can find the mag- 
nilude and direction (i.e., the angles a, 6. y which vector o 
makes wilh the coordinale axes) from lhe equations: 


oe “ye 1. yt te 
v= v4 vy 1 Un | 


; (19) 
ee: A —_y jee Ee 
cosa == —*, cos B = s COSy=— J 


3) Delermination of the Acceleralion of a Par- 
‘ : : 3 F dv 
ticle. The acceleralion vector of a particle is wW=—=—-. Hence, 
from the theorem of the projection of a derivative and from 
Eqs. (18), we obtain 








_ dvy  déx dey dy -» -. 40, __ d*z 
oot aa a ~—staav?# od hoary eer TE 1 w= dt de’ (20) 


i.e., fhe projections of the acceleration on the coordinate axes are 
equal to the first derivatives of the projections of the velocities, or 
the second derivatives of the corresponding cocrdinates, of the par- 
ticle with respect to titme. The magnitude and direction of the 
acceleration are given by the equalions 


w=Vwi + wpa; 


w w 
COS @, = —% ; cos B, = —*, cos y, = =, (21) 


where a,, B,, and y, are lhe angles made by the acceleralion vec- 
tor wilh the coordinate axes. 

Thus, if the motion of a particle is described in rectangular 
cartesian coordinales by Eqs. (16) and (17), the velocily of the 
parlicle is given by Eqs. (18) and (19) and the acceleration by 
Eqs. (20) and (21). In the case of plane motion, the z projeclion 
Should be omitled in all the equations. 

Solution of problems. As in the case of rectilinear mo- 
tion, in order to solve a problem we must know the equations 
of motion of a given parlicle to find any of its kinematic char- 
acterislics. If the equations of molion are not given direclly, 
the solution must begin with the deduction of these equations, 
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Problem 54. The molion of a particle is described by the equations ° 
x= 8(—46", y= 6f — 3". 
where x and y are in melres and f is in seconds. 

Determine the path. velocily and acceleration of the particle. 

Solution. To delermine the path, we first eliminate time ¢ from the 
equations of motion. Mulliplying both parts of the first equation by 3 and 
both parts of the second by 4. and subtracting the second from the first. we 
oblain 3x — 44 =0, or 

I= 4 

Consequently, the path is a straight line making an angle a@ with the x 

axis such thal lan aa (Fig. 145). 


Now let us determine the velocity of the particle. From Eqs. (18) and (19) 
we oblain 


_ dx _ dy : 
c= =b8(1—f), v= 7 ol —h 
v= Vo? + vy = 10(l — 4. 
To delermine the acceleration of the particle, Eqs. (20) and (21) give us: 
; dy d?y4 
=r = 8 wo Fr = 8. w= 10 m/sec’. 


Veclors @ and @ are evidently directed along the path, i.e., along AB. 
As wt =const., the motion is uniformly variable. The projections of the accel- 


yi eralion on the coordinate axes are always negalive, 
consequently the acceleralion is always directed from 
A (enone ES : B to A. The projections of the velocity at O< ¢ 
2? <1 are positive, consequently, within this lime 
interval, the velocity is directed from O to B. At 
f lime {=0, v=10 msec, and at time f=I sec, 





o=0. When ¢>1 sec, both projections of the 
9° 4 3.6 © velocity are negative and, consequently, the velacity 
is directed [rom 8 lo A, i-e., similarly as the 
Fig. 145. acceleration. 

Finally, nole thal. al f=0, r=0 and y=0,; 
al ¢==1 sec, x= 4 and y=3 (point 8); al f= 2 
sec, X= 0, y= 0; al f > 2, the absolule values of x and y continue to increase 

in the negalive direction. 
Thus, the equations given in the statement of the problem lell us everything 
aboul the motion of the particle. The motion begins al point C with an inilial 
velocily v,=10 msec and is along a straight line AB inclined to the x axis 





al an angle @ such-that lan eo . On the portion OB the motion is uni- 


formly retarded, and in one second the particle comes to rest al point 8(4, ». 
From there it moves back with uniform acceleration. Al ¢=2 sec, the particle 
returns to the origin of coordinates and conlinues lo move along OA. The accel- 
eralion is all {he time 10 m sec’. 

Problem 55. The motion of a particle is described by the equations: 


s=asinot, yoacosal, z=—ul, 
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where a, @, and uw are constants. Delermine the path, velocity and acceleralion 


{ the particle. 
i So lutions Squaring the firsl two cqualions and adding them, we obtain 
{since sin* wf + cos” wf = I): 

r+yi=a, 


Hence, the path lies on a circular cylinder of radius a. the axis of which is 
coincident with the z axis (Fig. 146). Determining ¢ ‘rom the Uhird equation 
and substituting ils value inte first, we fiad: 


: uo 
r=asin( 2-2). 
u 


Thus, the path of the particle is the line 
of intersection of a sinusoidal surlace, 
whose generalors are parallel to the y axis, 
with the cylindrical surface of radius a. This 
curve is called a strex. Ik can be seen from 
the equations of motion thal the particle 
makes one lurn along the screw line in 
lime f,, delermined by the equalion wf, = 2x. 
The displacement of the parlicle parallel to 


the z axis in that lime is hat, = 224 


and is called the pitch of the screw, 

Let us now determine the velocily and 
acceleralion of lhe particle. Differenlialing 
{he equatigns of motion with respect lo lime, 
we oblain: 





Fig. 146. 


¥~=awiosw@t, o,=—ausinal, v,=4, 


whence 
o= VY ata? (cos' wi + sin® wt) + uw? = Vatw ful 


The quantities under the radical are constant. Consequently, (he magnilude 
of the velocily is constanl and is direcled at a langent lo the path. From 
Eqs. (20) we calculate the projections of the acceleration: 


w, = — aw’ sin wi, wy = — aw’ coswl, w,=0, 
whence 
w=Vur + wy = ao, 


_. Thus, the molion has an acceleration of constant magnitude. To determi 
{he direction of acceleration, we have lhe equations : eye Une 


cos @, =—£ = — slnof =——, 
w 
cos f, = 2 =—coswt=— =, cos y, =—£ =0, 


But evidently 


where a and fi are the angles made by the radi 
the cylinder to the moving particle, with the eandy ply AS” ie code or 
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angles a, and P, differ from the cosines of the angles @ and fi only in sign, we 
conclude that the acceleration of the particle is continuously direcled along Lhe 
radius of the cylinder towards its axis. 

It should be noted that although. in the present case, the motion has a 
velocity of constant magnitude (i.e., has a constanl speed), the acceleration 
of the particle is not zero. as the direction of velocity is conlinually changing. 

Froblem 56. Determine the path, velocily and acccleralion of point M in 
the middle of the connecting 
rod of the crankgear in Fig. 
147, if OA =AB=2a and 
angle @ increases in propor- 
lion with time: ¢ = wl. 

Solution. Let us first 
develop [he equalions of mo- 
lion of point Ai. Drawing 
the coordinate axes as shown 
and denoling lhe coordinales 
of M by x and y, we obtain: 


x= 2a cos M + acos@, 
y=asin . 





Subsliluling the expression for @, we oblain the equations of molion of 
point Af: 
x=RUcoswol, y=asinwt. 


To determine the path of M we write the equalions of molion in the form 


+= cos wf, J=— sin wf. 
3a a 


Squaring these equalions and adding them, we obtain: 


x yo 


gt a 


Thus, the path described by point M is an ellipse with semiaxes equal to 
3a and a. 
From Eqs. (18) and (19) we determine (he velocily of point M: 
v, =— awsin wf, vy=aw cos wl; 


v= aw 9sin® wl + cos? wf. 


We sce thal the velocily is a variable quantily, changing with time from 


= aw tO Um, = Jaw. ; 
vm ow, from Eqs. (20), we delermine the projections of the acecleration of 


point M: . ; : 
w, = — Jaw* cos wi = — ws, wWy=— aw sin wf = — 7y, 


w= Vot(t+y)=or, 


i igi i itude 
is the radius vector from the origin lo point M. Thus, the magni 
sine “acceleration of the point changes in proportion to ils distance [rom the 
centre of the ellipse. 


whence 
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To determine the disection of w, we have. from Eys. (21): 
= ba a = ey: = _— =, 
cosa, = —- ==. cos fi, - 


We see thal, as in problem 55, the acceleration of point Af is continually 
directed along MO towards the centre of the ellipse. 


68. Natural Method of Describing Motion. Determination of 
the Velocity of a Particle. The nalural melhod of describing 
molion is convenient when the path of a particle is known at 
once. Let a parlicle Af be moving wilh respect to a frame of 
reference O,«,y,z, along an arbilrary palh 
AB (Fig. 148). Take any fixed point O 
on the palh as the origin of another 
frame of reference; now, taking the path as 
an arc-coordinate axis, assusne the posilive 
and negative direclions, as is done wilh 
reclangular axes. The posilion of lhe par- 
ticle M on the path is now specified by 
a single coordinate s, equal lo the dislan- 
ce from O lo M measured along the arc of Fig. 148. 
the path and taken wilh the appropriate 
sign. When M moves, the distance s changes wilh time. In 
order to know the position of M on the path at any instant, 
we must know the relalion 


s=f(é). (22) 


, eae (22) expresses fhe law of motion of the particle M along 
its palh. 

Thus, in order to describe the motion of a particle by the 
natural method, a problem must slate: 1) fhe path of the particle; 
2) the origin on (he palh, showing the 
posilive and negalive directions, 3) the 
equation of the particle's motion along 
the path in the form s=f(), where the 
distance s=OM gives the arc coor- 
dinate of the particle. 

The dependence of s on ¢ may be 

Fig. 149. shown graphically, as in the case of 

rectilinear motion (§ 61). Here. of course, 

the distance of s, inslead of x, should be laid off along the 
ordinate axis. 

Let us see how the velocity of a parlicle can be determined 
when the motion is described by the natural method. If in some 
time interval Aft==t,—¢ a parlicle moves from position M lo 
position M,, the displacemenl. along the arc of the path being 





4; 
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As==.,—»s (Fig. 149), the numerical value of the average veloc- 
ity will be ?: 
. _ a8 __ AS 
fe oe bi “Ar: (23) 
Passing to the limil, we obtain lhe numerical value of the 
instantaneous velocity for a given time ¢: 





‘ As ds 
t= Miler or u=7-. (24) 

Thus, fhe numerical value of the instantaneous velocity of a 
particle ts equal to the first derivative of the displacement (of the 
arc coordinate) s of the particle with respect {to time. 

The velocity vector is tangent to the path, the latter assumed 
to be known. -\s in the case of rectilinear motion, if v>>0, the 
velocity veclor 0 is in the positive direction of s, if v<0, vis 
in the negalive direction of s. Thus, the numerical value of the 
velocily defines simultaneously the modulus and the direction of 
the velocily vector. Eq. (24) also shows thal v can be calculated 
as the ralio of the infinitesimal displacement ds of a particle 
along the arc of ils path to the corresponding time interval df. 


69. Tangential and Norma! Acceleration of a Particle. Let us 
now determine the acceleration of a particle. As the veclor of 
acceleration w of a particle a!ways lies in an osculaling plane 
(see § 65), the former can be 
delermined if we obtain lhe 
projections of the vector on 
any {wo axes in such a plane. 
{el us draw one axis along 
the tangent Mr to the path in 
the direction of the positive 
displacement s (Fig. 150). 
and the olher along the nor- 
mal Mn towards the inside 
of the path. The normal Ma, 
which lies in the osculating plane (or in the plane of the curve 
itself if the curve is lwo-dimensional), is called the principal normal, 

The {wo axes—the tangent and principal normal—have as 
\heir origin the moving particle M and move with il in space. 





Fig. 150. 


* It will be noliced thal the values of v,y as oblained from Eqs. (23) and 
(12‘) to not coincide wilh each olher (the first specilying Osy Jor motion alone 
an arc, the second for the shortest path from M lo M,). In Vie eer call 
when Af-—~ 0, both equalions give the same result for wv, since in ! 1e ial 
the ratio of arc As lo chord MMM, is unily. On the concept of “numerica 
value” of velocily see foolnole on p. 130. 
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“ Let the parlicle occupy a posilion M and have a velocily v 
al any lime ¢, and al time ¢,—=¢-+ Af let it occupy a position 
M, and have a velocity 0,. Then, by virtue of the definition, 
w= lim 42 = lim 2? 
sic. Ot pcg ol 

Let us now express this equation in lerms of lhe projections 
of the vectors on the axes Mr and Mn through point M (sce 
Fig. 150). From lhe theorem an 
of the projection of a vector 
sum (or diflerence) on an axis 
we obtain: 














wo = Jim “So, 
aliw a At 
w, = lim a "a 
af>0o 
Draw through point Af, a Fig. 151. 


line ab parallel to Mr and 

denote the angle belween the veclor o, and lhe tangent Mr by the 
symbol Ag. This angle between the tangenis to the curve at 
point M and M, is called the angle of contiguity. 

It will be recalled that the limit of the ralio of the angle of 
contiguity Ag to the arc MM,=—<As defines the curvature & of lhe 
curve at point M. As the curvature is the inverse of the radius 
of curvature @ at M, we have: 

A@ pt 


lim = O° 


4s—+0 
From the diagram in Fig. 150, we see that lhe projections of 
vectors @ and v, on the axis Mt and Mn are 
v,=0, v,=090, . 
U,,=v, cos Ag, v,, =u, sin Ag, 
where v and vu, are the numerical! values of the velocity of the 
Particle al instants ¢ and f,. Hence, 


- 0, coSAD — U F sin Ag 
w= lim ——_— = 
* Mtoe At » On Pe (», At }° 





_ it will be noted that when Af‘—-0, point M, approaches M 
indefinitely, and simultaneously Ay—-0, As—+0, and v, — v. 
Hence, laking into account that lim (cos Ap)—=1, we obtain 
4 





for w, lhe expression: w,= lim ~! ii oa ee 
at-+o Af 
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Multiplying the numerator and denominator of the fraction in 
the expression of w, by AAs, we find 


snag fo As) _ ot 





ae 


since, when Af— 0, the limils of each of the cofactors inside the 
brackets are 





: _—_ - sin AG : Ag . As ds 
linv,=v, lim Xo l, limS= lim =] v 
Finally we oblain 

dy d?s5 v3 
a ga? Pao (25) 


We have thus proved that the projection of the acceleration of a 
particle on the tangent {fo the path is equal to the first derivative 
of the numerical value of the velocity, or the second derivative of 
the displacement (the arc coordinate) s, with respect {to time; the 
projection of the acceleration on the principal normal is equal to the 
second power of the velucity divided by the radius of curvature of 
the path at the given point of the curve. This is an important 
theorem of particle kinematics. 

Let us Jay off vectors w_ and w, (equal in scalar magnitude 
to w. and w,) along the tangent Mt and principal normal Ma 
respectively (Fig. 151), These vectors are the normal and tangential 
components of the acceleration of the particle. Component w, is 
always directed along the inward normal (the value of w, is 
always posilive), while component w, can be directed eilher in 
ihe positive or the negative direction of the axis Mv depending 
on the sign of the projection w, (see Fig. 15la and 6). 

The acceleration vector w is the diagonal of a parallelogram 
constructed with componenls w, and w, as ils sides. As the 
components are mutually perpendicular, in magnitude 


o-Vard-VEHE 


The angle p between veclor w and the normal Mn is determined 
by the formula 
tanp = a ; (27) 


Thus, if ihe motion of a parlicle is described by the natural method 
and the path (and, consequenlly, the radius of curvature al any 
oint) and the equalions of motion (22) are known, from Eqs. 
(24) and (25)-(27) we can determine the. magnitude and direclion 
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of the velocity and acceleralion veclors of the particle for any 
instant *. 


70. Some Special Cases of Particle Motion. Using the resulls 
oblained above, let us investigale some special cases of particle 
motion. - 

1) Reclilinear Motion. If the path of a parlicle is 


z 
a straighl line, then g==cv, and wm, = > =O and the total accel- 


eration is equal to the tangential acceleration: 


dy 
di * 





ww, 


As in this case the velocily changes only in magnitude, we 
conclude thal the fangenticl acceleration characterises the change 
of speed, ; ; 

2) Uniform Curvilinear Motion. Curvilinear molion 
is uniform when the speed is constant: v==consi. Then w, =F =0, 
and the total acceleration of the particle is equal to the normae 
acceleration: 

3 
v=w,=—. 
e 

The acceleration veclor w is continuously directed along the 
normal to the path of the particle. 

As in this case acceleration is represented only by the change 
in the direction of the velocity, we conclude that lhe normal 
acceleration characterises the change of direction of the velocity. 

Let us deduce the equalion of uniform curvilinear motion. 


From Eq. (24) we have & —y, or ds=ov dt. 


Let a particle be at the initial time (¢=0) at a distance s, 
from the origin. Then, integrating both members of the equation 
over the respective inlervals, we have 





as u=const. Finally, we obtain the equalion of uniform curvi- 
linear molion in lhe form 


s=s,+ uf, (28) 





* From Eq. (26) It is evident thal in the general case w eo, which 
was already pointed oul at the end of § 66. 
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3) Uniform Reclilinear Motion. In_ this case 
w, =u, ==0, therefore, w=0. Nole that uniform rectilinear mo- 
fion ts the only case of motion in which the acceleration is contin- 
ually zero. 

(4) Uniformly Variable Curvilinear Motion. Cur- 
vilinear motion is called uniformly variable if the tangential 
acceleration is constant: w.—const. Let us wrile the equation of 
this molion, assurning that, at t=0, s—s, and vu=uv,, where vu, 


is the initial velocity of a particle. By Eq. (25), @ —w, or 
dvu=w, dt. 

As w,==consl., intergrating both members of the last equa- 
tion over lhe corresponding inlervals gives us: 


v=0,+wl. (29) 
Lel’us write Eq. (29) in the form 
By, fw,l or ds=v,di+w td. 


Integrating again, we ottain the equation of uniformly variable 
curvilinear motion of a parlicle in the form 


s=s,tufttu,t. (30) 


The velocity of this molion is given by Eq. (29). 
The difference between Eqs. (29) and (30) and the correspond- 
ing Eqs. (9) and (8) for rectilinear molion is thal instead of the 
acceleration w, the former have 


ad wy Ihe tangential acceleration w,, and 

‘ instead of the rectangular coordi- 

nate x they have the are coor- 
. v dinate s. 


“ 'f{, in curvilinear motion, the 

és magnitude of the velocity in- 

Fig. 152. creases, the molion is said to be ac- 

celerated, if il decreases, (he mo- 

tion is said to be retarded. As the change of magnitude of the 

velocity is characlerised by the langential acceleralion, the molion 

is accelerated if v and w, have the same sign, i.e., the angle 

between vectors o and w is acute (see Fig. 152a), and relarded 

if the signs are different (ihe angle belween o and w is obluse, 
see Fig. 15208). . 

Solulion of Problems. As pointed out before, in order 

to solve problems of kinematics, we must know the equations ol 

molion for a given parlicle. If the motion is described by the 
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natural method (the path and the equation of motion along il 
are given) all its characlerislics are found from the equations 
developed in §§ 68-70. If the motion is described by the coordi- 
nate method, its characlerislics (including the tangential and 
normal accelerations and the radius of curvature of the path) can 
be found as in Problem 59. 


Problem 57. Small oscillations of the pendulum shown in Fig. [53 are 
represented by the equation of motion s=asin #¢ (the origin is at O, a and & 
are constants), Determine the velocily, langenlial and normal accelerations of the 
bob and the posilions at which they become ; 
zero if the bob describes a circular arc of ra- 
dius /. 

Solution. From the respective eaua- 
lions we find: 





ds dv me 
=>—_= . =-_—_ = — bf 
v=, akcoskt; w at ak sin ef, 
: 222 
w= 5 = TE cos at 
The equalion of motion is thal of simple Fig. 153. 


harmonic motion, the amplilude of swing 

being a. In the extreme posilions A and B, 

sin kt{=2+ 1, and consequently, cos kf =0. Flence, in  posilions A and 
B, the velocily and normal acceleration are zero and the tangential acceleration 
has its maximum value w.,,,, ok". At the origin O, where s=J, the reverse 
is (rue, and sin kt =0 while cos kf = 1. In this position, w,—O0 and v and w, 
have lheir maximum values: 


ak? 


Umax 9R, Wy max = ie 


We observe Irom this example that in non-uniform curvilinear motion ww, 
or w, may become zero al different points of the path, specifically, w,—=0 whier- 
ever 

dv _ 

di 
l.e., for example, where o is af its maximum or minimum; w,=90 al the 
points where v.=0 me in the present case) or where Q==@ (the poinls of 
inflection of the path) 

Problem 58. A train starts moving from rest with uniform acceleration 
along a curve of radius R= 800 m and reaches a velocily v, = 36 km/h after 
travelling a distance s,==600 m. Delermine the velocity and acceleration of 
the train al the middle of this dislance. 

_ Solution. As the train moves with uniform acceleration and v,—0, 
its equation of molion (assuming s,=0) is 


0, 


s= + w,t?, 
and ils velocity is 
v—w,t. 
Eliminaling time ¢ from these equations, we obtain 
vu? = 2w.s, 
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; oe !o the condilions of the problem, at s=s,, v=v,, whence we 
ind. 
vi 
uo. 2s, . 


. 4s 
Al the middle of the path, where s=F- the velocily vo, is: 


u=V 2w.s,= Vw.s, = Baill 


V2 
The normal acceleration at this point of the path is: 
2 z 
v, v, 
m= =oR 


Knowing w. and W,,, we find the total acceleration of the train at the 
middle of the curve: 


—_  _ uf ] | 
w= +u,=— —+-—. 
: 2 : 
Subslituting the numerical values, we oblain: 


v0, 7.1 mjsec, w= 220.1 m/sec*, 
Problem 59. The equations of motion for a parlicle thrown wilh a hori- 
zontal velocity are: 


r=0,f, ¥ => el 


where uv, and g afe constants. 

Determine the path, velocity and acceleration of 
the particle, its tangential and normal acceleralions 
and the radius of curvature of ils palh al any point, 
expressing. them in lerms of the velocily of lhe par- 
licle al the given point. 

Solution. Determining /!lrom the first equalion 
and substituling ils expression into {he second, we oblain 
y= a x’, 


Fig. 154. Qu" 
Q 





The palh of the particle is a parabola (Fig. 154). : 
Differentiating the equalion of motion with respect to time, we Ond: 


dx dy 
=F = YH =e, 


v=) ve+eit*. (a) 


Thus, at Lhe Inilial moment (f==0) the velocity of lhe particle v=v, and 


It conlinuously inereases with time. __ : ; 
Let us now delermine the acceleration of lhe particle. From the respective 


equations we have: 


whence 


: da" dy 
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Consequenlly, the acceleration is 
wg. 


In the present case the particle has an acceleration of constant magnilude 
and direction, parallel to the y axis. Nole thal, although w—= cons|., the motion 
of the parlicle is mot uniformly variab!e, since (he condition for uniformly 
variable motion is not w==const., bul w.=consl. In this case, we shall find, 
w. is nol constanl. 

' Knowing the dependence of uv on f [formula (a)], we can find w,: 
_dv “ue _ git 


Y= — = — =. 
ee vite 9 
But from equalion (a) we have v'= us +g, and consequently, 


] 
(=FVor— v5 ° 


Substituting this expression of ¢, we express w. in terms of the velocily vu: 


2) 
wWw.=g [as 


I follows that ai the initial moment, when v=—v,, w,=0, then increas- 
ing logelher with o and. al o—»@, w.— +g. Thus. in the limil the tangen- 
ljal_acceleralion approaches (he total acceleralion g. 

To delermine w,, we reler to (he equation 








w'=wi+ wi, 
whence 
v' vw 
wi wt — wt=et— a(t - a) =e? 
and 
w, = 98, 
v 


Thus, at the initla]) moment (v=v,), Wag, decreasing as v increases 
and in the limit approaching zero, 
To delermine the radius of curvature of the path, we use the equation 


w 1 
na 
whence e 
fee vw — Th 
a a a 


Al the initial moment the radius of curvature has ils smallest valve 


Qnin = vo 
g 


As o Increases, the radius of curvature increases, and consequently, the 


Peypel of the path decreases. As v—+ @, @ —+ w, and the curvalure lends 
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71. Velocity in Polar Coordinates. If a particle moves ina 
plane. its posilion can be specified by its polar coordinates r 
and q (Fig. 155). As the parlicle moves. these coordinales change 
wilh lime, the motion of the parlicle in polar coordinates being 

v given by the equations 
r=f(90. GP=F,(0. (31) 

The numerical value of the ve- 
locity of the particle is 5 » ie., 
if is equal fo the ratio of the 
infinitesimal displacement ds to 
the time interval d¢. In this case 
the displacement ds is the geomet- 
rical sum of the radial displace- 
ment, equal in magnitude to dr, 

Fig. 155. and the transverse displacement 
perpendicular to the radius and 

equal in magnitude to r dg. The velocily o is thus the geomel- 
tical sum of the radial velocily 0, and the transverse velocity @,, 
whose scalar magniludes are. respeclively, 





__dr __,_ 49 
=F, Vv=rsz. (32) 


As 9, and 9, are mulually perpendicular, 


, 


u=VETE = V (G) +" (R)- (39) 


Eqs. (32) and (33) give the velocity of a particle moving in 
a plane in polar coordinales. 


72. Graphical Analysis of Particle Molion. The graphical method of 
solving problems of particle kinematics is useful when lhe analytical expres- 
sion of the relationship s=(f)? for, in rectilinear motion, x=] (8)| is loo 
involved, of when the motion is described by graphs obtained experimentally 
or plotted by recording instruments. ; ; 

If we have a graph of molion expressing the displacement-time rela- 
tionship (Fig. 156), we can plot a velocity curve by the method of graphical 
differentiation. Il is apparent from the diagram that the average velocily of 
the given particle in the time interval At =/, — ¢, is given by the tangent of 
the angle which (he secant A.A, makes wilh lhe horizontal, as 


vu — Se 81 _ 4S — jane, 
ao i-th, tf 


(he accuracy depending on the scale factor. 
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The velocily of the particle al the given lime é, is specified by the tan- 
geni of the angle made by the langent lo the curve through point A,, as 
du 
=(|— = 34 
v, (F les lana,. (34) 
also wilhin the scale factor. 

Thus, by drawing tangents to the displacement curve at points K,. Ay. ... 
we can find the corresponding velocities at inslants ¢,. f,...- from the tan- 
gents of the respective angles 1o the torizontal 
and plol a velocity curve. Similarly we can 
plot a curve for the langenlial acceleration 
wv, = The order to be followed in plol- 
ting the curves is explained in (he solulion 
of Problem 60. 

To plol the curves ol the normal and lotal 
acceleration (in the case ol curvilinear mo- 
lion) the values of w, and w al diferent mo- f 





ments are compuled from the corresponding ; 
equations. The values of uv and w, are laken «ge ; 
from the plotled velocity and tangential accel- at i a nd oe 


eration curves, and @g is delermined from a 4 & f 
the given path. : 
the velocity curve is known for a given mo- Fig. 156. 


lion. it is easy lo plol a displacement curve by 
the method ol graphical inlegralion. As ds =v df, then, assuming s, = 90, we have 


t 
s=[y dt. 
0 


The integral in the right-hand side is compuled as the respective area, 
laken will a plus for posilive values of v and a minus for negalive values. 
; For grealer convenience in computing areas, 
¢ the curve should be plotled on graph paper: 
the area is then oblained by simply counting 
{he squares. In the case in Fig. 157, the dis- 
placement s, al lime ¢, is equal to the difference 
. belween (he upper and lower shaded areas mul- 
# tiplied by a scale factor*. By delermining s 
for different inslanls ¢, we can plot a dis- 
placement curve. A langential acceleralion curve 
Fig. 157. can ee in the same way to plot a veloc- 

. y * 

Problem 60. To investigale graphically the molion of a piston of acrank- 
shaft mechanism (Fig. 158), if the crank Is of length 0’A—0.2 m, the con- 
necting rod is of length AB =0.4 m, and the crank rolales uniformly, making 
one revolulion In time T= 1.6 sec. 

Solulion. 1) Plolling the displacement curve for the 
Piston. The following operations should be performed: : 

a) Choose scales for the displacement x and the lime /. If you are using 
Eraph paper. remember that the error in measurement can be as high ds 
———— 


= 


re Mae! gill - these areas defines (he distance ceavatlee by the particle io 
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a a 


== 0.25 to 0.5 mm (depending on the quality of the paper and the drawing). 
Lei us lake a seale of 0.1 m to I cm lor x, and 0.2 sec to 1 cm for ¢. 

b) Draw a schematic design of the mechanism lo the seale chosen for xr 
(Fig. 15821: we have 0°A,= 2 cm and A,8,—=4¢cm. Draw the coordinale axis 
O’x coincident wilh the path of the piston. Divide the semicircle along which 
point A (ravels inlo 6 equa? parts (the greater (he number of parls, (he more 
accurate (he graph). Point A travels along each part in 0.1 sec. Set the legs 








rt) oe ae. 


Fig. 158. 


: d of each arc 
of your compass 4 cm apart (the distance AB) and from the en a 
of the ceniicirele make an inlercepl on Ne py a) lees Peaaad e give the 
lues of x for the inslanls ¢ equal to 0, 0.1 sec, U.2 sec, Ele. ; : 
me ¢) The obtained plots of pays: { give us the points for plotting. Ine Shy 
placement curve for the piston through one revolution ol the ees { ig. near 
the right-hand branch of the curve in this case is symmetrica to the left- 
branch. Ut th locity curve 
oltin e velocity . ; : 
3) Draw ere and ¢ (Fig. 158c) 1o the same scale of # as in Fig. ae 
Lay off along the ¢ axis a segment 0,X,, which denoles one secon 
given scale (0,X,—=5cm). : 
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b) Delermine the direclion of the tangent fo the curve xf (tb al point C, 
corresponding lo lime ¢,=9.1 sec *. Draw through point X,a line K,D, parallel 
lo the langent (the dashed line sn Fig. 158¢). Segment 0,D, specifics the velocity 
al lime f, == 0.1 sec. since O,K,= 1 vec and, from Eq. (44), 


0D, 
(YY); 0.1 coo = tana, = OK, OrPer 





If the scale of the displacement x is 1em lo ©.) m, the scale of the veloc- 
ily vy will be Lem lo 0.) mysec. He the scale is inconvenient for drawing. 
being loo large or loo small, il can be allered as shown below. 

c) In our case the scale of uv is too large. Lel us reduce il by lhree. For 


this lay off from O, a segment OK=— 0,X,- Draw through K a line KD, 


paralle) to the tangent through point C, (or lo line K.,D,). Segment C,D, now 
defines the velocity al time ¢,—= 0.1 sec to the scale Lem to 0.3 misee (Ihe 
scale of v). 

Drawing D,E, parallel lo axis O,f. we oblain point £, of the velocily 
curve. 

Similarly, by droping Ihrough K lines KD,. KD,, ... parallel lo (he tan- 
gents lhrough point C,, C,.... we oblain points £,, Ey. .... joining which in 
a conlinuous curve, we oblain lhe velocity graph Jor the Piston (Fig. 158c). 

3) Plotting the aceceleralion curve from the velocity 
curve (or the langential acceleralion curve if the motion is curvilinear). 
The procedure is analogous to the procedure for plotting the velocity curve 
from the displacement curve. Fog. 158d gives the acceleralion curve lot the 
piston lo the scale [cm to 2.5 m;sec". 

Problem 61. Delermine by graphical construclion the contour of the cam 
in Fig. 1590, such that when il rotates uniformly aboul ils axle O°, the mo- 
lion of rod AB will be as described by the curve in Fig. 1595. where 7 is 
the period of one revolulion of the cam. During the first quarler revolution 
(he rod moves up 0.2 m. during the second quarter revolution il remains 
molionless, and during the second hall revolulion if returns lo its initial po- 
sition. Also plot the velocily and acceleralion curves for the rod. The scale 
of the displacement curve is I cm to 0.1 m. 

Solution. Let us plol the contour of the cam fo the same scale 
as the given displacement curve. For this draw a circle of radius Jem with 
its cenlre al O° and divide it into 16 equal parls. Also divide segment OT on 
the ¢ axis of (he graph inlo 16 equal parts. Lay off the value of x Jor each 
instant of lime along (he corresponding radii from the centre O° (0'A, = Oa,, 

A, = ba,, ele.). Joining points A,, A,, etc., in a smoolh curve, we oblain 
the required conlour of the cam. 

If the shape of the cam were given, we could plot the displacement curve 
for the tod AB by a similar construction. 

By specifying any time T for one revolulion of the cam, we can conslrucl 
the velocily and acceleralion curves for the rod AB as in (he previous problem. 





“A convenient inslrument for drawing a langent Lhrough a given point of 
4 curve is a ruler wilh a reflecling surface perpendicular to the plane of the 
tuler (you can make such an instrument yourself by pasting a slrip of smoothed 
aluminium foil to (he side of your slide tule). Now place your ruler approx- 
imalely Perpendiculsr lo the curve al the required point and turn il till the 
curve and ils reflection make a continuous line. In this posilion the culer gives 
the direction of the normal, the perpendicular to which through the given point 
is the tangent al that point. If you are using a slrip of foil inslead of a mirror, 
betler draw the curve in Indian ink.’ 
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Fig. 159. 


The curves are given in Figs 159 and d. As stated in the condilions of 
the problem, the velocily and acceleration of the rod are zero during the 
second quarter revolulion of the cam. The velocity of the rod changes continu- 
ously, but the acceleralion jumps at instants ¢,='/,T and i,="j, T. 


Chapter If! 


TRANSLATORY AND ROTATIONAL MOTION 
OF A RIGID BODY 


73. Motion of Translation. In kinemalics, as in statics, we 
shall regard all solids as perfectly rigid bodies, i. e., we shall 
assume thal the distance between any two points of a body 
remains the same during the whole period of motion. 

Problems of kinemalics of rigid bodies are basically of two 
types: 1) definition of the motion and analysis of the kinematic 
characleristics of the motion of a body as a whole; 2) analysis 
of the motion of every point of lhe body in particular. 

We shall begin with the consideration of the motion of trans- 

i a rigid body. 
Mitton ol a rigid body is such a motion in which any 
straight line through the body remains continually parallel to itself, 

Translation should not be confused wilh reclilinear motion. 
In translation the particles of a body may move on any curved 
paths. Here are some examples of translation. 
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a molor car (travels along a horizontal road, the 
gle oriie body is that : vetoes since every poinl of 
dy moves on a straight-line path. : 

SS the motion of the connecling rod AB in Fig. 1€0 is also 
thal of translation, since, when the cranks 0,4 and 0,8 
(0,A =0,B) rotate, any straight line 
through the rod remains parallel 
to itself. 

The properties of translalory mo- 
tion are defined by the following the- 
orem: /# translatory motion, aff the L 
particles of a body move along similar Fig. 160. 
paths (which will coincide if superim- 
posed) and have at any instant the same velecity and acceicration. 

To prove the theorem, consider a rigid body translaled with 
reference to a system of axes Oxyz. Take two arbitrary points A 
and B on the body whose positions at time ¢ are specified by 
radius veclors r, and r, (Fig. 161). Draw a vector AB joining 
the two points. [t is evident that 

fy=r,t AB. (35) 

The length of 48 is constant, be- 

ing the distance between two points 

of a rigid body, and the direction of 

AB is constant by virtue of the trans- 

lalory motion of the body. Thus, 

Fig. 161. the vector AB is constanl throughout 

the motion of the body (AB =const.). 

Il follows, then, from Eq. (35) (and the diagram) that the path 

of parlicle 8 can be obtained by a parallel displacement of all 

the points of the path of particle A through a constant vector 

AB. Hence, the paths of particles A and B are identical curves 
which will coincide if superimposed. 

To determine the velocities of points A and 8, we differen- 
tiate both parts of Eq. (35) with respect to time. We have 


drp_ dra d(AB) 
dt T a 


r= 
“se 











Bul the derivative of lhe constant vector AB is zero while 
the derivatives of vectors r, and r, with respect to lime give 
the velocities of points A and B. Thus we find that 


o,= Va, 
6 —208, 
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t.c., al any instant the velocities of poinls A and B are equal 
in iwagnitude and direction. 

Again, diflerentialing both sides of the equalion wilh respect 
fo lime, we obtain 

dvs dp 
at ae or W,=Ws,. 

Hence, at any instant the accelerations of A and 8 are equal 
in inagnilude and direction. 

As points A and B are arbilrary, it follows thal the paths and 
the velocities and accelerations of all the points of a body al 
any instant are the same, which proves the theorem. 

It follows from the theorem that the translalory molion of a 
rigid body is fully described by the motion of any point belong- 
ing lo it. Thus. the analysis of lranslatory motion of a rigid body 
is reduced lo the methods of parlicle kinematics examined before. 

The common velocily ov of all the points of a body in trans- 
latory motion is called the velocity of translation, and the com- 
mion acceleration w is called the acceleration of translation. 
Vectors @ and w can, obviously, be shown 
as applied at any point of the body. 

It should be noled thal the notions of 
velocity and acceleration of a body make 
sense only when {translation is considered. 
In all other cases, as we shall see later, 
the points of a body have diflerent ve- 
locities and accelerations and {fhe expres- 
sions “velocity of a body” or “acceleration 
of a body” are meaningless. 


2} 


74. Rotational Motion of a Rigid Body. 
Angular Velocity and Angular Acceleration. 
Rotation of a rigid body is such a motion 
in which there are alwtays two points of the body (or body extended) 
which remain motionless (see Fig. 162). The line AB through 
these fixed points is called the axis of rotation. 

Since the distance between the points of a rigid body does not 
change, il is evident thal in rotational motion all points of the 
body on the axis of rotation are motionless, while all the other 
points of the body describe circular paths the planes of which 
are perpendicular to the axis of rotalion and the centres of which 
lie on il (this is another definition of rotational motion) *. 





* A body may rotale about an axis wilhoul any point of it belonging 
1o thal axis, e.g.. the rotalion of a wheel on an axle or the rolalion o 


a person riding a tnerry-go-round. 
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To determine the position of a rolating body, let us pass two 
planes through the axis of rolation Az (Fig. 162): plane i, which 
is fixed, and plane // (hrough the rotaling body and rotating with it. 
The position of the body at any instant will be fully specified 
by the angle ¢ between the two planes, laken with the appro- 
priale sign, which we shall call the angle of rotation of the body. 
We shall consider the angle posilive if it is laid off counter- 
clockwise from the fixed plane by an observer looking fromm the 
positive end of axis Az. and negalive if it is laid off clockwise. 
Angle g is always measured in radians. 

The position of a body at any instant is complelely specified 
if we know (he angle @p as a funclion of lime ¢, i.e., 


p=i (0. (36) 


Eq. (36) describes the rotational motion of a rigid body. 

The principal kinematic characteristics of the rotalion of a 
rigid body are its angular velocity w and angular acceleralion e. 

If in an interval of time A¢—=¢,—?¢ a body turns through an 
angle Ap—g,—9, the average angular velocily of the body in 
the given lime interval is 


The angular velocily of a body at a given lime ¢ is the value 
towards which w,, lends when the lime interval Af lends to 
zero: 

A d 
o=lim or o=f. (37) 

Thus the angular velocity of a body at a given time is equal in 
magnitude to the first derivative of the angle of rutation with 
respect fo time. Eq. (37) also shows that the value of w is equal 
lo the ratio of the infinilesimal angle of rotation dp to the cor- 
responding time interval dt. The sign of w specifies the direction 
of the rolalion. It will be noticed that w>0 when the rotation 
is counterclockwise, and w<0 when the rotalion is clockwise. 
eet Snnsnsion of angular velocily, if the time is measured in 

onds, is 


_fadian Ly 
[o] = wea EC ’ 


as the radian is a dimensionless unit. 
The angular velocily of a body can be denoled by a vector of 


: d 

magnitude ot along the axis of rotation of the body in the 
direclion from which the rotation is seen as counterclockwise 
6* 
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(see Fig. 163). Such a veclor simullaneously gives the magnitude 
of the angular velocity, the axis of rotation, and the sense of 
rotalion about that axis. 

Angular aeceleralion characterises the lime rale of 
change of the angular velocity of a rotating body. 

If in a time interval Af—=f,—f the change of angular velocily 
of a body is Aw=w,—w, the average angular acceleration of 
the body in that interval of time is 


__ Aw 
av At * 





e€ 


The angular acceleration al a given lime ¢ is {he value towards 
which e,, lends when the time interval Af tends to zero. 
Thus, 

. Aw dw 
e=lim— = —, 
dt OF dt 


or, faking into accounl! Eq. (37), 





dw = d'*p 
=F Fr « (38) 
Thus, the angular acceleration of a 
Fig. 163. body at a given time is equal in maa- 


nitude fo the first derivative of the 
angular velocity, or the second derivative of the angular displace- 
ment, of the body with respect to time. The dimension of angular 
acceleration is [¢] = sec~*. 

If the angular velocity increases in magnitude, the rotation is 
accelerated, if it decreases, the rotation is retarded. Il will be 
readily noticed thal the rolation is accelerated when w and e 
are of the same sign, and relarded when they are of different 
sign. 

By analogy with angular velocity, the angular acceleration of 
a body can be denoted by a vector e along the axis of rotation. 
The direction of e coincides with thal of w when the rolalion is 
accelerated (Fig. 163a), and is of opposite sense when the rotalion 
is retarded (Fig. 1630). 


75. Uniform and Uniformly Variable Rotation. If the angular 
velocity of arotaling body does not change (o=const.), the rotation 
is said to be uniform. Let us develop the equation of uniform 
rolation. We have from Eq. (37) dp=«dit. Hence, assuming that 
at the inilial, moment ¢==0, angle g=0, and integrating the 
lefl-hand member from 0 to @ and the righl-hand member from 
0 lo #, we obtain 

g=wui, (39) 
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It follows from Eq. (39) that in uniform rotation 


@ =*. ‘ (40) 

In engineering. the velocily of uniform rotalion is often expressed 
as. the number of revolulions per minule. viz. nt rpm*. 

Let us establish the relation hetween » rpm and w sec™', 
A complete revolution lurns a body through an angle of 2x, and 
revolutions takes if {brough an angle 2a. If the duration of 
this rolation is f= 1 min=60 sec, then from Eq. (40) we have 


mum 
wens = Oba. (41) 


If the angular acceleralion of a body does nol change during 
the rolalion (e==consl.), ‘he rolalion is said to be «niformly 
variable, Lel us develop (he equalion of uniformly variable rota- 
tion, assuming (hal al the inilia! inslanl ¢=0. angle g=0 and 
thal the angular velocily a=, (where w, is the inilial angular 
velocity). 

From Eq. (38) we have dw=ed?. Integraling the fefl-hand 
member over the interval w, lo w and the righl-hand member 
from 0 to ¢, we obtain 

oo, -+ ef. (42) 


Let us wrile Eq. (42) in the form 


sd =, + ef or dg =w,dt+ eld. 


Integraling again, we obtain the equation of uniformly: varie 
able rolation, 


g=oft-fes, ’ + (43) 


The angular velocily w of this rotalion is given by Eq. (42). 
If @ and e have the same sign, the’ rotalion is uniformly accel- 
erated, if they have opposile signs, il is uniformly relarded. 

In conclusion. menlion should be made of (he analogy belween 
the equalions of rectilinear molion of a particle and the equa- 
lions of rolaliona! motion of a rigid body. It will be noticed 
thal all the equalions developed in Chapler 9 turn into lhe 
equations of lhis section if inslead of x, v, and w we. subslitule 
~, @ and e, respectively. ‘ 





t 


* It should. .be noted thal rn is-not an angle but angutar velccity. 
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76. Velocities and Acceleralions of the Points of a Rotating 
Body. Having established in the previous seclions the character- 
istics of [he motion of bodies as a whole, let us now investigate 
the motions of individual points of bodies. 

Consider a point Af of a rigid body at a dislance A from 
the axis of rotation Az (Fig. 162). When the body rolates, point 
M describes a circle of radius A in a plane perpendicular to the 
axis of rolalion with its centre C on thal axis. If in lime at 
the body makes an infinitesimal displacement through angle dy, 
point Mowill have made avery small displacement ds=fAdg 
ate iis path. The velocity of the point is the ratio of ds to 

Wess 

__ 4s, dy 
Oa ak” 
or 
v= hw. (44) 


This velocity uv is called the finear, or circular, velocily of 
the point Af (not to be confused with its angular velocity). 
Thus. the linear velocity of a point belonging to a rotating 
body is equal to the product of the angular velocity of that body 
and the distance of the point from the axis 
of rofation. The linear velocily is tangent 
to the circle described by point M, or 
af perpendicular 1o the plane through the 
axis of rotation and the point M. 
As the value of w at any given in- 
Fig. 164. stant is the same for all points of the 
body, it follows from Eq. (44) that the lin- 
ear velocity of any point of a rotating body is proportional 
to iis distance from the axis of rotation (Fig 164). 
In order to determine the acceleration of point M we apply 
equations 
v 


du — 
mW, —~—an a— "9° 


In our case, e=A. Substituting the expression for v froin 
Eq. (44), we obtain 


=o" oS 
Yu, = ‘hr’ w,= hh? 
and finall 
: w, =he, w,=ho’. (45) 


The tangential acceleralion w, is tangent to the path (in the 
direction of the rotation it is accelerated and in the reverse 
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ete Pe cltabetadh wi . ion w, is always 
i f it is relarded); the normal acceleration w, is a 

giaclcd elon the radius h towards the axis of rolation (Fig. 165). 
The tolal acceleralion of point M is 


= Vert wi V pre + hta', 
or 
w= het +a. (46) 
The inclination of the veclor of total acceleration {to the 


radius of the circle described by the point is specified by the 
angle «« given by the equation 


tan pee LI . 
; ‘j Substituting the expressions of w. and 
pp w, from Eqs. (45), we obtain 
__ lel 
/ Wr tanup=—. (47) 
Fig. 165. Since at any given instant e and w are 


each the same for all the points of the 
body, it follows from Eqs. (46) and (47) that the accelerations 
of all the points of a rotating rigid body are proportional lo their 
dislances from the axis of rotation and make ihe same angle pb 
wilh the radii of the circles described by them (Fig. 166). 
Eqs. (44)-(47) make it possible 
lo determine the velocily and acceler- 
alion of any point of a body if the 
equation of rotation of the body 
and the distance of the given point 
from the axis of rotation are known. 
With these formulas, knowing the ; 
motion of any single point of a body, Fig. 166. 
it is possible to delermine the mo- 


tion of any other point and the characterislics of the motion 
of the body as a whole. 





Problem 62. A shaft rotating with a speed of n—90 rpm decelerales 
uniformly when the motor is switched off and slops in f,=40 sec. Determine 
the number of revolutions made by the shaft in this time. 


Solution. As the rotalion is uniformly retarded, 


F=—a,f+e ae (a) 
@ =, + ef, (b) 
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The injlial angular velocily of the uniformly retarded rotation is that which 
Ike shaft) had before the motor was switched off. Herice, 


pe uesaa 
° 90 ° 
At the instant ¢==7¢,, when the shaft stopped, ils angular velocity was w, =0. 
Substituling these values into equation (b), we obtain: 


na 
30%, * 

If we denole as M ihe number of revolutions of the shalt in time ¢, (not lo 
be confused with #, which is (he angular velocily!}, the angle of rotation in 


that time will Le ¢, = 2aN. Substituling the values of e and 9g, in equation (a), 
we oblain 


mn 
OSH teh and e= — 


na ra nin 
2aN =o 
whence 
= alt, — e s 
=o 30 srevolulions. 


Problem 63. A flywheel of radius R=1.2 m rotates uniformly, making 
n=90 rpm. Determine the linear velocity and acceleration of a point on the 
rim of the fywheel. 

Solution. The linear velocily of such a point is v=Rw, where the 
angular velocity w must be expressed in radians per :econd. In our case 


o= i=in sec™!. 


Hence, 


mA ; 
v= 50 R =z 11.3 mjsec. 


As w= const., e=0, and consequently 


» _ N4n? te 
w= Ww, = Ro! = 9 R == 106.6 misec*. 


The acceleration is direcied towards the axis of rolalion. . 
Problem 64, The equation of the motion of an accelerated flywheel is 


Delermine the linear velocity and acceleralion of a point lying al a distance 
h 0.8 m from the axis of rotation at the instant when its tangential and 


normal accelerations are equal. ; ; 
Solution, We determine the angular velocity and angular acceleration of 


the flywheel: 
= ee ee 
OG —32°* ~~ dt 16° 
The formulas for the tangential and normal acceleration ol the poinl are 
w, = he, and vw, =ho*. 
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Denote the iastant when wu, by the symbol £,. Obviously. af that 


7 of 27\" , 
ei =(3) Me 


4 
and ¢, = 7 vee: 


inslant e@, = wi. or 


whence 


Substiluting this value of f, in the cxpressions for w and e, we find that al 
time f, 


w= see“, “=F see" 8 


The required values are thus 


v, =fhw, = 1.2 msec; wy, =h|/ eto} = 1.8]/2 == 2.51 in'sec®, 


Veclor w, makes 45° wilh the radius A. 
Problem 65. The weight B in Fig. 167 rclafes a shall of radius ¢ with gear 
J of radius r, mounted on it. The weighl starls moving [rom rest wilh a con- 


slant acceleralion a. Develop the equation ol 
rotalion of the gear 2 of radius r, which is 
meshed wilh gear J. 

Solulion. Avy the inilial velocity of 
the weight is zero, ifs velocily uy at any 
instant ¢ is af (vg=at). All the points or 
the surface of the shail have the same ve- 
locily. Al the same time, their velocily is 
w,f, where aw, is lhe angular velocily of both 
the shaft and gear J. Consequently, 


at 
oral, o,=—. 





Now lel us delermine w,. As at point 
C, where the gears mesh, the linear veloc- 
ity of bol gears must be the same, we have Ye =, =wy,. Whence 


Thus, ue angular velocily of gear 2 increases in proporlion to time. 
Since w= Fe, where , is the angle of rolation of gear 2, we have 


dq, = Etat, 


from which, infegrating both sides and assuming angle i 
1 =0 alt 
ici oblain the equalion of uniformly accelerated fotstien’ ol gear 2 in 
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Chapter 12 
PLANE MOTION OF A RIGID BODY 


77. Equations of Plane Motion. Resolution of Motion Into 
Translation and Rotation. Plane :mofion of a rigid body is such 
motion in which all its points move parallel fo a fixed plane P 
(Fig. 168). Many machine parts have plane motion, for example, 
a wheel running on a straight track or lhe connecting rodofl a 
teciprocating engine. Rotation is, in 
facil, a special case of plane motion. 

In plane motion, all the points of a 
body belonging {to a line MAM’ (see 
Fig. 168) normal to plane P move in 
the same way. Therefore, in invesli- 
gating plane motion it is sufficient to 
investigale the motion of a seclion § 
of that body produced by passing any 
plane Oxy through it parallel to the 
fixed plane P. In this book we shall always take the plane Oxy 
parallel to the page and represent a body by its seclion S. 

The position of section S in plane Oxy is completely specified 
by the position of any point A of the section, i.e., by its 
coordinates «, and y, (Fig. 169), and the angle » belween an 
arbitrary line AB in section S and the x axis. 








Fig. 169 Fig. 170. 


The point A chosen to define the position of section S is called the 
pole. As the body moves, the quantities x4. ¥4, and @ are changing 
and the motion of the body, i.e., its posilion in space at any 
moment of lime, is completely specified if we know 


m=hOi w=ht e=h(). (48) 
Eqs. (48) are the equations of plane motion of a rigid body. 


Consider the successive posilions / and // of the section S of 
a moving body at instants f, and 4,=f,-+ Af (Fig. 170). It will 
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be observed that the following method can be employed lo move 
section S, and wilh it the whole body, from position / to post- 
lion /f. Let us first translale the body so that pole A occupies 
position A, (line A,B, occupies position A,B{) and then turn the 
section about pole A, through angle Aq,. In lhe same way we can 
move the body from position // to some new posilion ///, etc. 
We conclude that the plane motion of a rigid body is a combina- 
lion of a translation, in which all the points move in the same way 
as the pole A. and of a rotation about that 
pole*. 

The ltranslatory componenl of plane 
motion can, evidently. be described by the 
first (wo of Eqs. (48), and the rotational 
componenl by the third. 

The principal kinematic characteristics 
of this type of molion are the velocily 
and acceleration of translation, equal Fig. 171. 
each to the velocily and acceleration of 
the pole (Orans =O. Weeans==W,). and the angular velocily w 
and angular acceleration ¢ of the rotation aboul the pole. The 
values of these characterislics can be found for any tite é from 
Eqs. (48). 

In analysing plane molion, we are [free lo choose any point 
of (he body as the pole. Had we chosen some poini C instead of 
A (Fig. 171). the characteristics of the translatory component of 
the molion would have been different, for in the general case 
0-90, and w,==w, (otherwise the molion would be that of 
pure translation). The characteristics of the rolalional component 
of the motion w and e remain, however, the same. For, drawing 
CD parallel lo AB to determine the rotation about pole C (which 
is always possible, because AB and CD are arbitrary), we obtain 
that at any instant angle ¢,—g., i.e., the equations of rotation 
about poles A and C are the sane. Hence, 


dp, _ de Lo, _ FP 
dt” dt’ dt de! 








or 
@o,=—@, &=€. 


This result can also be explained as follows. Consider again 
the displacement of the body from position / lo position // (see 
Fig. 170), taking point B as the pole. Then, by translating ihe 


* The rotation lakes place about an axis perpendicular lo the plane P 
(through the pole A. For the sake of brevily, ee 
Bl velalion- shed ike cole aL e of brevily. however, we shall speak simply 


_ 
“1 
Nw 
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body lovether with the pole. we bring if from position B, inlo 
position B, (line B,A, occupying the position B,A,). Now, rolal- 
ing the seclion S about pole B, through an angle Ag,, we bring 
the body into position II. It will be readily noticed that in this 
case the translatory displacement BB, dillers from displacement 
A,A,. when point A was laken as the pole, while the angle of 
rotation Aq, = Ag, (as B,A’,'| A,B’). Consequently. the rotational 
component of the molion is the same for any position of the pole. 


78. Determination of (he Paths of the Points of a Body, Let us now 
investigale {he motion of individual points of a rigid body, 

i.e., delermine their paths, velocities 
and accelerations. For this, as has been 
shown, it is sufficient to analyse the mo- 
lion of the points lying in section S. We 
shall begin with the delermination of the 
paths. 

Consider point Af of a body whose 
position in section S is specified by its- 
distance b= A.M from the pole A and the 

Fig. 172. angle BAM =a (Fig. 172). If the motion 
of the body is described by Eqs. (48), 
the x and y coordinates of point Af in the system Oxy will be 





xXx 6 cos (p+), 
y= Ua bsin(~+¢), o) 


where x4. 4, @ are the functions of lime ¢ given by the Eqs. (48). 

Eqs. (49) describe the motion of point M in plane Oxy and at 
ihe same time give the equation of the point’s path in parametric 
form. The usual equation of the path can be obtained by eliminat- 
ing time ¢ from Eqs. (49). 

If the body under consideration is part of a mechanism, the 
path of any point M of the body can be determined by expressing 
the coordinates of lhe point in terms of a parameter specifying the 
position of lhe mechanism and then eliminating that parameter. 
In this case the equations of motion (48) are not necessary. 


Problem 66. Blocks A and f, to which the rule of an ellipsograph is al- 
tached, slide in mutually perpendicular slots (Fig. 173). Assuming AH = /, deter- 
mine the palh of point Af of the rule. ; ee 

Solution. Taking point A as the pole, let us specily the position of Af 
on the rule in terms of segment Af = 6. The position of the rule ilsell is spec- 
ified by angle @. Hence, for coordinates + and y of point M we obtain 


= (o—Aees@p, ysl ®. 
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Eliminating parameler ¢, we find thal the 
path of the posnt (independent of (he equalion 
of motion of the rule) is an ellipse: 


wilh semiaxes a==|[8—/| and 6 and cenlre 
ad . 
By adjusting the dislances / and 6, we 
can trace wih a pencil at Af an ellipse wilh 
any given semiaxes nol longer than (he rule, 
which is why the instrument is called an 
ellipsograph. 





79. Determination of the Veloc- Fig. 173. 
ity of Any Point of a Body. er 

Plane molion of a rigid body is a combinalion of a translation 
in which all points of the body move wilh the velocily of the pole a. 
and a rotalion about that pole. Let us show thal the velocily of 
any point M of the body is the geometric sum of ils velocities 
for each component of the motion. 

The posilion of a point M in section S$ of the body is specified 
with reference to lhe coordinate axes Oxy by (he radius veclor 
r=r,-tr’ (Fig. 174), where vector r'== AM. Then, 


In this equalion Ao, ie., it is equal to the velocity of the 


pole A; the quanlity =a is equal lo the velocity 0,,, of point M 
al r,=const., i.e., when A is fixed 
or, in other words, when the body 


rotates about the pole A. It thus fol- 
lows from the preceding equation 


that 
Oy = 04+ Opa: (50) 
The velocily of rolation o,,, of point 
2 M aboul pole A is (§ 76) 
Oya 0 MA (0,,1 MA), (51) 


where w is lhe angular velocily of the rotation of the body. 
Thus, the velocity of any point M of a body ts the geometric 

sum of the velocity of any other point A taken as the pole and the 

velocity of rotation of the point M about the pole. The magnitude 





Fig. 174. 
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and direction of the velocity 0, are found by constructi : 
lelogram (Fig. 175). ¥ Pm y constructing a paral 


Problem 67. Delermine the velocity of a point Af on the rim of a wheel of 
radius R (Fig. 176) running without slipping along a straight rail, if the veloc- 
ity of the centre C of the wheel is vg, and angle DKW =a. 





Fig. 175. 


Solution. Taking point C, whose_velocily is known, as the pole, we 


find that Oy —=0¢ + Oc. where Oye | CM, and in magnitude ¢ye=o MC= 
=wR. The magnilude of the angular velocily is determined from the condition 
hat point K of the wheel does not slip and, consequently, al the given moment 
vy, =0. On the other hand, just as Jor point M, oy =o¢e+o¢¢, where 
Ugc =o KC =wR. For point K, Oe¢e and O¢ are collinear, therefore, al vy, =9, 


v 
Ugo =e, whence » = z: Thus we find that 
Cnc = wR =Ue. 


The parallelogram constructed with vectors oye and o¢ as ils sides is a 
rhombus. Bul the angle between o¢ and Oc is equal to angle fi. as the sides 
of these angles are mulually perpendicular. On the other hand, angle f= 22, 
as a central angle sublended by the same arc as lhe inscribed angle a. Heuce, 
by virlue of the properties of a rhombus, the angles between o¢ and oy, and 
between vy¢ and Oy are also equal to a, Finally, as the diagonals of a rhom- 
bus are mutually perpendicular, we oblain 


vy=2vccosa and oy | KM. 


The compulations, we see, were ralher cumbersome. Furlher on we shall 
discuss methods which make it possible to solve such problems much simpler 


(see Problem 69). 


80. Theorem of the Projections of the Velocities of Two 
Points of a Body. The use of Eq. (50) to determine the veloci- 
ties of the points of a body usually leads to involved computa- 
tions (cf. Problem 67). However, we can evolve from Eq. (50) 
several simpler and more convenient methods of determining the 


velocity of any poinl of a body. 
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One of these methods is given by the theorem: The projections 

of the velocities of two points of a rigid body on the straight line 
ivining these points are equal. 
Concider any two points A and 8 of a body (Fig. 177). Tak- 
ing point A as the pole, we have from Eq. (50) 0,9, + Pg. 
Projecling both members of the 
equalion on AB and taking into 
account Lhat vector Og, is perpendic- 
ular to A&, we obtain 


v, cos fp = v, Cos a, (52) 





and the lheorem is proved. This 
result offers a simple melhod of 
delermining the velocity of any 
point of a body if lhe direction of motion of lhat point and the 
velocity of any other point of the same body are known. 


Fig. 177. 


Problem 68. Delermine the relation belween the velocities of points A and 
B of the ellipsograpli rule in Fig. 173 if angle @ is given. 

Solution. The directions of the velocities of poinls A and B are known. 
Hence, projecling vectors 0,4 and 0g on AB and applying the above theorem, 
we oblain 

uv, COS P = Vg cos (90° — ), 
whence 
C4 = Up lang. 


61. Determination of the Velocity of Any Point of a Body 
Using the Instantaneous Centre of Zero Velocity. Another simple 
and visual method of determining the 
velocity of any point of a body perlorm- 
ing plane molion is based on the con- 
cept of instantaneous centre of zero ve- 
locity. The instantaneous centre of zero 
velocity is a point belonging to the sec- 
tion S of a body or its extension which 
ai the given instant is momentarily at 
test. 

It will be readily noticed that if a 

Fig. (78. body is in non-translatory motion, such 

; a point, and only one point, always 
exists at any inslant ¢. Let poinls A and B in section S of a body 
(Fig. 178) have, at time ¢, non-parallel velocities o, and @,. Then 
point P at the interseclion of perpendiculars Aa lo vector Vy 
and Bb to veclor 0, will be the instantaneous centre of zero velocity, 
as 0p =0. For, if we assumed lhal 0,0, then, by the theorem of 
the projections of the velocities of the points of a body, vector o, 
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would have to be simultaneously perpendicular lo AP (as 2, | AP) 
and lo BP (as @, | BP), which is impossible. 1 also follows from 
the theovem thal, at the give instant, no other point of section S$ 
can have zero velocily (e.g., for poinl a, the projeclion of VU, on 
Ba is nol zero and consequently vo, == 0). 

If, now, we lake a_ point P as the pole at lime f, the velocity 
of point A will, by Eq. (50), be 


0, = 0p, + U,p=V4p, 
as Op =0. The same result can be obtained for any other point 
of the body. Thus, fhe velocity of any point of ua body lying in 
section S is equal to the velocity of its rotation about the instan- 
fancous centre of zero velocity P. From Eqs. (51) we have 


v,=oPA, (0, | PA), 
Uy== oP B, (7, | PB), ete. (53) 
It also follows from Eqs. (53) that 
uy, ov 
PE Te (4) 


i.e., that the velocity of any point of a body is proportional to 
its distance from the instantaneous centre of zero velocity. 

These results lead to the following conclusions: 

1) To determine the instantaneous centre of zero velocity, if ts 
sufficient to know the directions of the velocities 0, and OU, of any 
two points A and B of a section of a body (or their paths); the 
inslantaneous centre of zero velocily lies at the intersection of the 
perpendiculars erecled [rom poinls A and 8B to their respeclive 
velocities, or fo the tangents to their paths. 

2) To determine the velocity of any point of a body, it is neces- 
sary to know the magnitude and direction of the velocity of any 
point A of that body and the direction of the velocity of another 
point B of the same body. Then, by erecting [rom points A and B 
-perpendiculars lo 9, and @,, we obtain the instantaneous centre 
of zero velocily P and, from the direclion of #,, the sense of 
rolation of the body. Next, knowing v,, we can find from Eq. (54) 
the velocity uv, of any point M of the body. Vector Oy is per- 
pendicular lo PM in the direction of the rotation. 

3) The angular velocity of a body, as can be seen from Eqs. 
(53), is af any given instant equal to the ratio of the velocity of 
any point belonging to the section S to its distance from the instan- 
taneous centre of zero velucity P: 


op 4, (55) 


ohn 


Sec. 81) Delermination of Velocity Using the Instantaneous Centre 177 





Let us evolve another expression for w. It follows from Eqs. 
(50) and (51) that v,,=|0,—%y| and v,g,—=0-AB, whence 


_lt—Pnl | Pat — 9A) 56 
eae CO (95) 


Eqs. (55) and (56) give the same quantily as, from § 77, it 
Jotlows that the rolalion of the seclion S about eilher point A or 
point P takes place with lhe same angular velocily ow. 


Example. The directions of the velocities of poinls A and 8 of the 
ellipsograph rule in Fig. 179 are known. Erecling perpendiculars to them, we 
oblain the instantaneous cenlre of zero velocily 
P of the rule. oe 

Knowing P, we oblain from the proportion 
OA SI yee Ac) eas 
PA Pg "A= "8pg =A lan q. i.e., the 
same resull as in Problem 68. Similarly, we 


oblain for point Af, uy = ene. The length of 





PM can be calculated if we know AB, AM, 
and angle @. The direction of veclor 0.4, is shown 
in the diagram (oy | PA). 

From Eqs. (55) and (56) we find the angu- 


J 
lar velocily of the rule: 





—_ YA —l%n — 9,4! I 
O=p_R 8 w= ago : 
Il is easy to verify that both cqualions 
give the same answer. 


ey ee 


Fig. 179. 


Lel us consider some special cases of the inslantaneous centre 
of zero velocity. 
a) If plane motion is performed by a cylinder rolling without 
slipping along a fixed cylindrical sutface, the point of contact P 
a (Fig. 180) is momentarily at rest and, conse- 
. quently, is the instantaneous centre of zero 
velocily (v,—=0 because, if there is no slip- 
ping, the contacling points of both bodies 
musl have lhe same velocily, and the second 
body is molionless). An example of such 
motion is that of a wheel Tunning on a sail. 
b) If the velocilies of points A and B of 
Fig. 180. the body in Fig. 181 are parallel to each 
; other, and AB is not Perpendicular to @,, 
the instantaneous centre of zero velocity lies in infinily, and 
the velocities of al! points are parallel to @,. From the theo- 
aad cep. Projections of oe it follows that v,cosa—= 
Soin or ree va Yai the result is the same for all other 
points of the body, Consequenliy, in this case the weloeies ct 
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all points of the body are equal in magnitude and direction aj 
every instant, i.e., fhe instantaneous distribution of the velocities 
of the body is that of translation (this state of motion is also 
called instantaneous translation). It will be found from Eq. (56) 
that the angular velocity of the body at the given instant is zero. 
c) If the velocities of points A and B are parallel, and AB 
is perpendicular to o,, lhe instantaneous cenlre of zero velocity 
P can be located by the 
construction shown in Fig. 
182. The validity of this 
construclion follows from 
the proportion (54). In this 
case, unlike the previous 
ones, we also have lo know 
the magniiules of veloci- 
lies v, and vy lo locale 
the instantaneous centre 
of zero velocity P. 
Fig. 18}. Fig. 182. The above shows thal in 
plane motion the velocities 
of the points of a body are distributed ai any given instant as if the 
body were rolating about an axis Pz, perpendicular 1o the sec- 
tion S through point P, This line is called the instantaneous 
axis of rotaticn of the body. Unlike a fixed axis of rotation, the 
instantaneous axis continually changes its position. Plane motion 
is the result of a series of consecutive infinilesimal rotations 
about the instantaneous axis of rotation. 





82. Solution of Problems*. In order to delermine the kine- 
matic characteristics of motion (the angular velocity of a body 
or the velocities of its points) we must know the magnitude and 
direction of the velocity of an arbitrary poinl of the body and 
the direction of the velocity of any other point of thal body 
(wilh lhe exception of cases a) and b) discussed in § 81). The 
solution of any problem begins with the determination of these 
characteristics from the statement of the problem. 

The mechanism whose motion 1s being invesligated should be 
drawn in the position for which the corresponding characteristics 
are being determined. In solving a problem, it should be remem- 
bered that the concept of inslanianeous centre of zero velocily 
applies 1o a given rigid body. /n mechanisms consisting of sever- 
al bodies, every body performing non-translatory motion has at any 


* An example of the methods of problem solution discussed here can be found 
in § 96, Problem 90. 
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instant its own instantaneous centre of zero velocity and tis own 
angular velocily. 


Problem 69. Delermine the velocity of point Af on the rim of the rolling 
wheel in Problem 67 by introducing the instantaneous centre of zero velocily. 
Solution. The point of conlact P of the wheel (Fig. 183) i. the instanta- 
neous cenlre of zero velocity, as vp = 0. Consequently, og, | PAL As thie right 
angle PMD rest» on the diamefer, the velocily ? 


veelor oy, of any point of the rim passes through 0 
point D. Writing the proportion 

Bia] ee “ 

PAL PC ; 


and noting thal PC — R and PM = 28 ensa, we hind 
Uy S Fee COS a. 


The further point Af is from P, the prealer its 
velocily. The upper end D of the vertical diameter 
has the maximum velocily vp —=2u-. The angular 
velocity of Uke wheel, from Eq. (55), is, 





VLD 01 11. fy POPES 


Cr _ Ue 
W="TC-R’ Fig. 189. 


The velocities are similarly distribuled for a!] cases of a wheel or Gear rolling 
along a cylindrical surface (see Fig. 160). 

Problem 70. Determine the velocity of the centre C of the [ree pulley of 
tadius 7 in Fig. 184 and ils angular velocity w if load A is moving up wilh a 
velocity uv, and load 8 is moving down with 
a velocily vg. The thread does not slip and 
all its seclions are vertical. 

Solution. As the thread does not slip 
on the free pulley, the velocities of poinls a 


hd LL 





% and b of the pulley are equal in magnitude 

lo the velocities of the loads, ie, vo = Uy 

. and vy= upg. Knowing Ile velocities of points 
gg @ and & and assuming for convenience thal 


Vy > U4, We can delermine the posilion of 
the inslantaneous centre of zero velocily P of 
the free pulley by the same method as in 
Fig. 182. The velocity of the centre of the 
pulley C is denoted by the vector Vc. From 
Eq (56) we develop the equations 


Fig. 184. 


whence, as ab =2r and 6¢ =r, we oblain 


— 1% + (— 24) | _ 1% — ve} 
ve ab pe 


walAteA | _ vay 
Tn as 


Al va > 0a the centre moves up; if Ya< 94 it moves down; at og =v,, 


The values of w and ue for the case of b : : 
subslituling —v, for Va in the equal lors eine ere nape. Ging Ps 
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Problem 71. Crank OA of length r of the mechanism in Fi 
with an angular velocity @9,. The length of the connecting rod Ween 
angle ¢ is given, delermine: 1) the velocily of block 5, 2) the position of the 
anette on a dost nee ee has the least velocily, 3) the angular 
velocily wy, of the connecting rod. Also analys iti i 
lor ¢=0 ani yg = 90°, g alyse the positions of the mechanism 

Solution. [t follows from the stalement of the problem that the velacily 
of point A is vz=wgar perpendicular to OA. and the velocily of 8 is dirccled 
along BO. This data is sufficient lo deter. 
mine all the kinematic characteristics of 
the connecling rod. 

1) From the theorem of the projections 
of velocilies we have vacosa= vgcosf. 
Angle OAD, as a supplementary angle 
of triangle OAS, is equal lo p+ f. 
Hence, a = 90° — (p+ ff), and 


, sin (@ +B) __ 
cos 
= waar (sing + cos @ tan fi). 


Vg —WOA 





Now eliminale angle B from the equation. From triangle OAS, 


sinB sing 


Fr i 
sinh 
V1 — sin'f ° 
rcos@ 
Up =a { I —_————. } sing. 
, a ( +e ae) , 


2) The instantaneous centre ol zero velocily P of the connecting rod (AP is 
an extension of OA) is located by erecting perpendiculars Jrom points A and &. 
The point with the least velocity Af is that which is closest lo the centre P, 
i.e., on the perpendicular PAf lo AB, Ils velocily is 


Uy = U4 cosa =agy¥ sin (Pp +f). 
3) From Eq. (55), the angular velocily of the red is 





Furthermore, 
fan p= 


and finally 


v v 


The length PB (or PA) is calculated from the dala given In the stalement 


of the problem. , 
4) At angle p=0 (Fig. 18Ga), the perpendicular AB to velocily o, and the 


perpendicular 86 lo 0, intersect at B. Consequenlly, for this posilion point 8 
is the inslanlaneous centre of velocity, and vg =0 (the “dead centre”, position 
of the mechanism). For this position 


— A=» 
AB = ABR 1 OA: 


The distribution of the velocilies along the connecting rod is shown in the 
diagram. 
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i 5 : iti ‘ allel, and the 
5) Al angle ¢ = 90° (Fig. 1866). velocities 04 and @, are parallel. 
sacs nendieatars (o them intersect in infinity. Consequently, al that instaal all 
lie paints of the rod have lie same velocily 34; 4g = 0. 





Fig. 186. 


Peoblem 72. Link OA in Fig. 187 rotates about axis O with an angular 
velocily wy,4; with it moves gear 7 which rolls around the fixed gear 2. The 
radii of (he {wo gears are both equal to r., Hinged lo gear / ts 4 connecting 
rod BD of length #, attached lo which is a rockshalt DC. Determine the angu- 
lar velocity wgp of the connecting rod for the instant when it is perpendicu- 
lar to link OA, if at that inslant angle BDC = 43°. 

Solution. To delermine wgp we must know the velocily of an arbilrary 
point on the connecting rod BD and the position of ifs instantaneous centre 
of zero velocity. Let us determine the velocity of point 8 from the fact thal it 
also belongs to gear 7, for which the vetocily is known lo be ¢ y= wy 427 (04 | Ont) 
and the inslantaneous cenlre of zero velocily is at Py. Consequently, og | PA, 
and from the theorem of the projections of velocities ra resdh° Sey, whence 
Op = Ug V2= 2094 V2. 

Now we know the velocily og, of a point of the connecting rod and the 
direction of velocily op(op +. DC). Erecting perpendiculars to 0g and op, we 
obtain the inslanianeous cenlre of zero velocity Pap of the connecting rod. It 
will be readily noticed thal the segment 


whence 


[1 should be noted that it would be wrong to altempt to locale (he instan- 
taneous cenlre of zero velocily by drawing perpendiculars lo vectors v4 and 
Gp (a characteristic mistake), Points A and D belong to dilferent bodies, and 
ihe interseclion of these perpendiculars does not locale the cenlre of zero 
velocily (compare with Problem 73). 

Problem 73. A gear 7 and crank OA are mounted Independently of each 
olher on an axle O (Fig. 188). The crank rotates wilh an angular vclocily Wo.) 
Fixed to the conneeting rod AB with its centre al A ts gear 2. The crank OA 
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cafries axis A of lhe gear 2, the connecling rod passes through the rocker 
slide C. The radii of gears I and 2 are both equal to 7. Delermine the angular 
velocity w, of gear f at the instant when OA | OC, if Z ACO= 30°. 

Solution. To determine the angular velocity of gear 7, we have lo find 
the linear velocity of ils point E. For (his we make use of the fact that point & 
of gear 2 has the same velocity. For gear 2 we know the direction and inagni- 
tude of the velocily of point A: 


v4 | OA, 04 = Wo 42r. 


Besides, we know the direclion of velo- 
cily 9), but in this case this is not suffi- 
cient. as O¢/ 0,4. Neither can the value of op 
be found from the theorem of the projections 
of velocilies, since 04 and op are  perpen- 
dicular lo AE. 

Therefore we shall exploil the fact that, 
being riveted togelher, gear 2 and the con- 
necting rod are actually one body for which 
we know the direction of the velocily of 
point C: veclor o, is directed along CA, as 
al point Ctherod canonly slide in the rock- 
er. By erecting perpendiculars lo 0, and 0, 
we obtain the inslantaneous centre of zero 
velocity P of the body BAF. 

From the slatement of the problem, 
Z ACO = 30°, hence “ CPA = 30°. Therefore 


AC=2A0=4r, PA=>2AC=&. PE=7r, 
and from the proportion 


Fig. 188. pe Se Ba 





7 7 
we find thal w= — va= | oa. whence 
v 7 


= Gp = 7 MOA: 


83. Velocity Diagram. The velocity of any point of a body 
can be determined graphically by constructing a velocily dia- 
gram. A velocily diagram is a drawing in which from some 
centre are laid off the velocity vectors of points of a body. 

Lel @,, Og. O- be the velocilies of points A, B,C of a given 
body (Fig. 189a). Then the velocity diagram can be drawn by 
laying off to some scale from an arbitrary point O (Fig. 1896) 
line segments _ ee _ 

Ou=0,, Ob=05, VeH— Ve. 

Let us establish the properties of. and the procedure for con- 

structing, a velocity diagram. From Eqs. (50) and (51) (see § 79) 


have 
= 0, = 0,+ Opa (57) 


ae |.AB and Usa: AB. (57°) 


Osa 


Sec. 83] Velocity Diagrain 183 


But from triangle Oab we have 0b = Oa-+ ab, or 0,=0,-+46- 
Comparing this resull with Eq. (57), we find that ab= Upy. 
Similarly we find that ac—,,, etc. Then, Irom formulas (57’), 

ab | AB, ac | AC, etc. (58) 


Furthermore, il also follows from those formulas that ab=w-AB, 
uc==w-AC, elc., whence 


ab ac be : 
ap AC ST Be (58"} 


Thus, the lines joining the tips of the velocity vectors in the 
velucity diagram are perpendicular to the lines joining the respec- 





Fig. 189. 


five points of the body and are proportional to them in magnitude; 
{he figures denoted by ithe same lellers in the velocily diagram 
and in section S of the body are similar and lie at righl angles 
to each other. ' 

The relations in (58) and (58‘) make il possible to construct 
a velocify diagram and to delerinine the velocity of any point 
of a body if the magnitude and direclion of the velocily of any 
one point and the direclion of lhe velocity of any other point 
of the body are known. 

If a velocity diagram is available, the angular velocily is 
determined by formula (58). 

The velocily diagram of a mechanism is constructed as a 
combination of the velocily diagrams of all ils paris (bodies), 
all the vectors being laid olf from a common centre O. An exam- 
ple of such a construction is given in Problem 74. 


Problem 74. Construct a velocity diagram for the mechanism in the position 
shown in Vig. 190a, if velocity 4 of the end of crank O’A is known. The 
connecling IInk ABC is a rigid triangular lamina. Rod @’'D is hinged at D to 
the cenlre of rod CE (CD = DE). 

_ Solution. 1) Choose a scale (e.g., 1 cm 100.1 m) and draw the mechanism 
in the required posilion (Fig. 190 a). 

2) Determination of Op. Choose a velocily scale (e. g.. 1 cm 10 0.5 m/sec) 

and lay off from an arbilrary cenlre O vector Oa, perpendicular to O'A 
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(Fig. 1905). From the same centre lay off a line Ob parallel to o, (velocity 
On is directed along BO’), and from point a line a6 | AB to ils intersection 
with 06. Then, from Eq. (58). poinl 6 gives the tip of veclor Gb =o. 

3) Delermination of o-. From point @ draw a line perpendicular to 
AC, and from point 6 a line perpendicular to BC. By Eq. (58), their intersec- 
tion gives point c. Joining points O and ¢, we obtain veclor Oc = 0¢. 

4) Delermination of ep. The direction of op is known {Gp | O'D). 
Drawing from OQ line Od parallel lo wp, and from point ¢ a line perpendicular 
lo CD, we obtain al their interseelion point d. 
Joining O and d, we oblain veclor Od = op. 

3) Delerminalion of of. Poinl F 
lies on line CDE, hence, by virtue of similarily, 
point e on the velocity diagram must lie on 
cde and from Eq. (58') we oblain cd: de = CD: DE. 
As DE=CD, by laying off de=cd along the 
extension of cd, we oblain point e. Joining 
points O and e, we oblain vector O¢e= oz. 

Nolte: The relations in (58) are valid only 
for a given rigid body. Therefore line be in 
the velocity diagram, for instance, will nol 
be perpendicular 1o BE, as points B and E of 





a o the mechanism belong to different bodies. 
€ & From Eq. (58) we obtain the formulas for 
calculaling the angular velocilies of links ABC 
r 4} and CE for the given instant: 
g _% ed 
Fig. 190. OaBC = Agi CeE=CD 


In calculating the values, the different scales should be taken inlo account. 


84. Delermination of the Acceleration of Any Point of a 
Body. We shall demonstrate thal, like velocity, the acceleration 
of any point M of a body in plane motion is composed of its 
acceleralions of translalion and rolation. The location of point 
M with respect fo axes Oxy (see Fig. 174) is specified by the 
radius vector r=r,-+r’, where r’=AM. Hence, 

—— d'r __dtry rs oh 
C= oe ae de 


In this equation the quantity craw, is the acceleralion of 


the pole A, and the quantity Co = Wy, is the acceleration of 
point M in its rotation wilh the body round A (see § 79). 


nae Wy = Wa + Ways. (59) 
From Eqs. (46) and (47) (see § 76), the acceleration of point M 

in its rotation aboul A is " 
Wy MAVe' +o, tanp=y, (60) 
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where w and e are the angular velocity and angular acceleration 
of the body *, and t is the angle belween the direction of w,,, 
and line MA ; 

Thus, fhe acceleration of any point M of a body is composed 
of the acceleration of any other point taken for the pole and the 
acceleration of the point M in its rotation together with the body 
about that pole. The magnitude and di- 
rection of lhe acceleralion w,, are deler- 
mined by constructing a parallelogram 
(Fig. 191). 

However, the compulalion of w,, by 
means of the parallelogram in Fig. 19! 
makes the solulion more difficult, as il 
becomes necessary first lo calculate the 
angle » and then lhe angle belween vec- . 
lors w,,, and w,. Therefore. in problem solu- Fig. 191. 
tions il is more convenient to replace vector 
W,,, by its tangential and normal components wy, and wi, where 


wiy,=AM-e, wt = AM ol, (61) 





Veclor w;,, is perpendicular to AM in the direction of the 
rolation, if il is acceleraled, and opposite lhe rolation, if if is 
retarded; vector wi, is al- 


Instead of Eq. (59) we 


Wy, = Wt Wi, + w%,,- (62) 


If pole A is in non-recti- 
Fig. 192. linear molion, its acceleralion 


is also composed of (he tan- 
genlial and normal accelerations, hence 


Wy = Wy. + W,, + Wy, + Wr a (62') 
(he magnitudes of the latter two components being oblained from 
Eq. (61). Eqs. (61) and (62) should be used in solving problenis, 


first computing the vectors in the righl-hand part of the equa- 


lion and then finding their geometric sum or making a graphic 
construction. 





__* In the diagram the solid circular arrow indicates the direction of « (the 
direction of rotation), and the dashed arrow, the direction (the sign) of e. IM the 
motion is accelerated, both arrows point in the same dircclion, if the motion 
is retarded, they are of opposite sense. 
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Solulion of problems. The acceleration of any point of 
a body at any lime can be delermined if the following dala are 
known: 1) the vectors of the velocily a, and acceleration w, of 
any point A of the body at the prescribed time; 2) the path of 
some other point 8 of the body. !n some cases, inslead of the 
path of the second poinl of the body, it is sufficient to know the 
location of the inslanlaneous centre of zero velocily. 

In solving problems, lhe body (or mechanism) should be drawn 
in the position for which the acceleralion of the required point 
has to be found. The computation starts with the delerminalion, 
from the conditions of the problem, of the velocity and acceler- 
ation of the point chosen as the pole. The subsequent stages of 
the coniputalion are examined in detail in the sample problems 
below, together with necessary addilional suggestions. 

Problem 77 gives the graphical method of solution. 


Problem 75. The centre O of a wheel of radius R=0.2 m rolling along a 
straight rail (Fig. 193) has at a given inslanl a velocity «,=J mjsec and an 
acceleralion w,—2 m'sec*. Deler- 
mine the acceleration of point 8 
lying al the end of diameler AB 
perpendicular to OP and the ac- 
celeration of point P coincident 
wilh the instantaneous centre of 
zero velocily, 

Solulion.t)Aso,and @, are 
known, we lake point O for the pole, 

2) Delermination of w. 
The point of contact P is the inslan- 
laneous cenlre of zero velocily; 
hence the angular velocity of the wheel is 





ee ee 

w= POR" (a) 
The direction of w is delermined by the direction of 0, and is shown in 
the diagram by the solid arrow. : ; 
3) Determination of e. As in equation (a) the quantily PO=R is 
constant for any posilion of the wheel, by differentiating the equalion with 

respecl to time we oblain 
dw 1 dua Wo (b) 


oe r e= > 


di R dt R° 


The signs of e and @ are the same, therefore the rotation of the wheel is 


accelerated. ; 
It is important to remember thal the value ve is ree from the 

equation (b) only when the distance PO in equation (a) 4s constant. 

a Nol : a) It should nol be assuined thal v, is constant only because {he 

iven value of v,==1 mijsec. This value. stated in the condilions of the prob- 

em, is for the given instant, and il changes wilh lime, since w, # 0. 
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b) In this case Ge = wp, as the motion of point O Is rectilinear. In the 


' Be __ 
gencra case a. Oy. 


4)Delermination of wg and who. As point O \s our pole, from 
Eq. (62) we have : 
@,=— Wot Wao t Wao: (c) 
In our case BO= R, and : 
v 
Wao = 80-8 =wo=2 Msec?, who = 5O-w" = =5 mjsec*. (d) 


Now draw a separate diagram Jor point B, showing (not necessarily to 
scale) the component vectors of the acceleration wg, namely vector wo (irans- 


ferred from point 0), veclor wi, (in the direclion of the rotation as il is 


acceleraled), and veclor wo (always [rom B towards the pole 0). 
5) Delerminatlion oJ mg. Drawing axes 8x and By, we find that 


7 | . — pet a ' i 
Wye = Wyo — Wo=4I m/sec", Way Wg = 2 msec", 


we=V “3. + wh, = V 133.6 m/sec‘. 


Similarly we can easily find thal the acceleration of point P Is 
Wp=Who=5 misec" and is direcled along PO. Thus, the acceleration of 
point P, whose velocity al lhe given 
inslant is zero, is not zero. 

Problem 76. Gear / of radius 7, =0.3m 
in Fig. 194@ is fixed; rolling around it 
is gear 2 of radius r,==0.2 m mounted 
on link OA. The link (urns about axis O 
and has al the given inslant an angular 
velocily w=! sec™* and an angular 
acceleralion e——4 sec™*, Delermine 
the acceleralion of point D on the rim 
of the moving gear at the given in- 
ial (radius AD is perpendicular (to the 
ink). 

Solution. 1) To solve the problem, 
consider the molion of gear 2. From the 
slalement of lhe problem if is easy 
to delermine the velocity v4 and accel- Fig. 1 
eration @, of point A of the gear, a 
which -we take as the pole, 


Pa Determination of 0,4 and wy. Knowingw and a of the link, we 
oblain 


whence 


é 





v4=O0A-w =0.5 misec, 
W4,=OA-e =—~2 msec’, (a) 
Wa, = OA-w* = 0.5 msec, 


As the signs of og and wy. are dilferent, the motion of point A {rom tha 


i, Posilion is relarded. Vectors wy, and Way are directed as shown in the 
m. 
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3) Determination of w,. The point of contact P is the instantaneous 
centre of zero velocily of gear 2; consequenlly, the angular velocily of gear 2 is 


_ ¥A __ VA, z= = 
ar Tamar wo, = 2.5 sec 7, (b) 


The direction of w, (the direction of rotation of the gear) is determined by 
the direction of 7 and is indicaled by the solid arrow, 

4) Determination of e;, As in the previous problem, the quantity 
AP =r, is constant, and consequently 


dw. l dug wa. 
== A= tH; &, = — 10 sec™*. 


"2 Gt 7, dt 4, 


(¢) 
As «, and e, are of different sign, the rotalion of gear 2 is retarded. 
5) Determination of w),,, and wi,,. The acceleralion of point D is 
found from Eq. (62’): 


i : n 
Wp = WA, + Want Woy t Wy): 
In our case DA=F,, and 
Wi) 4 = DA-e,= — 2 misec*?, &7,, = DA-wy = 1.25 m/sec’. 
Now draw the component vectors of acceleralion wy (Fig. 1946). namely 
wy.. Wy, (lranslerred from poinl A), Wp, (directed against the rolalion, as 


it is relarded), and wp, (irom D lowards the pole A), 
6) Calculation of wy. Drawing axes Dx and Dy, we find thal 
Wp, =| 4- (+ eh, = 9-25 msec’, Upy=|Xpa | — w 4, = 1.5 m/sec’, whence 


up=—V ec, + wh, = 3.58 misect. 


The magnitude of wy can also be obtained graphically by constructing a 
veclor polygon wilh vectors @4,. Wan. Why, and w7,, lo scale. 

Problem 77. Allached lo a crank OA (Fig. 195) rolating uniformly about 
axis O wilh an angular velocily w,=4 sec”! is a connecting rod AB hinged 
to a rockshafl BC, The given dimensions are: OA=r=0.5 m AB=2r, 





Fig 1953. 
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‘Q. ili nein the diagram, £ OAB=90? and 
=r)’2. In the posilion shown in gram } 
aC BC ase. Determine for this position the acceleration of point B of the 
connecling rod and the angular velucity and angular acceleration of the rock- 
ali 8c. ; ; 
eee le tion. The problem can he solved eillwr graphically or analytically. 
A. Graphic solution. 3) Considering (he motion of the connecling 
rod AB, we lake poinl A as the pole. As wo 4=const., we obtain: 


vy rogg=2 sec, Wy = cry, = rg, = 8 msec’. (a) 


Draw veclors Dg and w, on the diagram. ; 

2) Delefmi n'a tion of wg. We know the path of point B of the con- 
necling rod (a circle of radius 8C). Hence, knowing the direction of vy 
(9, | BC), we can locale the instantaneous cenlre of zero velocily P of the 
tod. Wt is evident thal AP = A8 = 2r. Therefore, : 

iad MA: — AA 9 sec! b 
An = Ap or O47 = Bi = (b) 

The direction of rotation is shown in the diagram, : 

In this case the distance AP changes wilh the motion of the mechanism 
and we cannol apply Ibe method used in the previous two problems to deler- 
mine @yp. That is why for this protlem the graphic melhod of solution is 


more convenient. First delermine the values of w},, and cpp. 
3) Determination of why. Knowing wag trom Eq. (Gt). we have 


ta = AB-o')p = 4 mfsec*. (c) 


4) Delermination of wa,. Knowing the path of poinl B, we can 
delermine ils normal acceleration <,,. For this. applying the theorem of 
projections (or the instantaneous centre of zero velocily P), we first determine 
the velocity upg. We have ug cos 45° = v4, whence vg=—ey, )/2. Therefore, 


r) t 
Ua_ 24 lf ee 
“Ba BC, ye 8) 2 mi'sec*, (d) 


Note: If a velocity diagram has been constructed for the mechanism. then 
a) the value of ws, can be found [rom Eq. (58): or~= 2 - Then the 
computations in seclions 2 and 3 can be omitted and wpa found directly 
from lhe equation, : 
(ab)* 
AB’ 
b) the value of up for determining w,, can also be oblained direcily from 
the velocity diagram. 


5) Delermination of wy, Nole thal, on heone hand. @p = Wwe,+n, 
and. on the other hand, wg is given by Eq. (62). It follows, then, thal 


yt : 
Waa = AB-wi_= 





7a +O, + 05,;= 0p, + Wg. {c) 


Let us express this equalion graphically, From an arbilrary cenlre O, lay 
off lo some scale vector O,aq,=w,. [rom point a, lay off vector 
jk = 05 4(W3,4 tt BA), and from point & draw kb, perpendicular to a,&,. This 
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line gives the direclion of wy,, and somewhere on if lies the fip of the re- 
quired vector wa. > 

Now from point O, lay off vector Oa =p, (wg, 11 BC) and draw perpen- 
dicular lo it 1b,. which gives the direction of t,.. The tip of vector w must 
lie on this line as well. Consequently, point 6,. where £6, and 16, intersect, 
gives us the tip of veclor wy,*. Thus. wg =—O0,b,. Scaling O,6,, we find that 
Wp == 13 m sec?. 

Al the same lime it follows from the construction that kb,=w,, and 
nb; = Wp.. 

By constructing the accelerations of olher points of the mechanism in the 
same way (and [rom the same centre O), we oblain an acceleration diagram. 


. oe eve mine tion of eyp. Measuring the length of &b,, we find from 
q- (61) 





Applying the scale, we find that |e, g]—=20 sec~*. Il can be seen in the 
diagram (hat vector 994 = 0, — 0,4 is directed opposite lo w,,; consequent - 
ly, the rotalion of rod AB is retarded and eg_ = — 20 sec™*. 

B. Analytical determination of wg. Aller the compulatians 
performed in seclions 1-4, construct, as in the graphical! solution, veclor 
polygons expressing eyuation (e). 


Now draw coordinate axis O,x perpendicular to the unknown vector wg, 
and project on it both sides of the vector equation (e). We obtain 


wey = Wan 60s 45° — | wg. | cos 45°, 


|we,|=t'pn —W2,V2 =8 V2 —4 VE =AV2. 


whence 


and finally 
W_= V wt, + wh, =4 VY 10 =12.65 mjsec?, 


If it is necessary fo compute egg. we project both sides of equation (¢) on 
axis O,n, which is perpendicular to wg,, and obtain: 


— wa cos 45° + w7 . cos 45° + | wp, | cos 45° = Wan, 
whence 
Jw |= Ww, — Wey twa, V2 = 20 msec’. 
Finally 


Ww; a 
Lean me asl = 20 sec *, 


When ug and wg, are determined, either graphically or analylically, the angu- 
lar velocily and angular acceleration of the rockshast BC can be found [rom 
the equations Rac 

uv 8 
Ope = Fe: lescl=Fe° 





——_—_—_—_—— 


* If the directlon of wg were immedialely known, the vector Wz — 0,5, 
could be obtained al once as the intersection of Ab, and 0,5, || @a- 
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Solving them, we oblain: wyr= 41sec” ', eg¢ = — 8 sec” * (lhe minus shows 
that @g. is direcled opposite lo og). 


45. Instantaneous Cenlre of Zero Acceleration. If a rigid body is in 
non-lransialory motion, al every moment there is in ils section S or in a 
plane rigidly connected with tH a point Q whose acceleration is zero. This 
point is called the snsfanfaneous centre of zero acceleration, If we know the 
acceleration wy, of an arbilrary point A ol the body and the values of « and 
e, we can locale the inslantaneous cenlre of zero acceleration by the follow- 


ing method: 
€ 
1) Compute angle p (Fig. 196) by the formula {an pat, 


2); From point A deaw AE at an angle p to vector wy. the line being 
turned from wy in the direction of the rotation of the body if the rotation is 
accelerated, and opposite to that direction if the rotation 
és retarded. : 

3) Along AE lay olf a segment 


Wa 
A ==. 
Ve'+ot 
Point Q thus oblained is the instantaneous 
centre of zero acccleration. For, from Eqs. (59) and (60). 


Wo = 4+ Woy, 


where Wo4= QA Ve? + o.Substitutin the value ol : 
QA from Eq. (63), we find thal eee, Besides, Fig. 196. 
veclor Wo, musl make an angle wowith QA, and 
consequently veclor Wo, is parallel lo w, bul opposile in sense. Therefore, 
Wga=— Ws and Wo—0. 

If point Q is taken as lhe pole, then. as @o—0, the acceleration of an 
Point Af of the body is, by Eqs. (59) and (60), 


WN —Wo+t+ Ws 9g—Wyig and wy=QM EEL os, (64) 
_ Uhus, the acceleration of any Point of a body 
ss equal fo its acceleration of rotation about the 
instantaneous centre of zero acceleration Q. And 
from (64) we have 


(63) 





wap Wa 
QM OAs ""* elc., (65) 





1.e., fhe acceleration of any point of a body is 
Proportional to its distance from the instanta- 
Fig. 197. neous centre of zero acceleration. A diagram of 

the distribution of accelerations is given in Fig. 197, 

Il should be borne in mind that the posilions of the instantaneous cenlre 
of zero velocily P and the instantaneous centre of zero acceleration Q at any 
glven lime do nol coincide. For example. if a wheel rolls along @ straight 
rail (see Fig. 198), the velocily of lis cenire C being constant (0;- = const.) 
the instantaneous cenlre of zera velocily is af point P (vp=D), bul, as was 


reclillnear motion and wc=0. The instantaneous centres of zero velocity and 
feFo acceleralion coincide only when a body rotales about a fixed axis, 
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The concepl of instantaneous ion j 

centre of zero acceleration seni i 
solving certain problems, oe ene 
_ Problem 78 A wheel rolls along a straight rail so thal the velocil [ 
ils centre C jis constant. Delermine the acceleration of a point Af on the id 
of the wheel (Fig. 198). apes 
; Solution. As 0; =const., then. as shown above, point C is the instan- 
ancous centre of zero acceleration. The instantancous centre of zero velocity 
r is at P, Consequently, 





Ur Uc 
Ww; oS ST SS 
PC R const., 
_ da € 
e=77=0 {an t=7,=09, pO 


and from Eq. (64) we oblain 
ve 
wy = CMo' = —., 
M R 


Thus, the acceleration of any point Af on the rim 

(including P) is equak lo vgfR and is directed lo- 

Fig. 198. wards the centre of the wheel, since angle 4 =0, 

Note that for point M this is not the normal accel- 

cralion, for the velocity of Af is perpendicular to P.M (see Problem 69) 

and consequently the tangent M. to the path of point M is directed along 

MD, while the principal normal Afa is directed along AFP. Therefore, 
W sp, = Wap COS and Gy, = uray SIN, 

Problem 79. Crank OA folales with a constant angular velocity wy, 
(Fig. 199). Determine the acceleration of the slide block 8 and the angular 
acceleration of the connecting rod AB 
at the instant when /¢ BOA=90°, if 
OAz=r and AB=1, 

Solution. At the given instant lhe 
velocily of all points of lhe connecting 
tod is @, (see Problem 71. Fig. 1868), 
the instantaneous centre of zero velocily 
is at infinity, and w@,4,—=0. Therelore, 





€ 
fan p= =o and p= 90° (ean = 0. 


as olherwise, according lo Eq. (64). 
the accelerations of all the points of AB would be zero, bul wy, = 0). 

The acceleration of point A is wy=W4,= ru, and is directed along AO. 
The acceleration of point 8, which is in rectilinear motion, is direcled along 08. 
It will be noticed from Fig. 197 that the acceleration of any point M of the 
body makes an angle » with QM. In the present case p= 90", consequently 
QA and QB are perpendicular to w, and wa. Erecting these perpendiculars, 
we locale point Q. Writing the proportion (65), 


wy __ Wa 
QB” QA' 
where QB=r and QA= YF? —7", we oblain 


w Ta 
A S= — ————— . 
VrF—r oA 
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The acceleration wy; of any other point M of the connecting rod is per- 
pendicular to Q.' qu = 90"); the magnilude of ety is found from Eq. ¢65p. 

The angular acceleration ¢ 4,” of the connecting cod is fuund from the 
equation u4= Q4-€ng obtained Irom Eq. (G4 at way = 9. Hence, 


tan = Ma 
Chapter 13 


MOTION OF A RIGID BODY HAVING ONE FIXED POINT 
AND MOTION OF A FREE RIGID BODY 


86, Motion of a Rigid Body Having One Fixed Point. Lel us 
investigate the motion of a body having a lixed point O. A lop, 
whose point of contact with the plane on which it spins is fixed 
relative to it, or any body, with a ball-and-sockel joint are illus- 
(rations of such motion. 

The position of a body having a fixed point O can, evidently, 
be specified by the position of any other two poinls A and B 
nol collinear with O (otherwise, if 
A and B were fixed, the body could 
have turned round axis AB, which is 
impossible when point O, not lying 
on AB, is fixed). 

To get a full picture of this type 
of motion, let us demonstrale the 
following theorem of Euter-d’ Alembert: 
Any displacement of a rigid body hav- 
ing a fixed point O can be effected 
by a simple rotation of the body about 
a certain line through that point. 

_ Let the body occupy position / 
in space al time f¢,, and al time /, 
let it occupy position //7, as shown Fig. 200. 

in Fig. 200 by the dashed contour. 

Let us choose points A and B of the body, by which we shall 
specify its position in space, such that point A is arbitrary and 
point 8 is that point in space at lime f, to which point A 
comes at time /,. 

When the body occupies configuration //, point A moves to 
position A,, which was previously occupied by B, while B moves 
to some new position 8, To prove the theorem, let us pass a 
plane through points A, A,, and B, and erect a perpendicular OD 
to it from O, Nole that OA s0OA,—=OB, and AB=A,B,, as the 


7 =—2084 
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budy is rigid. Bul this means thal AD=A,D= B,D, as the pro- 
jections of equally inclined equal lines on the same plane. 

Consequently. A ADA, = A A,DB,. whence / ADA, = 
= 7 A,DB, =A. If. now, the body is turned through angle Ag 
about axis OD. triangle ADA, will move in ils plane until it 
coincides with triangle A,DB,. wilh point A moving to A, and 
B to B,. Thus, the body has been transferred from 
posilion / 10 posilion // by the simple rotation 
aboul axis OD through angle Af. 

This theorem: asserts thal the body can be 
moved from position / lo position // by the sim- 
ple rotation about axis OD; this, of course, does not 
necessarily mean that the motion of the body in 
the time interval Af—!,—/¢, was actually that 
of simple rotation. Actually the body may have 
been moved from one position to the other in 
some other way. However, the smaller the time 
interval Af, i.e.. the closer position // to posi- 
lion /, the closer will {he rolation through angle 
All about axis OD resemble the actual molion of the body. When 
the interval Af is indefinilely diminished, axis OD will approach 
a cerlain limiting position OP called the instantaneous axis of 
rotation of the body. By a rotation about 
this axis (hrough an infinilesimal angle «4, 
the body is brought from one posilion lo 
another, infinilesimally close posilion (Fig. 
201). The angular velocity 





— jim ” 
as are At . 

with which the rotation is made is fhe tn- 
stantaneous angular velocity of the body at the 
given lime ¢. This angular velocily can_be 
depicted by a vector w along axis OP (see § 74). 
Unlike a fixed axis. the instantaneors 
axis of rotation continuously changes its 
direction in space and in the body. Thus, 
the motion of a rigid body about a fixed point can be regarded 
as a series of infinitesimal rotations with angular velocily @ round 
many instantaneous axes of rotation through the fixed point 
(Fig. 202). The successive positions of the instantaneous axis of 
rolalion generate a conic ea and the tip A of vector @ 

describes a curve on that surlace. bh 
The angular acceleration € of the body, which in the present 
case characterises the time rate of change of the angular velocity 
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w both in magnitude and direction. is 


By analogy with Eq. (13) (§ 64), we conclude that vector & 
is parallel lo the tangent to the path of the tip of vector @ at 
point A (see Fig. 202). Thus, in this case, unlike the case of 
rolalion about a fixed axis, lhe direction of veclor € does not 
coincide with thal of vector w. 


87. Velocity and Acceferation of Any Point of a Body. Since 
at any moment of time a body moving about a fixed point has 
an instantaneous axis of rolation OP, the 
magnitude of the velocily of any point Af 
of the body (Fig. 203) al thal moment will 
be specified (by analogy with § 76) by the 
equalion 

v=woh, (66) 


where @ is the angular velocity of the body 
and A is the distance of point M from the 
instanlaneous axis of rotation. The velocity 
vector 9 is normal to plane MOP through 
the instantaneous axis and point M tn the ia 
direclion of the rolation of the body. Fig. 203. 

Eq. (66) is not always convenienl for de- 
termining v, as (unlike the case in § 76) the quantily A changes 
with lime. For the same reason we cannot obtain from Eq. (66) 
an expression for the acceleration of point Af, as was done in 
§ 76, where 4 —const. 

Lel us therefore develop anolher formula which would enable 
us to oblain directly the velocity vector @ for point M. 

Consider the veclor product or, wherer is the radius vec- 
tor from the fixed point O to the point M. The absolute value 
of the product is 





jo X ¢| =o sina =o, 


Vectors o Xr and ov, it will be readily observed, have the 
same direction (lhe direction of a veclor product was discussed 
in § 41) and dimension. Conscquently, 

o=u XP, (67) 


i.e., the velocity vector for any point M of a body is equal to the 


vector product of the angular velocity of that body and the radius 
vector of the point,. : 


7e 
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From: Eq. (67) we can obtain the acceleration of ™: 
do 


wa =($xr)+ (ax). 


dw d 
Bul a and 7 =? therefore 


w= (er) + (w X 9). (68) 
The acceleralion w,=eXr is the rotational compon 

, < ent, d 
w,—w > o is the component of the acceleralion of point Af directed ‘wards 
the axis of rotation. Veclor w, is normal to the plane through point Af and 
veclor € (Fig. 204): in magnitude w,=er sin f=eh,, where A, is lhe dislance 
io ou a to eee oe w,. Which is perpendicular to bolh vo and wo 
is direcled along see Figs 203 and 204). and i i = in 
aha erage g ). and in magnilude w, = wu sin 
_ Problem 80. Delermine the velocilics of points 8 and C of the bevel wheel 
in Fig. 205 if the velocity ey of the wheel centre A along ils palh is known. 

The wheel runs wilhout slipping on lhe fixed conic surface K. 





Fig. 204. Fig. 203. 


Bolution. The wheel rolales about a fixed poinl O. As il runs wilhout 
slipping. the points of the wheel on line O8 must have the same velocily as 
the points of surface XK, i.e., zero. and OB is the inslanlaneous axis of rota- 
tion of the wheel. Therefore u,=wh,, where o {ts lhe angular velocity of the 
wheel in ils motion about axis OB, and A, is the distance of A from {hat 


axis. Hence, o =v 4/h,. 
The velocity ve of point C is wh,, where h, is the dislance of C from 08. 


As in this case Ay = 2h,, Uc = 20,4. For point 8. which is on the instantaneous 
axis of rolalion, Ug =0. 


88. The Most General Motion of a Free Rigid Body. Let us 
now examine the most general motion of a rigid body free to 
move in any direction in space. In this case the posi- 
tion of the body relative to a frame of reference Oxyz (Fig. 206) 
is, evidently, specified by the position of any three non-collinear 
points A, B, C of the body. Let the body occupy a position / 
at time #,, and at time ¢, let it be in position //. The displace- 
ment of the body in the time inlerval At==/,——f, can be per- 
formed in the following manner: first translate the body so that 
any arbitrary point A, ({he pole) eccunt a new position A, the 
body as a whole occupying posilion /’. Now, to bring the body 
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into posilion //, it has lo be rolated about the pole A, as round 
a fixed point. This. by the theorem in § 86, can be performed 
by a simple rolation of the body aboul line A,D. Thus the body 
has been moved [rom posilion / to position // by first translat- 
ing it and then rotating it aboul an axis AD lhrough a pole A. 
However, for an arbitrary time inlerval A‘, thi> displacement 
does nol give an actual! pic- 
ture of the body’s molion. 
This can be oblained by di- 
viding the duration of the 
motion inlo infinitesimal lime 
intervals, for each of which 
the axis AD accupies a cor- 
responding limiling posilion, 
i-e., that of the instanlancous 
axis of rolation, 

We conclude, then, lhal the 
most general motion of a free 
rigid body is composed of a translation of the body, in which all its 
poifs move with a velocity 0, in the same way as an arbitrary 
pole A, and a series of infinitesimal rofations with an angular ve- 
locity w aboul the instantaneous axes of rotation through the pole A 

(Fig. 207). This, for exam- 

ple, is the picture of motion 

in any non-translalory dis- 

placement of a body in air: a 
y, thrown stone, an aircraft 

engaged in stunt flying, a 

gun-shell, etc. 

Plane molion of a free body 
(Chapler 12) can be trealed 
as a special case in which 
the vector w remains conlin- 

Fig. 207. ually normal to the plane 

; of molion. It should be noted 

that bolh in the general case and in plane motion the rolational 

component of the molion (for instance, lhe value of w) does 
not depend on the choice of the pole. 





Fig. 206. 





In the most general motion, as well as in ; : i 
mus 7 plane molion (sce § 79, Fig. 175), 
abe, ucieclty pn of any point M of a body is the resvllant of the Molocity “ 
ae body Spout. eee Vga Of point Af in ils rotation together with 
On = 04 + Para (69) 


The validity of this result is proved as in §7 
Ona= 0X AA. P in § 79. And. from Eq. (67). 
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Sunilarly, we obtain Jor the acceleration of any point Mi (sce § 84) 
Wy = Wy + Wy. (70) 


The quantity wayyy is given by Eq. (68), assuming r= AM and v=0y4= 
=a P< AM, 


Chapter [4 
RESULTANT MOTION OF A PARTICLE 


89. Relative, Transport, and Absolule Motion. So far we 
have considered the displacement of a particle or body with re- 
spect to one given [frame of reference. But in solving problems of 
mechanics it is offen more expedient (and sometimes necessary) 
to consider the motion of a particle (or body) simultaneously 
with respect to two frames of reference, one of which is assumed 
to be fixed and the other moving in some specified way with 
reference to the first. The motion performed in this case by the 
particle (or body) is called resulfant, or combined molion. 

For example, when a sphere rolls on the deck of a moving 
boat ils molion with respect to the shore is the resultant of its 
rolling relative to the deck (the moving frame of reference) and 
ils molion together with the deck 
with respect to the shore (the fixed 
frame of reference). Thus, the result- 
ant motion of the sphere can be re- 
solved into two simpler, and easier 
analysed, molions. The melhod of 
resolving a motion into simpler mo- 
{ions by introducing a supplementary 
moving frame of reference is widely 
employed in kinematic calculations, 
thereby underlining the practical val- 

Fig. 208. ue of the theory of resultant motion 

considered in this and the following 

chapters. Furthermore, the conclusions of this theory are used 

in dynamics to investigate the relalive equilibrium and motion 
of bodies subjecled to the action of forces. : 

Consider the resultant motion of a parlicle M moving with 
respect to a frame of reference Oxyz which is in turn moving 
with relation lo another frame of reference O,x,y,z,, which we 
assume to be fixed (Fig. 208). (Each of these frames of reference 
is, of course, associated with a definite body, not shown in the 
diagram.) We shall employ the following definitions: 

1. The molion performed by the particle M with respect lo the 
moving coordinate system is called relative motion (this is the 
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motion seen by an observer moving together wilh the moving 
axes Oxuz). The path AB described by the parlicle in cclative 
motion is called the relative path. The velocity of the motion 
along this path AB is called the relative velocity (denoted by the 
syinbol 9,,,). The quantity characlerising the lime rate of change 
of the relalive velocity @,,, of the particl Af in ils motion along 
AB (i.c., in its selalive motion) is called the relative accelcra- 
tion (denoled by the symbol w,,,). 

2. The motion performed by the moving frame of reference 
Oxyz. logether wilh all the poinls of space fixed wilh respect 
to it. relative to the fixed system ,x,y,z, is. for the particle M, 
the moffon of transport, 

The velocily of the noint fixed in the moving axes Oxyz with 
which lhe particle M coincides al a given instant is called the 
fransport velucity of the particle Af al that inslant (denoted by %,,). 
and the acceleration of thal point is called the fransport acceler- 
ation of the particle M (denoted by w,,). In other words, if we 
imagine the relative motion of parlicle Af lo be laking place on 
the surface of (or inside) a rigid body in which lhe moving 
coordinates Oxyz are fixed, then {he transport velocily (or accel- 
eralion) of particle Af al any given instanl is the velocily 
(or acceleration) of the point of the body which coincides with M 
al that instant. wae VE 

Il is evident thal the transport acceleration characterises the 
lime rate of change of lhe transporl velocily o,, of the moving 
(ramse of reference. 

3. The motion of the parlicle with respect lo the fixed frame 
of reference O,x,y,z, is called the absolute, or resultant, motion, The 
path CD described in this motion is called the absolufe path, the 
velocily is the absolufe velocity (denoted o,). and the acceleration 
the absolute acceleration (denoled w.,). 

_In the example cited in the beginning ol this article, the mo- 
tion ol the sphere with respect to the deck is relative motion, 
and the velocity of this molfion is the relative velocity of the 
sphere; the motion of the ship wilh respect to the shore is, for 
the sphere, the molion of transport, and the velocily of the point 
of the deck with which the sphere coincides al the given time 
is, for the sphere, the transport velocily; finally, (he motion of 
the sphere with respect to the shore is the absolyte motion of the 
sphere, and the velocity of that molion is the absolute velocily 
of the sphere. ; 

; In order fo solve the relevani problems of kinemalics il 
Is necessary to establish the relationships -belween the velocities 


and accelerations of the relativ 
F e {rans d 
mations, ; port and absolute 


© 
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90. Composition of Velocities. Consider a particle M_ perform. 
ing a resultant motion. Let the relative displacement of the 
particle along ils path AB in the time interval At—/¢,—1¢ be 
specified by the vector MM’ (Fig. 209a). In the same lime inler- 
val, the path AB itself, moving togelher with the moving axes, 
occupies a new position A,8,, and the point of curve AB coin- 
ciding with the particle Af at time ¢ performs a transport dis- 
placement AfAI". As a resull of these displacements particle M 
will occupy a posilion Mf,, its absolule displacement in the time 
interval Aft being MM,. From the vector triangle MM*°M, we 
have: 

MM,= MM’+ M’'M,. 


Dividing the equation through by Af and passing lo the limit, 
we obtain 


. ut i MAC” M’M, 
lim A tim 2 lim 2, (71) 
stwa af een, aio at 


But by delinilion 
MM, . MM" 


=o, lim =9,, 


am St at—+o Af 


st—-o 


As to the last component, since, at Af—-0, curve A,B, tends 
to coincide with curve AB, in the limit we have 


lim An | MM 
oe Al spe a = eer 
The obtained velocities are tangent to the corresponding palhs 


(Fig. 2096). 
Substituting all these values into Eq. (71), we obtain 


v7.= Vie + Dy: (72) 
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Thus, in resulfant motion the absolute velocity of a point is thz 
geometrical sum of the relative velocity and the transport velocity. 
This is known as the theorem of the composition of velocities. 
The construction in Fig. 2096 is called (he parallelogram of veloc- 
ilies. 

If the angle between the directions of velocities o,, and o,, 
is a, then in magnitude 

v= vt fut + Qe, ciir COS @. (73) 


Eq. (72) can be obtained by anolher course of reasoning. |el the position 
of a moving particle wilh respect lo lhe fixed axes O,x,y,z, be specified by a ra- 
dius veclor r, (see Fig. 2090) and lel vectors ANAL’, AAI’. and AIM, Le very 
small displacements performed in the lime inlerval df along the langents to the 
respective palhs lhrough point AJ. Then vector AM, will denole the fotal incre- 
ment dr, reccived by veelor r, in the time inlerval df. Similarly, vector AfAT” is 
the increment (dr,),.. received by veclor rv, during the time interval dé as a re- 
sull of only the relalive displacement of the particle along curve A8, and AtAt” 
is the increment (dr,)j_ teceived by veclor r, as a resull of only the transport 
displacement of curve AB We have 


dr, =(9r\)eer + Gries (74) 
i.e., the folal inerement of vector v, in lhe inlinilesimal lime inlerval d¢ 1s the 


Seg erat sum of ils increments in the relalive and iransporl motions. Dividing 
q. (74) through by df, we have 














dr, (dr rot (dr), ’ 
a aot a (74) 


OF 9, = 4+. as, by virlue of Ihe definilion, the ralios in Eq. (74') are 
respective'y equal 10 O,, ce, and My. 

The following problems of particle kinemafics are solved wilh the help of 
the parallelogram of velocities: a knowing ©, , and %. to determine e,: 
b) knowing ©, and the directions of ©,., and O,. lo 
delermine the magnitudes of the latler two veloci- 
ties; c) knowing 9, and o,, lo delermine the rela- 
live velocity of a parlicle from the equation 


M1 = 0, + (— Oe). 

Problem 91. Poinl Af moves in a straight line 
slong OA (Fig. 210) wilh a velocity u, while OA 
itsel lurns in the plane Ox,y, round O with an anpu- 
Jar velocily w. Find the velocity of point Af rela- 
tive lo the axes Ox,y, expressed as a funclion of the 
distance OM =r, ‘ 

Solution. Consider the motion of point M Fig. 210. 
as a resullant motion consisting of its relative 
motion along OA and ils molion together wilh OA. Then the velocily a along 
ras is the relative ran! of the point. The rolational motion of OA about 

oe. for the point M, (he mollon of transport, and the velocily of the point 
nish ‘ wilh which M coincides al the given insiani is the lalter’s transport 
velocity o%¢. As this point of OA moves along acircle of radius OM =r, 
@,=/ and is perpendicular lo OM. Consiructing a parallelogram with vectors 
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u and 9, as ils sides, we obtain lhe absolute velocily o, of Mf relative to the 
axes Ox,y,. AS w and © are mutually perpendicular, in magnitude 


c= Yur + ws?, 


Problem §2. The current of a river of width A has a conslanl velocity o 
A man can row a boat in motionless waler with a velocity u. Determine the 
direction he should take in order to cross the river in the least possible lime 
ahi gs point where he will reach the opposite 

ank. 

Solution. Assume tha’ the boat bas 
Slarled from point O (Fig. 211). Draw the co 
ordinate axes Ox,y, and show the boat in an 
arbitrary posilion Af. Assume further that the 
rower sleers his boat al a constant angle a@ to 
axis Oy,. Then the absolute velocily o, of the 
boat is compounded ol the relative velocity t,,1 
~ imparted to il by the rower (0,.;==) and the 
7 “a7 * Iransport velocily o,, which is the velocity of 

the strean (0, = 9): 


Fig. 211. 0,==%,; +0, =a+0. 


_ The projections of the absolute velocity on the coordinate axes are (accord- 
ing to the theorem of the projection of a veclor sum): 


¥ 






L-_—-- 
le, 


Usz,=Usina+U; Uyy, =u Cosa. 


As both projections are constant, the displacements of the boat along the 
courdinate axes are . 


x, =(usina+ov)f; y,=(ucosaye. 


When the boal reaches the opposile bank, y,==4, whence the duration of 
the crossing is ; 


‘ies A 
~u cosa’ 


Obviously f, will have the Jeast value when cosa=I, i.e., when a=0. 
Consequently, in order to cross the river in the shortest time, the rower should 
steer his boat perpendicular to the bank. This time is: 


fmin = - . 
Assuming a==0 and f= min in the expression for x,, we have 
x= A 


Thus, the boat wil! reach the other bank al a point B al a distance x, 
downstream from Oy, directly proportional lo v and A and inversely proportion- 


al lo u. ; 
Problem 83. Ala given instant, the arm OM of a recording mechanism 


makes an angle a with the horizonta! and the pencil Af has a velocity v direcl- 
ed ‘erpendiculer to OM (Fig. 212). The drum_with (he paper rotates about 
a vertical axis wilh an angular velocity w. Determine the velocity w of the 
pencil on the paper if the radius of ihe drum is a. : 
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Solution. The absolute velocity of the pencil is 0, = 0. Velocity © can 
be regarded as the geometrical sum of the velocity of the pencil relative to the 
paper (i-e., the required velocity u) and the transport velocity Oy. which ts 
equal lo the velocity of the point of the paper wilF which {he pencil coin 
cides al the given moment; ils magnilude is ty, = wa. 

From the theorem of the composition of velocities We have 9 =u + Or, 
whenee os = 0 + (— 0,,)- Constructing a parallelogram with vectors @ and (— Di,_) 
as ils sides, we oblain the required velocily u. As the angle belween 9 and 
(— %,) is 90°, in magnitude 

wed + ela! + 2ewa sina. 

The anvle between uw and the direction of 0, can now be delermined by 
the law of sines. 





Fig. 233. 


Problem 84. End & of a horizontal rod A&# is hinged to a black sliding 
along the slols of a rocker OC and turns the Jaller round axis O (Fig. 233). 
The distance from O lo AB is A. Find the dependence of the angular velocily 
of the rocker on the velocily 0 of the rod and angle @. 

Solution, The absolule velocily of the slide block equals the velocity o 
of the rod. It can be regarded as compounded of the celalive velocily o,,t of 
the block in ifs motion in the slots of the rocker and the {ransport velocity 
Mp. Which is the velocity of the point of the rocker with which the block 
coincides al the given time. The directions of these velocilies are along O8 
and perpendicular to OB, respectively. We obtain 1 And , by resolving 


velocity @ along them. From the parallelogram we find that in magnilude 
Uy, =U COS D. 





Bul, on the other hand, the transport velocily vj, =a O08 = re >" where 
\ 
@ is the angular velocily of the rocker. Equating these two expressions of Cle 
we obtain the angular velacily: ° 


win 2 cos* 
~~ ft ?- 


_ 91. Composition of Accelerations. Corlolls Theorem. Let us 
first defirle more accurately the concepls of the relative 
acceleralion and acceleration of transport of a particle. In result- 
ant motion, the increase of the relative velocity o,,, of a particle 
takes place in both the relative and the {ransport components of 
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its motion, i.e., analogous to Eq. (74) in § 90: do = (do 

+ (dv,,.),,. But by definition the relative acceleration of nae 
licle is the quantity w,, which characterises the lime rate of 
change of ils relative velocily o,., only in the relative motion 
Consequenlly. 


wr ~ df - (75) 


The change of veclor v,, due to the motion of transport is 
not taken inlo accounl by w,,,. 

Similarly, the transport velocity 9, changes both in the rela- 
live and the transport components of {the motion, whence 
dv,, = (d,,),., + (do,,),,. But by definition the transport accelera- 
tion of a particle is lhe quantity w,, which characterises the lime 
rale of change of the transport velocity only in the motion of 
transport (w,, is the acceleration of a point fixed in a set of 
moving axes, i.e., not performing relative motion). Consequently, 


(dd, chy 
Wi, = — * (76) 


The change which veclor 9,, receives in the relative motion 
is not taken inlo account by w,,. 

Thus, unlike the velocities, the quantilies which we define in 
kinematics as lhe relative acceleration and the transport acceler- 
alion when compounded do not give the tolal (absolute) acceler- 
ation of the particle. The definitions, however, are convenient 
insofar as they are useful in calculating the values of w,, and w,,. 
For since in determining w,,, we do not have to take inlo account 
the motion of the moving axes Oxyz, the former can be calculat- 
ed by the usual methods of particle kinematics (see §§ 67 and 69). 
Furthermore, since in calculating m,, we do not have to take 
info account the relative displacement of the particle, it is calcu- 
Jated as the acceleration of some rigid body fixed in the axes 
Oxyz. i.e., by the methods of rigid body kinematics (see § 76, 
84, etc.). Thus, with the definitions of w,,, and w,, given by Eqs. 
(75) and (76), they can be calculated by applying the known 
formulas of kinematics. 


The fact thal each of the veclors 9,,; and 9, do change in both the rela- 
live and transport components of the molion is illustrated by the following 
parlicular case. Let a particle be moving with acceleralion along a straight 
line Ox, which ilself rolates aboul an origin O in a plane Ox,y, (see Problem 81), 
Then, during the relalive displacement of the particle from pasifion Mf lo M 


(Fig. 2142), veclor 2 will change into o. (which is not shown in the diag- 


. : . , P i hich 
ram), (he increment in Ihe time interval dé being (dv,e)so1, the ratio of w 
lo di gives the relalive acceleration mr, of the particle. But. simultaneously, 
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ue to the rotation of Ox, vector 9,,; will be displaced to position o,,,, ils 
increment {n the motion of transport being (do,.)),. the ratio of which to df 
gives a supplementary acceleration. not included in the term Wg. ; : 

Similarly, in the motion of Iransport (the rotalion of Ox), parlicle Af is 
displaced in the-lime interval d¢ lo posilion AI” (Fig. 2146) and the vector a, 
becomes 0s, ils increment being (¢0~),- the ratio of which lo di gives the 
transport acceleration w,, of the particle. Bul at the same time, during lhe 
relative displacement of the particle from position MM to AM, the vector a4 
receives an additional increment (do,,),... since, in posilion Af, %,—=w-O¢M, 
and in posilion Af’, o,=0-OM. The ratio of this increment {o df gives 


a supplementary acceleralion not included in the term w,,. 
(dv..) 
y {r 
% Ws) ret 
: ' 8 


- 





Fig. 2t4. 


Now let us prove the theorem of the composilion of acceler- 
alions. The absolute acceleration of a particle is w, =, As 
in resullant motion o,—o,,-+-9,,, it follows thal 

; — 49, . dO, 
Wa Ta: 


The total Increments do, and do, of (he respective vectors in 
the right side of the equation consist, as shown above, of their 


respective increments in the relalive and transport components of 


the motion. Separating these increments, we can write {he last 
equalion in the form 


—— rere d0;4) re dhe 
a, = “Peat 4 (ere 4 ul tas Sarl : 
or taking into account Eqs. (75) and (76), 


w, = Diet + @,, + erg 4 + any Ms iL ° (77) 


1. The Case of Translator i 
: y Motion of Transport. 
oe fie ies components in Eq. (77) take into account the change 
of the relative velocity @,,, in, {he motion of transport and the 
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transport velocily w,, in the relative motion. Let us first deter. 
mine the values of these components in the case when the mo- 
lion of the moving set of axes Oxyz—and of curve AB (see 
Fig. ?08) together with them—is translalory. In this case the 
{ransport displacement of AB into configuration A,B, is such that 
vector 9, remains parallel to itself, i.e., if receives no incre- 
menl (Fig. 215a: the moving axes are nol shown). Consequently, 
in the present case (d2,.,),,=0. 


{t) 


Ur 





tt) 





Fig. 215. 


Furthermore, since AB is in translatory motion, the transport 
velocily (the velocity of all the points belonging to AB) is the 
same in posilion AI’ as in position M (Fig. 215). Therefore. in 
the present case vector o,, does not change during the transport 
displacement of the particle from M to M’, and (d,,),..=0. 
Thus, from Eg. (77) we obtain 


w=, +, (78) 


Thus, in franslatory motion of transport the absolute acceleration 
of a particle is equal to the geometrical sum of ifs relative and 
fransport accelerations. 

2. The Case of Non-Translatory Molion of Trans- 
port. In this case the quantities (de,.,),, and (d9,,),.. are nol zero. 
Let us introduce the symbol 


(dOceyhe (4 Oe )eet 
cor fy eae a . (79) 
The quanlity w,,,. which characterises the lime rale of change 
of the vector of relative velocity o,, in the molion of transport 
and the time rate of change of the vector of the transport veloc- 
ity o,, in the relalive motion, is called the supplementary, or Corio- 
lis, acceleration of the particle. Then, from Eq. (77), we oblain 


W, = Wye Wet Wor (80) 
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Eq. (80) expresses the following theorem of Coriolis *: 

In non-translatory motion of transport, the absolute acceleration 
of a particle is equal to the geometrical sum of three accelerations: 
the relative acceleration, which characterises the lime rale of change 
of the relative velocity in the relative motion, the transport acceler- 
afion, which characterises the time rate of change of the transport 
velocity in the transport motion, and the Coriolts acceleration, which 
characterises the lime rate of change of the relative velocity in the 
transport motion and of the transport velocity in the relative motion, 


92. Calculation of Coriolis Acceleration. In (he most gen- 
eral transport motion, the molion of a set of axes Oxyz is the 
result of a translalion togelher with some pole and a rotation 
aboul that pole (§ 88), the ro- 
talional component of the mo- . g bf dea} 
tion being independent of the : 
choice of the pole. In order lo 
calculate the Coriolis accclera- 
lion of a particle for the mosl 
general case, it is necessary lo 
delermine the components of the 
right side of equation (79). 

a) Deter mination of 
(dd... In the lransport dis- 
placement of a set of axes Oxyz 
logether wilh a curve A8 (Fig. 
216a; axes Oxyz are not shown), 
veclor 9,,,, Which is tangent Fig. 216a- 
to AB, in a time interval df 
will suffer a translalion to point M”° and a rotalion aboul that 
point 1o a position o*,,,. The resultant increment of vector v,,, 
is (dv,..),.. Which can be calculated by the formula (d0,.,),, = 9,d!, 
where @, is the velocity of the displacement of point 6, i.e.. of 
the tip of veclor M"b=9,, in ils rolalion aboul M”. But this 
rotation is performed with a lransport angular velocily a,,, i.e., 
with the angular velocity of rotalion of the moving set of axes 
(Fig. 2166). Hence, by Eq. (67), 0,=@,, X M’b=@,>9,,, and 
(dO, .)1, = 0,dt = (@,, X 9,,,) dé. whence 





Wir 





(40.1) 
el T= 1, >< Veet (81) 





* Gustave Coriolis (1792-1843)— scienli is W 
iheorelical cod applies Lat ea a French scienlist famous for his works In 
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b) Determination of (4o,,),,,. The transpo ity 
is equal to the velocity of that point of AB fied Gi ihe nouns 
set of axes Oxyz which coincides with particle At at the given 
instant (Fig. 2166). Taking the origin O as (the pole. this veloc- 
ity will consist of the velocity 9, of the origin and the velocity of 
rolation of the axes about their origin. Consequently, [rom Eqs. 
(67) and (69). 9,=0,+@, <r, where r=OM and @,, is the 
angular velocily of rotation. The relative displacement of the 
particle in the time interval dé is MA1°—=0,,dt, and ils new 
position is M', for which o,,=9, +a, <r’. where r =r 5 
Consequenlly, the increment to vector v,, due fo the aise ds 
8 placement of the particle from po- 
sition M to M’ is 


eet (AD eet = Pir — Oy, = OX (F' — 1) 
= 0), x MM’ == G),, XK Ve dl, 












whence 
: (d rare 
Cet ce Op XO p—1- (82) 
7 Substituling the expressions (81) 


and (82) inlo Eq. (79), we obtain 
Wor = 2 (,, x Pre): (83) 


Thus, the Coriolis acceleration of a particle is equal to the 
double vector product of the angular velocity of the motion of trans- 
port and the relative velocity of the particle. 1{ the angle between 
the veclors 9,,, and @), is 
a, then in magnitude 


Fig. @16b. 


Woy = 2|We Mee (Sina. (84) 


The vector w,,, is of 
the same sense as the vec- 
lor @,>.2,,;  1-€.. mor- 
mal to the plane through 
vectors @,, and a, in the 
direction [rom which a 
counterclockwise 1otation Fig. 217. 
would be seen to carry vec- 
tor @,, inlo vector %,,, through the smaller angle (Fig. 217a.). 

It can also be seen from Fig. 217a thal the direction of 
vector w.,, can be obtained by projecting vector 0,,, on plane Fs 
which is normal to @,, and turning the projection Ore, through 
90° in the direction of the rotation of transport. 
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If a resultant motion is in a plane ((he relative path is a plane 
curve moving in its plane), then angle a=90° (Fig. 2170) and in 
magnitude 
w or = 2 |, * Urer | - (85) 


Ii can be seen from Fig. 2176 that in the case of plane mofion 
the direction of W.s, can be obtained by turning the vector of the 
relative velocity 9,., through 
90° in the direction of the 
rofation of fransport (i.e., 
clockwise or counterclock- 
wise, depending on the 
sense of the rotation). 

To illustrate the above, 
Fig. 218 shows lhe direc- 
lion of the Coriolis accel- 
eration of a bead M mov- 
ing in a tube AB Sor the 
cases when the lube itself 
turns in the plane of the 
diagram (Fig. 218) and when it describes a cone (Fig. 2180). 

From Eq. (84) we see thal the Coriolis acceleration is zero when: 

1) w,,=90. i.e., if the motion of transport is franslatory (Eq. (78)) 
or if the angular velocily of the rotation of transport becomes 
zero at a given. instant. 

2) v,..=0, i.e., if there is no relative molion or if the relalive 
velocity beaomes zero at a given instant. 

3) Angle a=0 or a=180°, i.e.. if the relative motion is 
parallel to the axis of (he rotation of transport or if vector ¢,,, 
is parallel to thal axis at a given inslant. 





93. Solution of Problems. A. Translalory Motion of Trans 
ort. When the molion of transport is translalory, the nature of the prob- 
ems and lhe methods of ‘their solulion are analogous to the problems on the 

composition of velocities (§ 90). ‘ 

Problem 85. A wedge moving horizontally with an acceleration w, pushes 
up a rod moving in vertical slides (Fig. 219). Determine the acceleration of 
the rod if the angle of the wedge is a. 

Solution. The absolute acceleration @, of point A is directed verti- 
cally up. Il can be regarded as consisling of a relative acceleralion w I 
direcled along the side of the wedge and a transport acceleration Wir, which 
is equal to the acceleration of the wedge m,. As the molion of transport of 
Ihe wedge is translatory, by drawing a parallelogram on the basis of Eq. (78) 
and taking Into account thal w,—=w,, we obtain ‘ 


@,=w, lana, 


which is the acceleration of: the red, 
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B. Rotational Motion of Transport. Let us investigate in gen- 
eral forin the determination of w, when the motion of transport is a rota- 
tion about any fixed axis. 

Let a particle Af be moving along a relative path AASB on the suriace of 
a body (say a sphere) rotating with retardation aboul an axis BA (Fig. 220). 
In order to find the absolute acceleration of the particle at a given time 4,, 
we must know for thal inslanl: 1) the position of the particle on the curve AB; 
2) the relative velocity t,.. of the particle; 
3) the angular velocity « and the angular 
acceleration e of the body (i.e., w and e 
of the motion of transport). If these quan- 
lilies are not given, they should be deter. 
mined from the conditions of the problem. 

The next step is to draw the moving 
particle in ifs position at fime t, and show 
vectors D,.; and a in the diagram. The fur- 
ther compulations are then as Jollows. 

1) Determination of w,,). Mentally 
slop the rotation oJ the body and calculate 

Fig. 219 the acceleration of the particle in its motion 
g ‘ along AB according to the formulas of 
particle kinematics. If AB is given, then (§ 69) 





¢ dt, “] a tel 
we. — —; «= 7 
rel at rel Cret 


where Q;. is the radius of curvature of AB at point MW. If the relative motion 
is described by the coordinate method, 
Ihen v,.) and u,,, are calculated accord- 
ing to the formulas of § 67. 

2) Delermination of m,. Cal- 
culating the acceleration of that point 
of the body with which Ihe particle .4f 
coincides al the given moment, we ob- 
fain the lransport acceleration from the 
formulas of — rigid-body kinematics 
(§ 76): 








1 ns ee | 
wir he. wt, Sho, 


where 4 = MD is the distance of M from 
ihe axis of rotalion at time /,. 

3) Determination of @,,,. The 
calculation is peconiuie to the procedure 
explained in § 92. : 

Pa) Delermination of w,. Draw Fig. 220. 
all the computed vectors on the dia- ; ae ; ; 
gtam (laking into account their directions). From Coriolis theorem we have 


w,= wy + Weel + wie + Dip + Wor- 


If il is difficult lo oblain the sum of the vectors in the right side of the 
equation geomelrically, draw an arbitrary set of rectangular axes Alrge (see 
Fig. 220) and compute the projections of all the component vectors on yes 
axes. Then, from the theorem of the projection of a vector sum, we have 


Wax =>} Wine Way = Di» Was = Dj Wis» 
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and finally 
v= V », 4 uy +wi,- 


Nolte: In compuling w, be carelul aof to assume 


“= V wt +, + Woe 


(a characteristic mistake), as in the general case veclors Geq. We, ANd Weoe 
are nol mutually perpendicular. 

Problem 86. The rocker OA in Fig. 221 turns wilh a constant angular 
velocity w about axis O. A block B slides along the slolx will a constant 
relative velacily «. Determine the 
dependence of the absolute accelcra- 
lion of the block on ils dislance « 
from 0. 

Solution. Slopping the rocker 
al time f,. we find that the rela- 
tive motion of ithe block along il ts 
uniform and rectilinear; consequently 


at oo 0. ; 

or the block, the motion of the 
rocker is that of (transport; conse- 
quenily, (he transport acceleralion tw, 
ol the block is equal to the acceler- Fig. 221. 

alion of the point of the rocker, with 

which the block coincides al the given lime. Since Ilal print of the rocker is moving 


int a circle of radius OB =x and w=cons\., vector a= ew), and is direct- 





ed along 80. In magnilude w,, = wy, = o's. 

As the motion is in a plane, the Coriolis acceleralion w.,,—=2wu. By 
lurning the vector of the relalive velocity @ about point 8 through a right 
angle in the direction of the rolalion of lransporl (clockwise), we oblain lhe 
direction of Weng. 

From Coriolis theorem, 


Wy = Wea + Wie + Meo: 


In the present case @,—_,=0 and w,,. is perpendicular lo a. Consequently, 


v= Y wi, a Wor =o ott +- 4ut, 


_ Problem 87. The eccentric in Fig. 222°is a circular disc of radius R rotat- 
ing with a uniform angular velocity w about axis O through the rim of the 
disc. Sliding from point A along the disc with a constant relative velocily 
& is a pin M. Delermine the absolule acceleration of the pin al any time j. 
The motions are direcled as shown in fhe diagram. 


Solution, Al lime ¢ the pin is al a dislance s=AA= 
Consequently, at thal inslan! angle AOA4—a will be SE ONY Ae 


ot $s ae a 
*= TR oR! (a) 


as angle a Is equal to half the central angle ACM, 


212 Resultant Motion of a Particle [Ch. 14 
—_——— 


Stopping the motion of the dise al time ¢. we Jind that the relative motion 
of the pin is along a circle of radius R. As v,,;=>4=Cconst., 
¢ du au’ 
re] — dt =0. wel = R 5 (b) 


The vector wy; = we, is directed along the radius MC. 


For the pin the motion of the disc is that of trensporl. Hence, the transport 
acceleration wm, of the pin is equal {a the acceleration of the point of the disc 
with which if coincides al the given time, This 
Sy moves in a circle of radius OAf—2R cosa, 

or the disc, w = const., hence e=0, and 


w 


wi, = OM-e = 0, wi sm OM-o'=2Rw' cosa. (c) 
Vecior w,= 4, is directed along MO. 
As the molion is in one plane, 


Woop = 20u. (d) 





The direction of w,o, is found by turning 
veclor 0,.;==a round point M (through 90° in the 
Fig. 222. direclion of the motion of transport (counler- 
clockwise). 
The absolule acceleration of the pin is 


Dy = Wee + Wis + Wroor 


In this case vectors w,,.7 and Woo, are collinear and can be replaced by 
a collinear vector w, of magnitude u, = i'gel — Kor: : 

Adding veclors w, and w,, according {fo the parallelogram law, we oblain 
finally 





ws, y + (ret — Weos) aa Jey (Wiel Weor) cos @, 


where the values of a, &,¢), ty, and wo, are given by equations (a), (b). (¢). (d). 

Problem &8. A body in the Northern Hemisphere is trenslated from North 
to Soulh along a meridian with a_ velocity 
Urey =U 'sec: (Fig. 223). Delermine the magni- 
tude and direclion of the Coriolis acceleration of 
the body at latitude A, — 

Solution. Neglecting the dimensions of 
ihe body, we lreai if as a particle. The rela- 
live velocity of the body a makes an angle 4 
wilh the earth’s axis. Consequently, 


Wea, = 2wu sin i, 


where w is the angular velocily of the earth's 
rotation. 

Thus, the Coriolis acceleralion is grealest at 
the Pole, where A= 90°. As the body approaches 
the equalor, the value of x,,, decreases, (ill il 
reaches zero al the equator, where the veclorv,.j=@ Fig. 223. 

_is parallel to the axis of rotation of the earth. _ 

The direction of Wa, is found by the rule of a vector product. As Deo 
=2(o Xu), we lind that vector wo, is perpendicular to the plane througe 
vectors #@ and , i.€., perpendicular to the meridian plane, and is direct 
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easlwards, from where the shorlest turn from veclor w to veclor uw is seen coun- 
terclockwise. ; : ; 

The question of how the Coriolis acceleration affetts (he motion of bodies at 
the earth's surface is studied in the course of dynamics. However, from (he 
formula obtained il can be seen that the value of uw,.,, is usually small, as the 
angular velocily of rolalion of the earth is small: 


2H vee 
OS 97.5.000 


Il is apparent, (therefore, that for motions with small velocities the Coriolis 
acceleralion can, for all practical purposes, be neglected. 

Problem 89. The hypothenuse of the right-angled triangle ASC in Fig. 224 
is AB = 2a = 20 cm, and “ CHA =a = 60". The triangle rotates aboul axis Cz, 
according fo the law @— 10¢— 2¢". Parli- 
cle M ascillates along AB about ils middle O, 
fon 
(axis OE is direcled along OA). Determine 
the absolute acceleration of the particle Af at 
lime {,—= 2 sec. 

Solution. 1) Delermine the position 
of M on its relalive palh AB altime ¢,. 
From the equation of the molion we have 


f2n a 
b= acos (P)=—F, 
i.c., at lime f, lhe particle M is at 


(he middie of segment Of. Show this position in the diagram. 
2) Determination of o,). As the relative molion is rectilinear, 


ils equalion of motion being § =acos 





Fig. 224. 


Al time #, == I sec, 
a 5 =~ 
Ph, E? V3; | C41 =— zz V3 cmjsec. 


ce mis indicates thal al the given inslant ¢, the veclor 0,-; is pointed 


3) Determination of w and e. Dilferentialing, we obtain 


d 
o= FH =10—41, @, = 2sec™!, 


where w, Is the value of w al time ¢,=2 see; 
dw 
— — -t. 
c= =— 4 sec 


The signs indicate thal zl time f, the rotation Is ; ° 
from the {tp of axls Cz) and is retarded ion Is counterclockwise (observed 


4) Delerminalion of We). As the relalive motion Js rectilinear. 


— Wp? n.\ 
Oey = a =— Faces (F 0). 
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At lime f, = 2 see, 


nt 5, ; 
Weel, = rT to em/!sec?, 


5) Determination of w,. For the particle Af the motion of the 
triangle iy thal of transport. and the transpor{ acceleration of Af is equal lo 
the acceleration of the point of the triangle with which Af coincides at the 
given lime. This point of the triangle moves in a circle of radius AlD = Ah, and 
al lime f, == 2 sec, , 


—_ 


h, 5 dneaeu ms cm. 


Thus, at the given instant, 


@,, = eh = — 10 V Temrrec*, wt = wth = 10 WFemisect. 


Veclor wi, is normal to plane AHC in the direction opposite to thal of 


the rolation of the triangle. Vector wy, is directed along AMID towards the axis 


o! rolalion Cz,. 
6 Determination of w,,,. The magnitude of w,,, al lime f, = 2sec is 


@, or = 21 we, [ sina = 10 mcm sec?, 


as in this case the angle belween o,., and axis Cz, is a. 

Projecling vector ©,.; on a plane perpendicular to Cz, (lhe projection 
lies along AID) and turning the projection through a right angle in the 
direclion of the rotation of lransport. i.e., counterclockwise, we obtain (he 
direction of to, (which in the present case coincides with the direction of @,,)- 

7) Delermination of @,. The absolule acceleralion of the particle 
M al lime ¢, is 

i n 
Wy = Wet +, + Wi, + Moe 


In order to delermine the value of w,. draw a sel of axes Oryz (see Fig. 224) 
and calculale the projections of all the vectors on them. We oblain 


Way Weng bt 1S, | == la + 10 Vo = 48.7 cm/sec, 


5: 2 — ro 
Wey = Uy SING — WH, = ss VI— 10} T= — 12.6 crn sec’, 


5 
Wyp =— W COSA = — FE n® = — 2.7 cmisec’, 


and finally 
wv, = y eh fah, wy, = 50.4 cmfsec?. 


Vector w, can be constructed according to ils reclangular components along 
the coordinale axes Orye. 


Chapter 15 
RESULTANT MOTION OF A RIGID BODY 


. Composition of Translatory Motions. If a body moves with 
Seance lo . set of moving axes Oxye (see Fig. 208) which are in 
transport motion relalive lo a (xed syslem Ox,y,z,, the resulling 
absolule motion of the body is called resultant, or combined. 
motion (see § #9). ae 

The problem of kinematics in this case is to delermine the 
relalion belween the characteristics of the relalive, transport, 
and absolute molions. As we Know, the main kinematic characler- 
islics of the molion of a body are ils translatory and angular 
velocities and acceleralions. We shall confine ourselves to eslab- 
lishing only the relalions between the translatory and angular 
velocities of the motions. 

Consider first the case when lhe relalive motion of a body 
is a translation with a velocily v@, and the motion of transport 
is also a lranslation with a velocily v,. Then in the relative molion 
all the points of the body will have a velocily o,, and in the 
motion of transport. v,, From the theorem of the composition of 
velocities, in lhe absolute motion all the points of the body will 
have the same velocity v=v,-+-90,, i.e., the absolule motion 
will be that of lranslation. 

Thus, fhe resultant motion of two translatory motions with 
velocities v, and 9, is also a translation with a velocity v=0,+9,. 

The composition of velocities in this case is reduced to a prob- 
lem in particle kinemalics (§ 90). 


85. Composition of Rotations About Two Parallel Axes. 
Consider the case of a relative rotational motion of a body with 
an angular velocity w, .aboul a shal{ aa’ re - 
mounted on a crank ba(Fig. 225), and aro- Duy Dan 
tationa] motion of transport of the crank ba ; 
round axis 66° wilh an angular velocity o,. 

If axes aa’ and 66° are parallel. the & g 
body will be in plane motion perpendic- tr oo 
ular to the axes. Let us investigate 7 
the cases of rotations of same and op- 
posile sense. > 

1) Rotations of Same Sense. Fig. 225, 

The figure S in Fig. 226 is a cross sec- 

lion of a body perpendicular to. ithe axes of rolation. Let us 
denole the poinls of inlersection of the axes of rotation wilh 
the section -by the lellers A and B. It will be readily noticed 
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that. as A lies on the axls Aa’, ils velocity i ! 
rolalion about axis Bb’, whence v,—=a,-AB. Sinuilarly, ean 
Veclors 2, and @, are, of course, parallel. both being perpendic- 
ular {o AB, and of opposile sense. Therefore. point C (see § 81 
Fig. 182) is the instantaneous centre of zero velocity (uv —0), 
and, consequently, axis Cc’, which is parallel lo both Aa’ and Bo’. 
is the insfantaneous axis of rotation of 
the body. 

The angular velocily w of the abso- 
lute rolalion of the body about axis 
Cc’ and the position of the axis i.e., 
of point C, can be determined from Eq. 
(55) (§ 81): 


By virtue of the properties of pro- 
portions. we oblain: 
Fig. 226. Oat Up u,tup 


©=AC4+BC. AB ° 








SubsiItuling v,—=,-AB and vg=,-AB into the last two 
equations, we finally obtain 


oro), + ,, (86) 
(87) 


@, __ Ws @ 
BC AC~ AB’ 

Thus. if @ body participates simultaneously in two rotations 
of same sense about parallel axes, the resultant motion will be an 
instantaneous rotation wifh an angu- 
lar velocity o=o,+, about an in- 
stanfaneous axis parallel to the fwo 
given axes; the position of this axis 
is delermined by the ratio (87). 

The instantaneous axis of rota- 
tion Cc’ moves with time, describ- 
ing a cylindrical surface. 

2) Rotations of Opposite 
Sense. Again draw a section S of 
the body under consideration (Fig. Fig. 227 
227) and let us assume that , >a,. al 
Then, reasoning in the same way 45s above, we find that the 
magnitudes of the velocities of points A and B are respectively: 
v,=0,:AB, ¥,=0,-AB, the two velocities being parallel and 





Sec, 95] Composition af Rotations About Tuo Paratiel Axes 217 
Sec, 


of same sense. The instantaneous axis of rotation passes through 
point C (Fig. 227) and 





_ np __ Ya _ Ya YA 
©= Be AC BC— AC' 
or a 
era dh. eres 
a AB 


Substiluling the values of vu, and vu, in these equalions, we 
oblain finally er (88) 
a ee (89) 

BC” AC AB” 

Thus, in this case, too, the resullant motion is an instan- 
taneous rolation with absolute angular velocily wo =, — , about 
the axis Cc’, the position of which is spec- 
ified by the ratio (89). 

These resulfs show lhat in rotations 
about parallel axes the vectors of the an- 
gular velocities are compounded like the 
vectors of parallel forces (§ 17). 

3) Couple of Rotations, Con- 
sider the special case of rotations of op- 
posite sense aboul parallel axes (Fig. 228) 
in which in magnitude o,=w,. Such a 
combination of rotations is called a rofta- 
fion couple, and vectors w, and w, make an Fig. 228. 
angular velocity couple. In this case we 
have v,=U,=—=0,:AB. Then (see § 81, Fig. 181) the instantaneous 
cenlre or zero velocity lies at infinity and all points of lhe body 

have the same velocity v—a,:A8. 

Thus, the resultant motion of the 
body will be a franslation (or an in- 
stantaneous translation) with a velocily 
@ equal in magnitude lo w,-AB and nor- 
mal lo the plane through vectors w, 
and. w,; lhe direction of vector o is de- 
termined in the same way as lhe direc- 
lion of the moment m of a force 
couple in statics (§ 44). Thus, a rota- 
fion couple is equivalent to a translation 
(or an instantaneous translation) with a 
velocity 0 equal to the moment of the angular velocities of the couple. 

An example of such motion is the translatory displacement 
ol a bicycle pedal DE with respect to the bicycle frame (Fig. 229) 








Fig. 229. 
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resulling from the relalive rotation of the pedal about axle A 
mounted on the crank #A and the rotational motion of {ranspor{ 
of the crank about axle B. The angular velocilies w. and w of 
{hese rolalions are equal in magnitude, as al any ‘instant ‘the 
angle of rotation of the pedal relative to the crank , 1s equal 
to the angle of rotation of the crank q,. The velocity of the pedal’s 
translatory motion will be e=o,-AB. 


“6. Toothed Spur Gearing. The resulls obtained in the Preceding seclion 
can be used for the kinematic calculation of spur gearing transmissions. Lel us 
consider the main types of such transmissions. 





Fig. 230. Fig. 231. 


1) A common gear train is one in which all the gears. which are meshed 
successively. 1ofale on fixed axes. One ol lhe gears (e.g., gear J in Figs 230 
and 231) is the driving gear. or driver, and the ofhers are the driven gears, 
or Jollowers. In the case of external (Fig. 230@) or internal (Fig. 2306) gearing 
wilh two wheels we have | w,[7,=|a,[r,. as the velocily of the point of en- 
gagemenl A is the same for both gears. Since the number of teelh z of the gears is 
Proportional lo their radii, and taking into account that the rotation of the 
Gears is in the same direction in the case of inlernal engagement and in oppo- 
sile directions in the case of external engagement, we have * 


(=) eet he POR): seas te, 


Ops ext 


For a train of three external gears (Fig. 231) we have 


O, Fg, Gyn 
o, = r, . o, = Pa ‘ 
whence 
O fy __2y 
ant ame 


Consequenlly, (he ralio of the angular velocilies of the end gears in a 
slraight drive is inversely ‘preei io their radii (the number of teeth) and 
t 


does nol depend on the radii of intermediate gears (idlers). 


* In all the formulas of this section, a is the algebraic (numerical) value 
of the angular velocily, “plus” indicating counterclockwise rolation and “minus 
indicaling clockwise rolalion. 
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From the results oblained it folfows that in a straight drive consisting of 
A gears 
Oy a(S, (90) 
Wy rs 7 
where & is the nusnber of external engagements cin the case of Fig. 230a there 
is one external engagement; in Fig. 251 there are two externa) cngagemenls, 
in Fig. 2306 there are no external engagements). : 
The gear ratio of a toothed drive iy the quantify ft, which gives the ralio 
ol the angular velocity of the driver to that of the follower: 


by = pl (91) 


Wy, 


For a straight drive the value of /,, is given by the right side of Fq. (90°, 

2) An epicielic (rain, or planetary lransmis-son (sce Fig. 232) is one in which 
gear J is fixed while the other successively engaged gears are connected by a 
link A8, called an arm, which 
rolales aboul the axis of the 
fixed gear, 

3) A differential lrans- 
mission is again of the type 
in Fig. 232, wilh the dilfler- 
ence thal gear / also rotates 
about ils axis independently 
of the arm AB. 

Epicyclic (rains can be 
calculated by mentally giving 
(he fixed plane Ax,y, a rota- 
lion with an angular velocily 
Wag equal in magnilude and Fig. 232. 
opposite in sense to the angu- 
lar velocity of the arm AB, 

Then, by the resulls of § 95, the arm will be fixed in this resultant motion 


and any gear of radius rg will have an angular velocily a, = w, — w yg. where 
wy, is the absolute angular velocity of this gear relative lo the axes Ax,y,. 


The axes of all the gears will be fixed and the dependence between wy can be 
Jound eilher by equating the velocities of the points of engagement or directly 
froin Eq. (90). 

Epicyclic trains can also be calculaled with the help of inslantancous cen- 
tres of zero velocity (§ 81). 

Problem 90. In the epicyctic (rain in Fig. 232, gear 2 of radius 7, is fixed 
and arm A# rolates with an angular velocity wag. Delermine the angular veloc- 
ity of gear 3 of radius r,. 

Solution. Lel us denote the absolule angular velocilies ol the gears 
wilh respect to the axes Ax,y, as @,(w,=0), @, and w,. Rolaling the whole 
plane Ax,y, with an angular velocity —w,p, we oblain: 





o, = 0 — wy, Y= — W4R, 8, = O;—O,p, Orn = 0. 


The number of external engagements in the resulling commo trai 
k=2, Then, from Eq. (90), ‘ . ia 
Ty or — an —"% 


——~e 
oO, s "Ye 
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From this we find the absolule angular velocity of gear J: 


"1 
y= (1 > ) ogg. 


; Wr, >r,, the direction of rotation of gear 3 is the same as that of the arm; 
if as ry, tis opposile. If 7, =r, we oblain w,=0, and gear 2 is in (ranslalory 
mation, 

The relalive angular velocily of gear 3 (wilh respect lo the arm Ag) is 
found from Eq. (86). As the absolute velocily w, = 08 4 wan ((he angular 
velocity wig of the arm js the transport velocity for gear J), then 


fei a ry 
O, =, — O18 = — > Wap. 
‘ 


At r,=r,, we oblain wl! = — wag. The relative, w%"?, and lransport, Wan. 
augular velocilies form a couple, which in another way lead» us lo the same 
conclusion {hal the resullant motion of gear 3 
in this cave is a translation wilh a velocity 
¢ = yp-A8. 

ge aie solulion*. The velocily 
of point of gear 3 is vg = (r,4-2r TIM Ap. 
‘We shall determine the velocily: of ai Kol 
the gear, which is the point of engagement of 
gears 2 and 3. The velocity of gear 2 is u-e= 
=(F, +f) Wap. The instantaneous centre of 
zero velocity of the gear is a1 paint P,, where 
if coincides with gear Jf. Consequently, 
Ue = 20¢ = 2 (7, + 7,) Wap. 

Then, by Eq. (56) (§ 81), 


Len — ow! _ a=", 
BK a ry AB: 


The same resull can be obtained by con- 

siriucting the cenlre of zero velocily P, of gear J. 

Problem 91. The reduclion gear in Fig, 233 

consisls of a) a fixed gear JZ; b) lwo pairs of 

twin pinions 2 and J mounted on a link con- 

Fig. 233. nected wilh the driving shafl AC (the engage- 

ment of pinions 2 and J wilh gear 7 is inler- 

nal); c) a gear 4 mounted on the driven shall B. The number of teeth in the 

gears are: 2, = 120, z, = 40, 2z,=30, z,=50. The driving shafl makes aqg= 
= 1,500 rpm. Delermine the rpin of the driven shafl 8. 

Solution. Let us denole the absolute angular velocilies: of shalt AC 
logether with the link as wy; of gear ¢ logelher with shaft 8 as wa; of the 
pinions 2 and 3 as w,, (these gears rolale as a single body). Gear / has an 
angular velocily w,=0. Rotating plane x,y, parallel lo which the mechanism 
moves, wilh an angular velocity —w,4. we oblain thal the link in this imaginary 


motion is fixed (©, == 0) and the velocities of the gears are 


oO, = 


y 
Zl 
Y} 
G 
y 
Z 
br 


ste, 





o,=—90— wy. Wy = % — 4 Of = OR — 4. 


* An alternative solulion is given to show the possibilily of employing 
ithe methods of § 81. Problems 91 and 92 could also have been solved this way. 
bul usually this solution is more involved (especially for Problem 92). 
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Wriling now Eq. (90) for gears J and 2, and 3 and 4, we oblain 


QO, _ 4%. Wey _ 
=—SS OOOO 
W, * w, oF 


Mulliplying (he Iwo equations, we have 
Wy 2a g a ls 
o, 7125 On — Oy 247, 
whence, ‘aking inlo account thal the number of rpin is proportional to w. 
we find 


fg = ( +2) tq = 4.200 rpm. 
@434 


Problem 92. Solve the lasl problem, assuming that gear J rotales -at 
a, = 1,100 rpm in the same direclion as shafl AC (a differential reducliog gear). 

Solution. The sequence of the solution's (he same as in Problem 91, wilh 
the sole difference that now w,40 and @ and wy are of same sense. Come- 
quenlly w, =o, — oy. 

As a result, the ratio 


pad Sl 
W, 2,2, 
oblained In Problem 91 gives 
0, —W, 22, 
WR — Wa 2,2 


whence, passing to rpm, we find 
Ng=fa +=*tin, — A,) = 2,200 rpm. 
az 


If gear F rotates in the opposite direclion of the shalt AC. the sign of a, 
in the result obtained should be changed. 


97. Composition of Rotations About Two Intersecting Axes. 
This type of motion can be visualised if in Fig. 225 axis aa’ is 
assumed not parallel to, but coplanar 
with, axis 66’. 

If the absolute motion of a body 
is the result of a relative rotation and 
a rotation of {transport wilh angular 
velocities w, and w, about axes O, and 
Ob intersecting at O (Fig. 234), then. 
evidently, the velocity of point O, as 
lying simullaneously on both axes, is 
zero. 

Consequently, the resultant motion 
of the body is a motion about the fixed 
point O, which for every infinitesimal 
lime interval represents an infinitesimal turn wilh an angular 
velocity w about an inslantaneous axis through point O (§ 86). 





Flg. 234. 


222 Resulfait Motion of a Rigid B ody (Ch. 15 
ae 


To determine vector w, calculate the velocity of any point Mf 
of the body the radius vector of which is OA1—=r. In the relative 
motion about axis Oa, point M, by Eq. (67), has a velocily 
%,,.,== 0, <r. in the motion of transport about axis Ob the veloc. 
pare the point is o,,—=w, <r,. Hence, the absolute velocity 
o is 


0, = 8. 3 v,=(a, + ,) XP. 


On the other hand, since the resultant motion of the body is 
an instantaneous rotation with an angular velocity @ we must have 


0, wre. : 


Similar results can be obtained for every point of the body 
(i.e., for any value of r). We conclude, therefore, that 


w= w, + 4,. (92) 
Thus, the resultant of rotational motions about two axes intersect- 
ing af any point O is an instantaneous rotation about an axis 9c 
through O the angular velocity w of which is the geometrical sum 
of the relative angular velocity and the transport angular velocity. 
The instantaneous axis of rolalion Oc is collinear with vector o, 
i.e., it is directed along (the diag- 
onal of a parallelogram with 
vectors w, and w, as its sides, 
Axis Oc changes its position 
wilh time, describing a conic sur- 
Jace with ifs apex at O. 





Problem 93. Determine the absolute 
angular velocity of the roller in Fig. 235 
. (see Problem 80, § 87), if ils radius 

Fig. 235. AC=R, OA=!I, and the velocity ol 
point A is vy. : 

Solution. The absolule motion of the roller is the result ol ils relalive 
rotation aboul axis OA with an angular velocity , and the transport rota- 
lion of crank OA about axis OB with an angular velocity «,, where 


VOEM EAE A ba 


aw. 


wo, = 


~~ 


The inslantaneous axis of rotalion, and consequently the vector ala 
absolule angular velocity @, are directed along OC, as the velocily o} pot 


: —_ 
is zero (see Problem 80). Constructing a parallelogram, we lind thalo= saa’ 


As ee es See . we obtain finally 


VER 
[| 
o= 7 Vi+k. 
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The same result can be oblained (faking into account thal OC is the in- 
slanlaneous axis of rotation) from the eyuation vug=wih, where A=fsinz. 

The motion of the roller represents a succession of infinitesimal turns wilh 
an angular velocily « round axis OC. which Jatler continuonsly changes its 
position, describing a circular cone wilh its apex al O. 


98. Composilion of a Translation and a Rotation. Screw Motion. 
Let us examine (he resultanl molion of a rigid body having a 
translation and a rotalion. Three cases are possible. 

1) The velocily of the translalion is perpendi- 
cular to the axis of rolalion (o | w). Let the resull- 
anl molion of the body consist of a rolation about an axis Aa 
with an angular velocily w and a 
translation will: a velocily © per- 
pendicular lo w (Fig. 236). It is 
evident thal wilh respect lo plane 
P, which is perpendicular to Aa, 
this is plane motion, which is dis- 
cussed in detail in Chapter 12. 
lf point A is taken as the pole, 
the motion, like any plane mo- 
tion, will actually consist of a 
translation with a velocity vo, = 9, 
oe the velocily of the pole, . 
an a_ rotation round the ‘ 
axis Aa through the pole. be coats 

Veclor @ can be replaced by a couple of angular velocities 
w’, w” (§ 95), where w’=w, and w”"——w. The distance AP 
can be found from the equation v=w’-AP, whence (aking into 
account thal w’ =) 





AP = — ‘ (93) 


The resultant of vectors w and w” is zero, and we find that 
the motion of the body can be treated as an instantaneous rola- 
tion about axis Pp wilh an angular velocity w’ —w. This result 
was oblained earlier in another way (§ 81). Comparing Eqs. (53) 
and (93), it will be readily noticed that point P is the inslan- - 
taneous centre of zero velocity (vp=0) for section (S) of the 
body. Thus, we see once again that the rotation of the body 
about Aa and Pp is with the same angular velocity w, i.e., 
the rotational component of a motion does not depend on the 
choice of the pole (§ 77). 

2) Screw Motion (elle). If the resultant motion of a 
body consists of a rotation about an axis Aa with an angular 
velocily @ and a translalion with a velocity 9, directed paral- 
lel to Aa (Fig. 237), it is called screw motion. Axis Aa is called the 
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axts of the screw. When vectorsoand w are in the same direction 
then, according {o the rule for the notalion of w, lhe screw is right- 
handed; if they are of opposite sense, lhe screw is left-handed, 

The size of the lranslalory displacement of any point of the 
body lying on the axis of the screw during one complete (urn js 
called the pitch A of the screw. If p 
and w are constant, the pilch of the screw 
is said to be constant. Denoting the time 
of one complete turn as 7, we oblainin 
this case vf =h, and wf +21, whence 


ha-2n—. 
w 


Any polnt Af of a screw with a con- 
stanl pitch describes a screw line. The ve- 
locily of such a point M lying al a dis. 
lance - from the axis of the screw is com- 
pounded of the translatory velocity o and 
the rolational velocily wr perpendicular lo 
it. Consequently, 

Vy Vito's’. 

Velocity v,, is tangent to the screw 
line, Ifthe cylindrical surface along which 
point M moves is cut along its generator and spread out, the 
screw lines will. evidently, turn inlo straight lines inclined al an 
angle ato the base of the cyl- 
inder such that lan @=A 2nr, 

3) The velocity of 
i{ranslation makes an 
arbilrary angle with 
{he axis of rotation. 
In this case the resultant 
motion of the body (Fig. 2382) 
is the same as discussed in 
§ 88 (ihe most general mo- 
tion of a free rigid body). 

Let us resolve vector @ 
(Fig. 2385) into its compo- 
nenls: 1) @ collinear with 
w(v’ ==ucosa), and 2) 0” perpendicular 1o w(v" =v sing). Veloc- 
ity vw can be replaced by an angular velocity couple such that 
wo’ =a and w” =—vw (as In Fig. 236), and veclors w and w" can 
be discarded. The distance AC is found from formula (93)) 


v* vsina 
AC= >= o r) 





Fig. 237. 





Fig. 238, 
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The body is thus left with a rotalion with an angular velocity 
w' and a translation wilh a velocity 2’. Thus, the distribution 
of the velocilies of all the points of the body at any given in- 
slant is the same as in a screw motion about axis Cc with an 
angular velocity w’==@ and a translatory velocity v’ = vucosa. 
The position of Cc changes with the motion of the body, which 
is why it is called the énsfanfaneous screw axis. 

As a result of these operations (Fig. 2386) we have passed 
[rom pole A to pole C, which demonstrates that even in the most 
general motion of a body the angular velocity does not depend 
on the choice of the pole (w' =w), and only the translatory ve- 
lacity is affected (v' =-9). 


PART THREE 
PARTICLE DYNAMICS 


Chapter 16 
INTRODUCTION TO DYNAMICS. LAWS OF DYNAMICS 


99. Basic Concepts and Definitions. Dynamics is that section 
of mechanics which treats of the laws of motion of material bodies 
subjected to the action of forces. 

The motion of bodies from a purely geometrical poinl of 
view was discussed in kinematics. Unlike kinematics, in dynam- 
ics the motion of bodies is investigated in connection with 
the acting forces and the inertia of {he material bodies them- 
selves. 

The concepl of force as a quantily characterising the measure 
of mechanical interaction of material bodies was introduced in 
the course of slatics. But in stalics we treated all forces as con- 
stant. without considering the possibility of their changing with 
time. In real systems. (hough, alongside of constant forces (grav- 
ily can generally be regarded as an example of a constant 
force) a body is often subjected lo the aclion of variable forces 
whose magnitudes and directions change when the body moves. 
Variable forces may be bolh applied (active) forces and the re- 
acttons of conslraints. : 

Experience shows (hat variable forces may depend in some 
specilic ways on fime, on lhe position of a body, or on ils veloc- 
ity (examples of dependence on fime are [urnished by the trac- 
live force of an electric locomotive whose rheostat is gradually 
switched on or off, or the force causing the vibralion of a foun- 
dalion of a molor with a poorly centred shaft; the Newtonian 
force of gravilation or the elastic force of a spring depend on 
the posifion of a body; the resistance experienced by a body mov- 
ing through air or water depends on the velocity. In dynamics 
we shall deal with such forces alongside of constant forces. The 
laws for the composilion and resolution of variable forces are 
the samme as for constanl forces. th 

The concepl of inerlia of bodies arises when we compare t ; 
results of the aclion of an identical force on different materia 
bodies. Experience shows that if the same force is slipaat 
two different bodies inilially at rest and free from any other 
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aclions, in the most general case the bodies will travel different 
distances and acquire different velocities in the same interval of 
{ime. ; 

inertia is the property of material bodies to resist a change in 
their velocity under the action of applied forces. \f, for exatnple. 
ihe velocily of one body changes slower than that of another 
body subjected to the same force, the former is said to have 
grealer inerlia, and vice versa. The inertia of any body depends 
on the amounl of malter if contains. 

The qtantitative measure of the inerlia of body, which depends 
on the quantify of matter in the body, is called the mass of that 
body. In mechanics mass at is treated as a scalar quantity which 
is positive and constant for every body. The measurement of 
mass will be discussed in the following article. 

In the most general case the motion of a body depends not 
only on its aggregate mass and the applied forces; the nature 
of motion may also depend on the dimensions of the body and 
the mulual position of ils particles (i.e., on the distribution of 
ils mass). 

In the initia] course of dynamics, in order to neglect the 
influence of the dimensions and the distribulion of the mass of 
a body, the concep! of a material point, or particle, is intro- 
duced. 

A particle is a material body (a body possessing mass) the size 
of which can be neglected in investigating ifs motion. 

Actually any body can be trealed as a particle when the 
distances travelled by ils poinls are very greai as compared with 
the size of the body ilself*. Furthermore, as will be shown in 
the dynamics of syslems. a body in fransfatory motion can always 
be considered as a particle of mass equal to the mass of the 
whole body. 

Finally, the parls into which we shall mentally divide bodies 
in analysing any of their dynamica) characteristics can also be 
lrealed as material points. 

Obviously, the investigalion of the molion of a single par- 
licle should precede the investigalion of systems of particles, 
and in parlicular of rigid bodies. Accordingly, the course of 
dynamics is conventionally subdivided into particle dynamics 
and the dynamics of systems of particles. 


{00. The Laws of Dynamics. The sludy of dynamics is based: 
on a number of Jaws generalising the results of a wide Tange of 








* For example, in studying the motion of a planet about the su = 
el can be treated as a parila - P ul the sun the plan 
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experiments and observations of the motions of bodies—laws 
which have been verified in the long course of human history. 
These laws were first systematised and formulated by Isaac 
Newton in his classical work “Mathematical Principles of Natur- 
al Philosophy” published in 1687. 

The First Law (the Inertia Law), discovered by Galileo 
in 1638, states: A particle free from any external influences contin- 
ues tn tls state of rest, or of uniform rectilinear motion, excent in 
so far as if is compelled to change that state by impressed forces. 
The motion of a body not subjected to any force is called 
motion under no forces, or inerfiaf motion. 

The inertia law states one of the basic properties of matter: 
thal of being always in motion. It establishes the equivalence, 
for material bodies, of the states of rest and of molion under 
no forces. It follows, then, that if F=0O, a particle is at rest 
or moves with a velocily of conslant magnitude and direction 
(o=const.); the acceleration of the particle is, evidently, zero 
(w=). No external action is required {o sustain inertial mo- 
lion; such aclion is necessary only to change the motion. At the 
same time if can be asserled {hat if the motion of a particle is 
nol inertial, there must be some force acting on it. 

A frame of reference for which the inerlia law is valid is 
called an inertial system (or, conventionally, a fixed system). Expe- 
rience shows thal, for our solar system, an inertia! srame of 
reference has its origin in the centre of the sun and ils axes 
pointed towards the so-called “fixed” stars. In solving moot 
engineering problems a sufficient degree of accuracy is oblained 
by assuming any frame of reference connected with the earth lo 
be an inertial system. The validity of this assumplion will be 
proved in Chapler 20. , 

The Second Law (the Fundamental Law of Dynamics) 
establishes the mode in which the velocily of a particle changes 
under the action of a force. I states: fhe product of the mass of 
a particle and the acceleration imparted to if by a force is propor- 
tional to the acting force; the acceleration takes place in the direc- 
tion of the force. 

Mathematically {this law is expressed by the vector equation. 


mw =F. (1) 
The dependence between the magnitudes of the acceleration and 
the force is 





mw =F. (2) 


The second law of dynamics, like the first, is valid only for 
an inerlial system. It can be immediately seen from the law 
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that the measure of lhe inertia of a particle is its mass, since 
two different parlicles subjected lo the action of the same force 
receive the same acceleration only if their masses are equal; if 
their masses are different, the particle wilh the larger mass 
(i.e., the more inert one) will receive a smaller acceleration, 
and vice versa. 

A set of forces acling on a parlicle can, as we know, be re- 
placed by a single resultanl R equal to the geometrical sum of 
those forces. In this case the equation expressing the fundamen- 
tal law of dynamics acquires the fori 


mw=R or mw=)F,. (3) 


Measure of mass. Eq. (2) makes il possible to determine 
the mass of a body if ifs acceleration in translatory motion and 
the acting force are known. It has been established experimen- 
tally that under the action of the force of gravilalion P all 
bodies falling to the earth (from a small height and in vacuo) 
Possess the sare acceleration g: this is known as the acceleration 
of gravity or of free fall*. Applying Eq. (2) to this molion, we 
obtain mg=P, whence 

m=—, (4) 

Thus, the mass of a body is equal to its weight divided by the 
acceleration of gravity g. 

The Third Law (the Law of Action and Reaction) estab- 
lishes the characler of mechanical interaction between material 
bodies. For two particles it stales: Two particles exert on each 
other forces equal in magnitude and acting in opposife directions 
along the straight line connecting the two partictes. 

li should be noled that the forces of inleraclion between free 
particles (or bodies) do not form a balanced system, as (hey act 
on different objects. For example, if a piece of iron and a mag- 
nel are placed near each other on a smooth surface. they will 
move towards each other under the influence of their mutual 
attraction and not remain at rest. Since the magnitude of the 
force acting on each body is the same, it follows from the second 
law of dynamics thal the accelerations of {he two bodies will be 
inversely proporlional to their masses. 

The third law of dynamics. which establishes the characler 
of interaclion of material particles, plays an important part in 
the dynamics of systems, 





* The law of free fall of bodies was discovered by Galileo. The value of g 
varies for different tocalities, depending on geographic lalitude and elevation 
above sea level. Al sea level on the lalitude of Moscow g = 9.8157 mjsec® | 
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_ 101. Systems of Units. The units of length and time were 
introduced in the course of kinemalics. In order to measure 
dynamical quantities. it is necessary to select unit measures for 
mass m or force F. These units cannot both be arbitrary. insofar 
as they are related by Eq. (2). Thus. in dynamics we can use 
two systems of units based on different principles. 

First Type of Unit Svstems. The primary units in 
these systems are: 1) unit of length (e.g., centimetre or metre), 
2) unit of time (e.g... second): 3) unit of mass (e.g., gram, 
kilogram. or ton of mass). 

In these systems force is a derived unit. In the so-called 
physical system of units CGS (centimetre. gram. second), for 
instance, the wunil of force is the dyne (1 dyne = 1 g 
cm sec’), 

Second Type of Unit Systems. The fundamental units 
in these syslems are: 1) unit of length (e.g., metre): 2) unit of 
lime (e.g.. second): 3) unil of force (e.g.. kilogram or lon of 
force). In these systems mass is a derived unit (e.g., 1 kg 
sec” m). 

The difference between the two types of systems is thal in the 
one the mass unit is taken as a primary dynamical unit. while 
in the other force is a primary unit. 

In engineering the so-called technical svstem of unils. in which 
the fundamental units are metre. kilogram of force. and second, 
is most widely used. We, too, shall normally employ this 
system. 


102. The Problems of Dynamics for a Free and a Constrained 
Parlicle. The problems of dynamics for a free particle are: 
1) knowing the equation of motion of a particle, to determine 
the force acting on it (the first problem of dynamics); 2) knowing 
the forces acting on a particle. to determine ils equation 
of motion (the second, or principal, problem of dynamics). 

Both problems are solved with the help of Eq. (1) or (3), 
which express the fundamental law of dynamics, since they give 
the relation between acceleration w, i.e., the quantity charac- 
terising the molion of a particle. and the forces acling on it. 

In engineering it is often necessary to invesligate constrained 
motions of a particle, i.e.. cases when constraints attached to 
a particle compel it to move along a given fixed surface or 

rve. 

a such cases we shall use, as in stalics, the axiom of con- 
straints which stales thal any constrained particle can be treated 
as a free body detached from its constrains provided the latter is 
represented by their reactions N. Then the fundamental law of dy- 
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namics for the constrained motion of a particle takes the form 
mw) Fi +N. (5) 


where Fi denotes the applied forces acting on the particle. 

For constrained motion, the first problem of dynamics will 
usually be: to delermine the reactions of the constraints acling 
on a particle if (he motion and applied forces are known. The 
second (principal) problem of dynamics for such molion will pose 
two questions: knowing the applied forces, lo determine: a) the equa- 
lion of motion of the parlicle and h) the reaction of ils con- 
straints. : 


103. Solution of the First Problem of Dynamics (Delermina- 
lion of the Forces if the Motion Is Known). If the acceleration of 
a moving particle is given, the applied force or the reaction of 
the constraint can be 
immedialely found from 
Eq. (1) or (5). To cal- 
culale the reaction it is 
also necessary lo know 
the applied forces. When 
the acceleralion is not 
specified but the equa- 
lion of motion is known, 
se se face first lo 
calculale the accelera- Fig. 239. a 
tion from the formulas of 5 ee 
kinematics (see §§ 59, 67, 69) and then to find the force (or reaction). 





Problem 94. A balloon of weight P descends with an acceleration w What 
weight (ballast) Q musl be thrown overboard in der { iv : 
cau upward ans in order to give the balloon an 

otulion. The forces acting on the fallin balloon are j ‘ej 
and the buoyancy force F (Fig. 2390). Hence, (com Eg. (3) ee Ne 
P 
—w=—P-Ff., 
g 
After the ballast has been thrown oul (Fig. 2396), the weight of t 
J : ‘ , bal- 
loon becomes P—Q, the buo ancy lorce remaining the saiie. Hence Mine 
into account thal now the balloon is rising, we have ; 





P— 
r Qu —F_ (PQ). 
Eliminaling the unknown force F {rom lhe equations, we obtain 
o= 2P 





i+ 
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Problem 95. A lilt of weight P (Fig. 240) starts ascending with an accel- 
eration w. Delermine the tension in the cable. 

Solution. Considering the lifl as a Jree body. replace the action of the 
constraint (the cable) by ifs reaction 7. From Eq. (5) we obtain 


Le ee 
r 


whence 
r=P(1+—). 
+ & 
If the lift starts descending with the same acceleration, the lension in the 


cable will be 
T,=P (1 — =) : 
g 


Problem 96. The radius of curvature of a bridge at point Ais R (Fig. 241). 
Determine the pressure exerled on the bridge al A by a motor car of weighl P 
moving with a velocily vu. 

Solution, The normal acceleralion of the car 


. 2 
at point A is w,=— . Acting on if are the force of 


gravity P and the reaction of the constraint N. Tlien, 
from Eq. (5), 


whence 


The pressure on the bridge is equal to V in magni- 
lude but is directed downward. 

Problem 97. A crank OA of length é (Fig. 242) 
rolates with a uniform angular velocity w and trans- 
lates the slotled bar K of weight P along slides 7, 2. 
Neglecting friction, delermine the pressure exerted 
by the slide block A on the slotted bar. 

Solution. The posilion of the bar is specified by 
ils coordinate x =/ cos g. As P=af, the equation of 
molion of the slotted bar is 


rs=/coswi, 


Fig. 242. Eq. (5) for the motion of the bar in terms of its 
projection on the x axis gives mw, =Q,. Bul w,= 





d*x 


_ >To iw cos wf = — os whence, as Q. =—— Q, 


—Zutr=—@ Qa ats. 


Thus, the pressure of the slide block on the slotted bar is proportional to 
iis distance x from O. 


The examples show that the first problem of dynamics is fairly 
simple. If the acceleration of the moving particle is not given, 
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il can be delermined by purely kinemalic computalions. There- 
fore, and also because of its practical importance. the second 
problem is considered lhe principal problem of dynamics. 


Chapter I7 


DIFFERENTJAL EQUATIONS OF MOTION FOR A PARTICLE 
AND THEIR INTEGRATION 


104. Rectilinear Motion of a Particle. We know from kinemat- 
ics hat in rectilinear molion the velocity and acceleralion of 
a parlicle are continuously directed along the same straight line. 
As the direclion of acceleration is coincident with the direction 
of force, it follows thal a free particle will move in a slraight 
line whenever the force acting on it is of conslant direction and 
the velocity at the inilial moment is either zero or is collinear 
with the force. 

Consider a particle moving rectilinearly under the action of 
an applied force R= )\F,. The position of the particle on its 
path is specified by its coordinate x 
(Fig. 243). In this case the principal @ M RSF, 
problem of dynamics is, knowing R, (ested — = ae 
lo find the equalion of motion of the . 
parlicle x==f(¢). Eq. (3) gives the rela- Fig. 243. 
lion belween x and R. Projecting 
both sides of the equalion on axis Ox, we oblain 


mw, = R= Di Fass 
d‘x 
m oa = DF ae: (6) 
Eq. (6) is called the differential equation of rectilinear motion 


of a particle”. 11 is oltem more convenient lo replace Eq. (6) 
with two differential equations conlaining first derivatives: 


__d 
Of, as Wear, 


d s+ 
m ai = Fae (7) 
dx , 
a Ue (7 ) 





* This is a differential equation, as the required quantily x is under th 

a . s e 

Tae inten ee iS) can rahe ue used lo solve the first. problem of dy- 
: , © equation of moli = i i 

the epplicd tank F q ion x= {(f) for a parlicle, lo determine 
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Whenever the solution of a problem requires that the velocity 
be found as a funclion of the coordinate x instead of lime ¢ (or 
when the forces themselves depend on x), Ey. (7) is converted 





du, du, dx duy 
to the variable x. As “as ae — ae are v,, Eq. (7) takes the 
form 
dv, * 
mu, = = >" Fas: (8) 


The principal problem of dynamics is, essentially, to develop 
the equation of motion x=f/(f) for a particle from the above 
equations, the forces being known. For this it is necessary to 
integrate lhe corresponding differentia] equation. In order to 
make clearer the nature of the mathematical problem, it should 
be recalled that the forces in the right side of Eq. (6) can de- 
pend on time f, on the position of the particle x, or on the 
velocily v=o (see § 99). Consequently, in the general case 
Eq. (6) is, mathematically, a differential equation of the second 
erder in the form 


ar =O(t, x. at): (9) 


The equation can be solved for every specilic problem after deter- 
mining lhe form of its right-hand member. which depends on the 
applied forces. When Fq. (9) is integrated for a given problem, 
the general solulion will include lwo constants of integralion 
C, and C,, and the general form of the solution will be 


x—=f(t, C,. C,). (10) 


To solve a concrele problem, it is necessary to determine the 
values of the constants C, and C,. For this we introduce the so- 
called inifial conditions. oe 

Invesligation of any motion begins [rom some specified instant 
called the initial time {—=0, usually the moment when the motion 
under the aclion of the given [orces starts. The position occupied 
by a particle ai the initial time is called its initial displacement, 
and its velocity at that time is its initial velocity (a particle can 
have an initial velocily either because at time ¢=0 it was mov- 
ing under no force or because up to time f=0 il was subjected 
to the action of some other forces). To solve the principal prob- 
lem of dynamics we must know, besides the applied forces, the 
initial conditions, i.e., the position and velocity ol the particle 
at the inilial time. 
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In the case of reclilinear motion, the initial conditions are 
specified in the form 


al*e=0, x=X,. VL =Y%,- (11) 


From the initial condilions we can determine (he meaning o 
the constants C, and C, and develop finally the equation of mo- 
lion for the particle in the form 

K=f(t. X,. 04). (12) 


The following simple example will explain the above. 


Let there be acting on a particle a force Q of constant magni- 
tude and direction. Then Eq. (7) acquires the form 


dt ude 


As Q,=const., multiplying both members of the equalion by df 
and integraling, we obtain * 


v= tc, (13) 
Subsliluling the value of v, inlo Eq. (7‘), we have 

dx Q, 

Ame tte. 


Mulliplying through by dé and inlegraling once again, we 
oblain 


r= tet or+e,. (14) 


This is the general solution of Eq. (9) for lhe specific problem 
in the form given by Eq. (10). 

Now lel us delermine the inlegration constanls C, and C,, 
assuming for the specific problem the inilial condilions given 
by (11). Solutions (13) and (14) must satisfy any momenl of time, 
including ‘0. Therefore, subslituling zero for ¢ in Eqs. (13) 


and (14), we should oblain vu, and x, instead of v, and x, i.e., 
we should have 


v,=C,, x, =C,. 


These equalions give the values of the conslanis C, and 
C, which satisfy lhe initial conditions of a given problem. 
Substituting these values inlo Eq. (14), we obtain finally (he 


* We assume thal the conslant of Integration has been transposed from the 
lefl to the right and included in C,. . . 
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relevant equation of molion in the form expressed by Eq. (12): 
! a 
r= a,-b ots Se, (15) 


We see from Eq. (15) that a particle subjected to a constant 
force performs uniformly variable motion. This could have been 
foreseen; for, if Q=const., w=—const., too. An example of this 
type of motion is the motion of a parlicle under the force of 


gravily, in which case in Eq. (15) Gs and axis Ox is direc- 
ted verlically down. 


105. Solution of Problems. The melhod of inlegrating the 
differentia! equalions of motion can be used for solving any prob- 
lem of dynamics involving variable forces acling on a particle 
(see § 99). 

The solution includes the following operations: 

1) Wrile the differential equation of motion. 
For this, 

a. Choose an origin (usually coinciding with the initial position 
of the particle) and draw a coordinate axis along the line of 
motion, as a rule in the direction of molion; if, for the applied 
forces, a particle has a position of equilibrium. il is convenient 
1o choose the origin to coincide with the position of static 
equilibrium. 

b. Draw the moving particle in an arbitrary position (but such 
ihat x>>0 and v,>0; the latter condition is important when the 
applied forces include forces depending on velocity), and draw 
all the forces acting on the particle. 

c. Compound the projections of all the forces on the coordinate 
axis and substitute the sum into the right side of the differen- 
{ial equation of motion. /f és important to express all the variable 
forces in terms of the quantities ({, x ot uv) on which they depend. 

2) Integrating the differential equation of mo- 
{ion. The integration is carried out according to the rules of 
higher mathematics, depending on the form of the obtained equa- 
{ion, i.e., on the form of the right-hand member of Eq. (9). 
When besides the constant forces there is only one variable force 
acting on a particle, the equation of rectilinear motion can 
generally be integrated by the method of separating lhe vari- 
ables (see Problems 98-100). If only the velocity has to be deler- 
mined, it is oflen possible to solve the problem by integraling 
only Eq. (7) or Eq. (8). : ; 

3) Determining the constants of integration. In 
order to determine the constants of integration, il is necessary 
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from the condilions of the problem lo define the initial conditions 
in the form (li). The values of the conslants are found from the 
inilial conditions as shown in § 104, and (hey can be determined 
directly afler each integration. _ 

4) Determination of Lhe required quantities and 
analysing the resulls obtained. In order to be able lo 
analyse the solulion and also to verify the dimensions the whole 
solution should be carried oul in the most general form (in letter 
notation), inserting the numerical dala only in the final results. 

These general rules also hold good for curvilinear motion. 

Let us consider three specific problems. in which the force 
depends on the time, lhe distance, and the velocily of the molion 
of the particle. 


1. Force Depends on Time 


Probtem 98. A load of weight P slarts moving from rest along a smooth 
horizontal plane under the action oJ a force R the magnitude of which increases 
in proporlion to the lime, the relalion being R=kf. Develop the equation 
oJ motion for the load. 

Solution. Place the origin 0 in the inilial posilion of the load and 
direct (he axis Or in the direclion of molion (see Fig. 243). Then the initial 
conditions are: at f=0, r=0 and u,=0. Draw the load in an arbitrary 
Oe and the forces acling on it. We have Re = R=, and Eq. (7) takes 
the form 


bene through by di, we immediately separate the variables and 
ootain 


sapailtuling the inilial values into this equalion, we find Ihai C,==0, Then. 
substiluting i for v,,-we have 


dat 2P ° 


Tene through by df we again separale the variables and, integraling, 
we Tin 
_ akg 
X= 9p 3 tC 


Substitution of the initial values gives C =0, i i 
of motion for the load in the form . : ange obtain: the equation 


aK or, 


‘ 6P 
Thus, the displacement of the load is Proportional to the cube of the time. 
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2. Force Depends on Distance 


Problem 99. Neglecting the resistance of the air, determine the time it 
would take a body lo travel [rom end to end of a tunnel AJ dug through the 
earth along a chord (Fig. 244). Assume the earth’s radius to be R =6,370 km. 

Nolte. The theory o: gravilalion slates thal a body inside the earth is 
allracted lowards the centre of the earth with a force F directly proportional 
lo the distance ¢ [rom the centre. Taking 
inlo account that, al r= (i.e:, al 
the surface of the earth). lorce F is 
equal lo the weight of the body 
(F = meg), we find that inside the earth 

— 7é 
f= R ‘, 
where r= MC is the distance of point Mf 
from the centre of the earth. 

Solution. Place the origin O in 
the middle of the chord AS (where a 
body in the lunnel would be in equilibrium) and direct the axis Ox along OA. 
I] we assume the chord to be of length 2a, the initial conditions will be: at 
4=0, x=a and vu, = 0. 

The forces acting on the body in an arbilrary position are F and N. Con- 
sequently, 





Fig. 244. 


Pa = — Foosa= — FP reosa= — Fe. 


as il is evidenl [rom the diagram that r-cosa=x, | 

We see that the acting force depends on (he coordinale x of point M. In 
order lo separate the variables in the differential equation of motion, write il 
in the form (8). Then, eliminating m and introducing the quantity 


we oblain 


Mulliplying through by dx, we separate the variables and, integraling, 
oblain 
oe 
yo Tee 
1 : 
From the initial conditions, al s==a, v,=0; hence Q=5 ka". Subsli- 


tuting this expression of C,, we have 
7.== kVa— 3. 
As in the invesligaled posilion the velocily is direcled from Af ie) oe 
and the sign before the radical should be minus. Then, substiluting Ti for o,, 


we have 
———_—_ oo re = 
77= kV¥a—e 
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oo 
Separaling the variables, we write the equation in the form 


eipaa 
Va—r 





and inlegraling, we obtain 
kf = arc cos = +¢,. 


Substiluting the initial dala (al ¢=0, x=a) in this equalion. we find that 
C,=0. The equation of motion Jor the body in the lunnel is 


r=—acoas kf, 


Thus, the body is in harmonic motion wilh an amplitude a. 
Now let us determine the time ¢, when the body will reach the end B of 


the funnel. At 5 the coordinale r= —a. Subsliluling this value in lhe equa- 
n 

tion of motion, we oblain cos &t,= — 1, whence 4f, =a and 4. = >-- But 

we have assumed & = < . Calculating. we lind that the lime of the mo- 


tion through the tunnel, given the condilions of the problem, doe» not depend 
on the length of the junne]l and is always equal to 


ion Fx min Jt sec. 


This extremely interesting resull has given rise to a number of projects— 
so fac utopian—of such a tunnel. 

Let us also find the maximum velocily of the body. From the expression 
for vy, we see (hal v=v,,,, al r= 0, i.e., al Ihe origin O. The magnitude ol 


the velocity is _ 
=ko= V g 
Ona = 80>a R 7 P 


Ii, for example, 2a=0.1R = 637 km, then u,,,, == 395 m/sec = 1.422 kmh. 

The vibration of a particle under the action of a force proportional to the 
distance will be studied in greater detail in Chapler 21, where another method 
of inlegraling (he differential equations of molion will be discussed. 


3. Force Depends on Velocily 


Problem 100. A boal of weight P = 40 kg is pushed and receives an inilial 
velocity v,—=0.5 mjsec. Assuming the resistance of the waler at low velocities 
to be proportional to the first power of the 
velocily and changing according to (he equa- 
lion R==jv, where the factor p=0.93 
kg-secim, determine the time in which the 
velocity will drop by one-half and the 
distance the boat will travel in that lime. 
Delermine also the dislance the boal will 
travel Gill il sh 0 

Solution. t us choose the origin O 
to coincide wilh the initial position of the 
boat, pointing Ihe axis Ox In the direction of the motion (Fig. 245). In 
this case the inilial condilions will be: at =0, r=0 and v,=y,. 

Draw the boat in an arbilrary posilion with the acting forces P, N, and R. 
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Note. There are no olher jorces acting on the boal. The force which 
pushed (he boat acled before the inslant ¢=9Q. The result of ils aclion is taken 
inlo accounl by staling the initial velocily vu, imparled to the boat by the 
force (see § 104). To be quile sure aboul the forces actually acling on a body 
during iis motion, always remember thal a force is the resull of the inlerac- 
lion of bodies. In the present case, the force P is the resull of the aclion of 
the earlh on the boat, while forces R and WN are the resulls of the action of 
Ihe water on the boat. No other material bodies act on the boal in ils motion 
and, consequenlly, there are no olher forces applied lo if. Allention is drawn 
to this because il is oflen a cause of errors in problem solutions. 

Calculating the projections of the acling forces, we lind thal 


D Fax = —R= —\. 


To delermine the duralion of the motion. we wrile differential eaualion (7). 
Noling that v. =v. we have 


Pode sy 
g dt pe 
Separating lhe variables, we obtain 
dv____ ue 
v p at. 


Fines; (a) 


The required lime 1, is delermined by assuming v=0.5u,. We see that in 
this case the lime does not depend on the value of v,. As in2= 0.69, 


= in 233 sec. 
He 
To delermine the dislance, it is best to wrile the differential equation of 


motion in the form (8). as il immediately eslablishes the relation belween £ 
and v*. We thus obtain 


Po py 
"g dx oe 


whence, eliminating v and separaling lhe variables, we find 


dv= — "Bas, 





* The dislance can also be found by rewriting Eq. (a) as an expression of 


yg AE : 
the velocily o in lerms of time #, and then substiluling = for ov and inlegral- 


ing the new equation, but this solulion is more involved. 


Sec. 106) Body Failing in a Resisting Medium 241 
Ie 


and consequently 
— He 
o= — Err. 


Since al x0, the velocily u=u,, then C,=v,. and finally 
P 
= — v). (b) 
x pg (Ye ) 
Assuming v =0.50,, we find Ihe required displacement: 


Pu, ae 
"= Que 1.1 m. 


To find the distance travelled by the boat (ill it stops, in equation (b) we 
Pu, 
assume vo ==90. Then x, -—— = 2.2 m. 


Delermining the duration of the molion until complete rest, we find Jrom 
equation (a) thal al v0, t,—=@. This means thal, under the given law of 
resislance R=ypv, the boat will aepycesh ils final position (specified by the 
cvordinale 3,) asymplotically. Actua ‘4 the duration of the molion till complete 
rest is finile, as, wilh the decrease of velocily. the resistance equation changes 
and the dependence of vw on ¢ changes accordingly. 


Another important example of motion under the action of a 
force depending on velocity is discussed in the next article. 


106. Body Falling In a Resisting Medium (in Air). A body 
moving in some medium is subjected to a resistance, which depends 
on the shape and size of the body, ils velocity, and the proper- 
lies of the medium. 

Experience shows that al velocities which are not very small 
and not approaching the velocity ol sound, the resistance is pro- 


portional to the square of the velocily vu and can be expressed 
by the formula* 


1 
R= > ¢,0Sv", (16) 
where @ is the density of the medium (for water at 15°C and 
760 mm pressure — 1 ke-sel) sin j j 
=F <<) » 9 im* is the area of the projec- 


lion of the body on a plane perpendicular to the direction of 
motion (the middle section), and ¢, is a dimensionless resistance 
factor depending on the shape of the body. For example, for a 
parachute c,=1.4, for a sphere c,=0.5, for highly streamlined 
spindle-shaped bodies c, < 0.03. 

Let us consider a problem of a body falling in the almosphere 
from a low height in comparison with the earth’s radius {low 





* For fall in air, formula (16) holds good for velocilies up to 300 msec, 


242 Differential Equations of Motion for a Particle [Ch. 17 


enough to assume the weight P of the body and th i 
the air @ {o be constanl). ie 
Directing the coordinate axis Ox vertically down (Fig. 246). let 
us investigale how the velocity of fall depends on the displace- 
ment x, assuming v,=0. 
The forces acting on the falling body are P and R; conse- 
quently, 


Vi Fye =P -R=P— 0,050". 


In order to obtain directly the dependence of vu on x, we wrile 
the differential equation of motion in the form (8). Then, taking 


2 info account thal v,—v, we have 
== —-_— P dv 1 
aoe a Fag =P 7 eeOSU". 
Ses ee Introducing the expression 
=: 2P 
= - \ c,05 =a’, (17) 
gan _- {he previous equation takes the form 
---Ep--. du __ v3 
pails : v=e(1—5) 





-—-| --- or, alter separating the variables, 


Fig. 246. a*—v 
Integrating through, we have 
In (a*— v7) = — 24 x+C,. 


According to the initial conditions, al x0. the velocity v==0, 
consequently C,=Ina*. Substituting this value of €,, we obtain 








in@5¥—— 24x, 
or 
a? — v* —15« 
n =e as 
a 
and finally 
mi oe 
eae Cie), (18) 


Formula (18) gives the dependence of velocity on displacement 
for a body falling in the atmosphere. 
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As x increases, (he quantily e "a" decreases, and lends to zero 
as x— co. It follows, then, (hat the velocity of fall vy increases 
as x increases, tending lo a constant value a. This quantily is 
called the dimiting velocity of fall and is denoled v,,,,. From Eq. (17) 


we find that _ 
2P 
Vim = V 73. (19) 


Thus, at u,=0, @ body falling in air cannot exceed a limiting 
velocity Liq. The greater the weight of a body and the smaller 
the values of c,. @. and S, the greater the limiting velocity of 
fall. 

Let us determine the speed with which the velocity of a falling 
body approaches ils limiting value. For this 
see Table 1, which gives the dependence of 


— upon g x, as calculated from Eq. (18). 
‘lim Uy 


im 
It follows from the table that 


al 2 y=1.2, v=0.95y,,, 


wv 


Table 1 








(20) 





al £ x=2.0, v=0,99u,,_. 
Vlim 

Consequently, the velocity of fall approachies 
its limiting value fairly rapidly, if only 
{he quantities c, and S are not very small 
(see Problem 101). 

The existence of a limiting velocily of fall 
can be established by the following simple 
reasoning: The velocity of a falling body in 
air increases, consequently force R increases. If we consider 
that, obviously, force R cannot be greater than the weight of the 
body P (see Fig. 246), then R\,,—P. Substituting the expression 
for R,,,, from Eq. (16), we obtain 5 e.0SUt, = P, whence we 
obtain the value of »,,. as in Eq. (19). This reasoning, however, 
provides no clue to the rate with which the velocily of fall v 
tends towards u,,,. This important characteristic can be oblained 
only from Eq. (18). 





Problem 101. Delermine the limiting velocily of fall of a arachut 
jumper weighing P =75 kg (weight of parachute included), a) ie fall. 


ne $=0.4 m’, ¢,=1.0; b) with open canopy, assuming S = 36 m!, 
zo ede 
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Determine for bolh cases the distance H, after whi , } 
i - “7 - i 1 which the jumper wil) hav 
allained a velocily ¢, = 0.95 Chim (i.¢., 5 per cent less than the limiting velbe: 
ve ite aoe eu te Hy, at which his velocity of fall vy =0.99 vim 
OolTUlion. i imiti : : . im: , 
: woo the limiting velocity of fall from Eq. (19), assuming 


for air °= 5 -n° We find H, and H, from Eq. (20). As uv, = 0.95 ony, 


g : vu. 
al oo x== 1.2, the required distance H,= 1.2 . Similarly we find that 
TT 
m oe 
H,=2 un 
Performing the necessary computalions, we find: 
a) in free fall tim = 55 msec, A, = 370m, y= 610 m. 
wilh oore canopy Cum = 5 Msec, Hy 3m, H,=5 mM. 
e see that when the resistance is great the himili ! ily ji i 
<Gier, g he limiting velocily is rapidly 





107. Curvilinear Motion of a Particle. Consider a free particle 
moving under the action of forces F,, F,. ...F,. Let us draw a 
fixed set ol axes Oxyz (Fig. 247). Projecting both members of the 
equation mw = ))F, on these axes, and (aking into account that 

x 


W,= 77, elc., we obtain the differential equations of curvilinear 
motion of a body in terms of the projec- 
lions on rectangular cartesian axes: 


d*x d’y 
mam Faw Maga De Fey 


d?2 
nm Ta > Fee (21) 


As the forces acting on the particle 
may depend on time, the displacement or 
ihe velocity of the particle, then by analogy 
with Eq. (9) in § 104, the right-hand members of Eq. (21) may contain 
ihe {ime f, the coordinates x, y, z of the particle, and the pro- 
jections of ils velocity a 2. ie Furthermore, the right side 
of each equation may include all these variables. 

Eq. (21) can be used to solve both the first and the second 
(the principal) problems of dynamics. To solve the principal 
problem of dynamics we must know, besides the acting forces, the 
initial conditions, i.e.. the position and velocity of the particle 
ai the initial lime. The initial conditions for a set of coordinate 
axes Oxyz are specified in the form: 

al ¢=0, 





Fig. 247. 


SA ee ees } (22) 
VU, Ug, v= Uyor U, = Us, 


Sec. 108) Motion of a Particle in a Uniform Gravitational Field 245 
aa ica A ABN an CE a rp 


Knowing the acting forces, by integraling Eq. (21) we find the 
coordinales x. y, z of (he moving parlicle as funclions of time f, 
i.e., the equalion of motion for the particle. The solutions will 
contain six constants of inlegration C,, C,,...,C,, the values of 
which must be found from the initial conditions (22). An example 
of integrating Eqs. (21) is given in § 108. 

Differential equations of motion can also be writlen in lerms 
of projections on olher coordinate syslems as. for instance, in § 117. 


108. Molion of a Particle Thrown at an Angle to the Horizon 
in a Uniform Gravitational Field. Let us investigate the motion 
of a projectile thrown with an inilial velocify uv, at an angle @ 
to the horizon, considering it as 
a material particle of mass m, 
neglecting the resistance of lhe 
almosphere, assuming Ihai the ho- 
rizontal range is small as com- 
pared wilh lhe radius of the earth 
and considering the gravilational 
field to be uniform (P =const.). 

Place the origin of the coordi- 
nate axes O al the initial position Fig. 248 
of the particle, direct the y axis peers 
Vertically up, the x axis inthe plane through Oy and vector @, 
and the z axis perpendicular to the first two (Fig. 248). The 
angle between vector o, and the x axis will be a. 

Draw now moving particle M anywhere on its path. Acting on 
the particle is only the force of gravity P (see note to Prob- 
lem 100, p. 240), the projections of which on the coordinate 
axes are 





P,=0, P,=—P=—mg, P,=0. 
_ Substituting these values into Eq. (21) and noling that 


dx dv, ne . 
WG @¢ elc., afier eliminaling m we obtain 


dv, dv dy 
Gao Gre a=. 


Multiplying these equations by df and integrating, we find 
v,=C,, v¥y=—gitCc,, vu=C,. 
The initial conditions of our problem have the form 


at +=0, x=0, y=0, z—0; 
Ue—=U,COSa, v,=v,sina, v,—=0. 
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Satisfying the inilial conditions, we have 
C,=v,cosa, C,-=v,sina, C,=0. 


Subslituling these values of C,, C,. and C, in the solutions 
; dx dy d : 
above and replacing v,, ty. U, by a ie - we arrive al {he 
equations 
dy ' dz 0 


dx 
aq UeCOSa. =F - Usina—_@l, —-- 


Integrating, we obtain 


a a " 
x=v,fcosa-+C,, y=u,fsina —£+C,, z=C,. 

Subslituling the initial conditions, we have C,=C,=—C,=0. 
And finally we obtain the equations of motion of particle M4 in 
the form 

x = v,f cosa, y=vfsina—©, z=0. (23) 

From the last equation il follows that the motion takes place 
in the plane Oxy. 

Knowing the equalions of motion of a particle it is possible 
{o determine all the characteristics of the given motion by the 
methods of kinematics. 

!. Path. Eliminating the time ¢ belween the first two of 
Eqs. (23), we obtain the equation of the path of the particle: 


gx 


2 ve cas'a@ 





y=xtlana— (24) 
This is an equation of a parabola the axis of which is paral- 
lel to the y axis. Thus, @ heavy particle thrown at an angle to 
the horizon in vacuo follows a parabolic path (Galileo). 
2. Horizontal Range. The horizontal range is the dis- 
tance OC=X along the x axis. Assuming in Eq. (24) y=0, we 
obtain the points of inlersection of the path with the x axis. 
From the equation 
insite NS 
= (tana — ones) — 
we obtain 
2u3 cos? a tana 
r : 
The first solution gives point O, the second point C. Conse- 
quenlly X=x,, and finally 


X= sin 2a. (25) 





¥.==0; x= 
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From Eq. (25) we see that the horizonlal range x is {he same 
for angle B, where 2B = 180° — 2a, i.e., if B=90°—a. Conse- 
quently, a particle (hrown with a given initial velocily v, can 
reach the same poini C by two paths: flat (low) (@< 45°) or 

ved (high = 90° — a > 45°). ; 

Wilh : ever initial velocity v,, the maximum horizontal range 
in vacuo is obtained when sin 2a—1, i.e., when angle a= 45°. 


1 
3. Height of path. If in Eq. (24) we assume r= aX= 


t 
= sinacosa, we obtain the height H of the path: 
uv; 7 
i= on sin’ a. (26) 


4. Time of flight. It follows from Eq. (23) lhat the lotal 
lime of flight is defined by the equation X—v,T cosa. Substi- 
tuling the expression for X, we obtain 


T sina, (27) 


Ai the maximum range angle a* — 45°, all the quantities become 
respeclively 


Yo — ‘co __| ye + Yo 
Xt, H* == FX", Tt=-V 2. (28) 


These resulls can be used {to estimale the flight characler- 
istics of missiles (rockets) with a horizontal range of 200 to 600 km, 
as at such ranges (and at a= 45°) a projectile travels most of 
its path in the stratosphere, where atmospheric resistance can 
be neglected. At closer ranges the resistance of the air has a 
considerable effect, while at ranges exceeding 600 kin the gravi- 
tational force can no longer be considered constant. 


Example. It is known thal at an altitude of 20 kma verlically launched 
German V-2 rockel had a velocily v,== 1,700 m/sec and an angle a = 45° 
{the rockel was inclined by means of special inslruments and control vanes). 
The further flight of the rocket was actually motion of a projectile in vacuo, 
Therefore, from Eqs. (29). iis characteristics must have been 


X* = 300 km. H* = 75 km, T* = 245 sec. 


These results are very close (o the aclual performance of V-2 rockets®, 
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Chapter 18 
GENERAL THEOREMS OF PARTICLE DYNAMICS 


In solving many problems of dynamics il will be found that 
ihe so-called general theorems, representing corollaries of the fun- 
damental law of dynamics, are more conveniently applied than 
ihe method of integration of differenlial equalions of molion. 

The importance of the general theorems is thal they establish 
visual relationships belween (he principal dynamic characlerislics 
of motion of material bodies, [hereby presenting broad possibil- 
ilies for analysing the mechanical motions widely employed in 
praclical engineering. Furthermore, the general (heorems make 
il possible to study for practical purposes specific aspects of a 
given phenomenon withoul investigaling the phenomenon as a 
whole. Finally, the use of the general theorems makes il un- 
necessary to carry oul for every problem the operations of inle- 
gralion performed once and for all in proving the theorems, which 
simplifies the solution. 


109. Momentum and Kinetic Energy of a Particle. The basic 
dynamic characteristics of particle motion are momentum (or 
linear momenlum) and kinetic energy. 

The momentum of a particle is defined as a vector quantity mo 
equal fo the product of the mass of the particle and its velocity. 
The veclor mo is directed in the same direction as the velocily, 
i.e., tangent lo the path of the particle. 

The kinetic energy of a particle is defined as a scalar quantity 
equal fo half the product of the mass of the particle and the square 


of its velocity ( 5 mv) : 


The dimensions of these quantities in the technical system 
of units are 


J kg sec? m* 
to) = HE gsec: [5°] = MEE. Ee hem 
i i i teristics 

The reason for the introduction of two dynamic charac 
is that a single characteristic does not cover all the aspects 9 

rlicle motion. 
Dror example, knowing the momentum of a motor car (i.e., see 
quantity g==mu, but not ihe separate values of m and v) an 
the force acting on it when if brakes, we can Lasgo 
the time it will take for the car lo stop; the HA i 
C rer, is not enough to determine the path travelled uring . 
braking time. Conversely, knowing the inilial kinetic energy 
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ihe car and the braking force, we can determine the braking 
distance, but not the time of lhe braking *. 


110. Impulse of a Force. The concept of impulse (or linear 
impulse) of a force is used lo characlerise the elfect on a body 
of a force acting during a certain interval of time. First let us 
introduce the concept of elementary impulse. i.e., impulse in an 
infinitesimal time inlerval dt. Elementary impulse is defined as a. 
vector quantity dS equal to the product of the vector of the force F 
and the time element dt: 

d§ = Fdf. (29 


The elementary impulse is direcled along the aclion line of 
the force. 

The impulse § of any force F during a finite lime interval) /, 
is computed as the integral sum of the respective elementary 
impulses: 

S=§ Fdt. (30) 


Thus, the impulse of a force in any time interval t, is equal to 
the integral of the elementary impulse over the interval from zero 
fo f 

In the special case when the force F is of conslanl magnitude 
and direction (F==consl.), we have §=Fi,. In the general case 
the magnitude of an impulse can be computed from its projections. 

We can find the projections of an impulse on a set of coor- 
dinate axes if we remember that an integra] is the limit of a sum, 
and the projection of a vector sum on an axis is equal to the 


sum of the projections of the component vectors on the same axis. 
Hence, 


S,= F,dt, s,=f F, dt, 8,=( F, dt (31) 
9 6 9 


_ With these projections we can construct the vector S$ and find 
itis magnitude and the angles it makes with the coordinate axes. 
The dimension of linear impulse in the technical system of units 
is [S| = kg-sec. 

To solve the principal problem of dynamics, it is important to 
establish the fcrces whose impulses can be computed without Rnow- 
ing the equation of motion of the particle moving under the 
action of those forces. From Eq. (31) it is apparent that to these 
forces belong only constant forces and forces depending on time. 


* See Problem 103 (§ 115), 
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In order to calculale the impulses of forces depending o 
coordinales or the velocily of a particle. we nate lo paowe the 
equations of its motion, i.e... x==f,(). gy==f,(). z=f,(t). B 
expressing x, y, 2 OF U,, Uy, U, through f. we can compule the 
inlegrals (31). Wilhout knowing the equation of motion of a 
parlicle, i-e., withoul first solving the principal problem of 
dynamics, the impulse of such forces cannot be calculated. 


111. Theorem of the Change in the Momentum of a Particte. 

As the mass of a particle is constant, and its acceleration 
do : : 

w= j,- equation (3), which expresses the fundamental law of 


dynamics, can be expressed 


? Bee” rs. in the form 
ru d (mo) 
<< |S m= DP. (32) 
TY, 


RLG 





: Let a particle of mass m 

‘ é moe ay Su action 

eS ee of a force R= DF, (Fig. 

ao ¢ ae 249a) have a velocity g, al 

time £0, and at times, 

Fig. 249. jet ils velocity be v,. Now 

, let us multiply both sides 

of Eq. (32) by df and take definite inlegrals. On the right side, 

where we integrate wilh respect lo time, the limits of the inle 

grals are zero and /,; on the left side, where we integrale lhe 

velocily, the limits of the inlegral are the respective values of 
@, and o,. As the inlegral of d(m) is mo, we have 


f 


mo, —mo,= > F, dt. 





By Eq. (30), the integrals on the righl side are the impulses 
of the acting force. Hence, we finally have 


IND, — M9, = > S,- (33) 


Eq. (33) states the theorem of the change In the 
linear momentum of a particle: The change tr the mo- 
mentum of a particle during any time interval ts equal to the geo- 
meiric sum of the impulses of all the forces acting on ihe particle 
during that interval of time (Fig. 2496). 

In problem solutions, projection equalions are often used in- 
stead of the vector equalion (33). Projecting both sides of Eq. 
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(33) on a set of coordinate axes, we have 
muy, —— Me, = DI Sa,. 
MY, — May = QD Say: (34) 
mu,,— mv,,= 2 S,- { 


In the case of rectilinear motion along the x axis, the theorem 
is stated by the first of these equations. 


112. Work Done by a Force. Power. The concept of work is 
introduced as a measure of the action of a force on a body in 
a given displacement, specifically that action which is represenled 
by the change in the magnitude of the velocity of a moving 
article. 

First let us introduce the concept of elementary work done 
by a force in an infinitesimal displacement ds. The elementary 
work done by a force F (Fig. 250) is de- 
‘fined as a scalar quantily 


dA=F_ds, (35) 


where F, is the projection of the force on 
fhe tangent to the path in the direction 
of the displacement, and ds is an infinites- 
imal displacement of the particle along 
{hat tangent. 
This definition corresponds to the con- 
cepl of work as a characteristic of that Fig. 250. 
action of a force which tends lo change the 
magnitude of velocity. For if force F is resolved into compo- 
nenls F, and F,, only the component F., which imparts the par- 
ticle iis tangential acceleration, will change the magnitude of 
the velocity. As for component F,, it either changes the direction 
of the velocity vector o (gives the particle ils normal accelera- 
tion) or, in the case of constrained molion, changes the pressure 
on the conslraint. Component F, does not affect the magnitude 
of the velocity, or, as they say, force F, “does no work”. 
Noting that F,=F-cosa, we further obtain from Eq. (35) 


dA =F ds cosa. (36) 


Thus, the elementary work done by a force is equal to the prod- 
uct of the projection of that force on the direction of displacenient 
oj the particle and the infinitesimal displacement ds (Eq. 35) or, 
the elementary work done by a force is the product of the magni- 
tude of that force, the infinitesimal displacement ds, and the cosine 
of the angle between the direction of the force and the direction of 
the displacement (Eq. 36). 
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If angle @ is acule. the work is of positive sense. In particular, 
at a=0. the elementary work dA=—Fds. 

If angle a is obtuse, the work is of negalive sense. In par- 
licular, al a= 180°, the elementary work dA =— Fds. 

If angle a=90 , i.e., if a force is directed perpendicular to 
the displacement, the elementary work done by the force is zero. 

The sign of the work has (he following meaning: the work is 
posilive when the tangential component of the force is pointed 
in the direction of the displacement, i.e., when the force accel- 
erales the motion; the work is negative when the tangential 
component is pointed opposite the dis- 
placement, i.e.. when the force retards 
the motion. 

Let us now find an analytical expres- 
sion for elementary work. For this we 
resolve force F into components F,, F,,. 
F, parallel to the coordinale axes (Fig. 
251; the force F is not shown in the 
diagram). The infinitesimal displacement 
M.M’=ds is compounded of the dis- 

Fig. 251. placements dx, dy. dz parallel to the co- 

ordinale axes, where x, y, 2 are the 

coordinates of point M. The work done by force F in the displace- 

ment ds can be calculated as the sum of the work done by 

its components F,, F,, F, in the displacements dx, dy, dz. Bul 

the work in the displacement dx is done only by component F, 

and is equal to F,dx. The work in the displacements dy and dz 
is calculaled similarly. Thus, we finally obtain 


dA=F dx -+F dy 4+ F,dz. (37) 


Eq. (37) gives the analytical expression of the elementary work 
done by a force. ee 
The work done by a force in any finile displacement M,M, 
(see Fig. 250) is calculated as the integral sum of the corre- 
sponding elementary works and is equal to 
“hy 
Aca, My) = { F, ds, (38) 
(Al) 





or 
(Al) 


Aas, my = { (Fede +F, dy + Fede). (38’) 
(Aly) 


[ i t MM, & 
_ the work done by a force in any displacemen oM, é 
a the integral of the elementary work taken along this 
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displacement. The limits of the integra! correspond to the values 
of the variables of integration ai points Af, and M, (or. more 
exactly, the inlegral is taken along the curve M,M,, i.e. il is 
curvilinear). 
If the quantify F, is constant (F,—const.), then from Eq. (38), 
denoting the displacement A1,M1, by {he symbol s,, we obtain 
Aca.aty == F.S,. (38°) 


In particular, such a case is possible when the acling force is 
constant in magnitude and direclion (F =const.) and the point of 
application is in rectilinear motion 
(Fig. 252). In this case F, =F cosa = 
=const., and the work done by the 
force Aist,, =Fs, cos a. 

In order to solve the principal prob- 
lem of dynamics, it is important to 
eslablish the forces whose work can be 
calculated immediately without knowing 
the equation of motion of the particle on which they are acling 
(compare wilh § 110). From Eq. (38’) it can be seen that to 
these forces belong only constant forces or forces which depend on 
the position (coordinates) of a mcving 
particle, 

In order to calculate the work done by 
forces depending on (ime or the velocity 
of a particle, we must know the equa- 
lion of its motion, i.e., the coordin- 
ales x, wv, z as functions of lime. Then 
all the variablescan be expressed through 

Fig. 253 the time ¢ and the integral (38’) calcu- 

: elias lated. Wilhout knowing the equation of 
motion of the particle, i. e., without first solving the principal problem 
of dynamics, the work done by such forces cannot be delermined. 

Graphical Method of Calculating Work. If a 
force depends on the displacement s and a graph is given showing 
the dependence of F, on s (Fig. 253), the work done by a force F 
can be calculated graphically. Let a particle at M, be at a dis- 
tance s, from the origin, and at M, let its displacement be Si. 
Then, from Eq. (38), taking into account the geometric inlerpre- 
lation of integration, we have 








Ss, 
Avat,aty) = i) F ds =a, 


s 
bd @ is the product of the shaded area in Fig. 253 and a scale 
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Power. The term power is defined as the work done by a 
force in a unit of time (the lime rate of doing work). If work is 
done at a constant rate, the power 


yo, 
un 
where f, is the time in which the work A is done. In the general 
case, 
dA F.ds 
dt dt 





= F_v. 


Thus. power is the product of the tangential component of a 
force and the velocily. The dimension of power in the technical 
system of unils is [IV] =kg-m sec. 

In engineering the unit of power commonly used is the horse- 
power, which is equal lo 75 kg-msec. In the physical system 
power is expressed in kilowatts, one hp being equal to 0.736 kw. 

The work done by a machine can be expressed as the product 
of ils power and the time of work. This has given rise to the 
commonly used technical unit of work, the kilowatt-hour 
(I kw-h= 367,100 kgm). 

Ii can be seen from the equation W —F,v that if a motor has 
a given power IV, the tractive force F_, is inversely proportional 
to the velocily v. That is why, for 
instance, on an upgrade or poor 
road a motor car goes into lower 
gear, thereby reducing the speed 
and developing a greater tractive 
force with’ the same power. 


113. Examples of Calculation 
of Work. The examples considered 
below give results which can be used 
immediately in solving problems. 

1) Work Done by a Grav- 
ilational Force. Let a par- 
licle M subjected to a gravitational force P be moving [rom a 
point M,(x,. y,. 2) to a point M, (x, 4. 2,)- Choose a coordinale 
system so that the axis Oz would point vertically up (Fig. 
254). Then P,=0, P,=9, P.=— P. Substituling these expres- 
sions inlo Eq. (38’) and taking inlo account that the integration 


variable is z, we obtain 
(M,) 


Away) = { 
(Aly) 





Fig. 24. 


a 
(— Pdz)=— P{ dz=P (z,— 2). 
we 
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If point M, is higher than M,, then z,—z,==A, where A is (he 
verlical displacement of the particle; if, on the other hand, M, 
is below M,, then z,—z,=—(7,—z,.)=—A. Finally we have 


Acatst,) = & Pa. (39) 


Thus, fhe work done by a gravitational force is equal to the prod- 
uct of the magnitude of the force and the vertical displacement of 
the point to which it is applied, taken with the appropriate sign. 
The work is positive if the 
inilial point is higher than 
ihe fina] one and negalive if 
it is lower. 

It follows from this thal the 
work done by gravity does 


b 

not depend on the path along ' 
which the point of ils appli- Fl er 
cation moves, Forces possess- ary! Uy "of 
ing this property are called ho © 
conservative forces. 

2) Work Done by an Fig. 255. 
Elastic Force. Considera 
weight M lying in a horizontal plane and attached to the freeend 
of aspring (Fig. 255a). Let point O on the plane represent the position 
of the end of the spring when it is nol in tension (AO =i, is (he 
length of the unextended spring) and let il be the origin of our 
coordinate system. Now if we draw the weight [rom ils posilion 
of equilibrium O, stretching the spring to length /, acting on lhe 
weighl will he the elastic force of the spring F direcled towards O. 
According to Hooke’s Law, the magnitude of (his force is propor- 
tional to the extension of the spring Af—i{—dJ,. As in our case 
Ai=x, then in magnitude 


F==c|Al{|=c|x |. - 


The factor c is called the stiffauess of the spring, or the spring 
constant, and its dimension is |c]—==kg'cm. Numerically, the stiff- 
ness c is equal to the force required toexlend the spring by 1 cm. 

‘Lel us find the work done by lhe elastic force in the displace. 
ment of (he weight from posilion M,(x,) lo position M,(x,). As 
in this case F,==—-F=—cx, F,=F,=0, then, substituling 
these expressions inlo Eq. (38’), we obtain 

(An) . C1) 
Aunty = ) (— cx) dx=—e{ xdx=F (x3 — x*). 
(4Ig) Xe 





(The same result could be obtained from the graph of F depending 


—a 
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on x (Fig. 2555) by calculating the area o of the shaded trapezium 
in the diagram and taking inlo account the sign of the work.) In 
the obtained formula x, is the initial extension of the spring 
Al,,. and x, is the final extension Al,,,. Hence 


Avat,al,) = 5 \(Ad,,)° —(Al,,,)"I. (40) 


j.e., fhe work done by an elastic force is equal to half {he pro- 
duct of the stiffness and the difference between the squares of the 
initial and final extensions (or compressions) of a spring. 

The work is positive if |Af,,| >>| Ad,,,|, i-e.. when the end of 
the spring moves towards the position of equilibrium, and negative 
when | A/,,|<c| Ad, |, i-e.. when the end of the spring moves 
away from the position of equilibrium. 

Ii can be proved thal Eq. (40) holds 
good for the case when the displacement 
of point Af is noi rectilinear. It follows, 
therefore, that the work done by the 
force F depends only on the quantities 
Al,, and Al,,, and does not depend on the 
aciual path travelled by M. Consequently, 

Bee an elastic force is also a conservative force. 

Fig. 256. 3) Work Done by Friction. Con- 

sider a particle moving on a rough sur- 

face (Fig. 256) or a rough curve. The magnitude of the frictional 

force acting on the particle is {N, where f is the coefficient of 

friction and N is the normal reaction of the surface. Frictional 

force is directed opposile to the displacement of the particle, 
whence F,,.==—/NM, and from Eq. (38). 





My (Ah) 


Aaiat,) = — { F,,ds=— { [N ds. 
(Al) (TQ) 
If the frictional -force is constant, then Avas,a,)=— 45, where 


s is the length of the arc M,M, along which the particle ne 

Thus, fhe work done by kinetic friction is always hacia l 
depends on the length of the arc M,M,, and consequently it is 
non-conservative. 


i i f a Par- 

114, Theorem of the Change in the Kinetic Energy © 
ticle. Consider a particle of mass m displaced by acling oe 
from a position M, where its velocity is v, to a position ™, 


i ily is v,. ; 
ere culain thecrequltee relation, consider the equation mw = 


>. which expresses the fundamental law of dynamics. Projecling 
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both parts of this equation on the langent Aft to the palh of the 
particle in the direction of motion, we obtain 


niet, = Fy. 
The tangenlial acceleration in the left side of the equalion 
can be wrilfen in the form 
. dv duds __dv, 
rad aed ty 
whence we have 
du 
mus = DF. 


Multiplying both sides of the equation by ds. bring m under 
ihe differential sign. Then. noting thal F,.ds=dA,, where dA, 
is the elementary work done by lhe force F,, we obtain an 
expression of the theorem of the change in kinelic 
energy in differential form: 


(73 \= DA, (41) 


Integrating both sides of Eq. (41) in the limits belween the 
corresponding values of lhe variables at points MM, and W,. we 
finally obtain 


my" 


mo} 
stg = DA n- (42) 


Eq. (42) stales the theorem of {he change in the 
kinelic energy of a particle in the final form: 
The change in the kinetic energy of a pariicle tn any displacement 
is equal to the algebraic sum of the work done by all the forces 
acting on the particle in the same displacement. 

The Case of Constrained Motion. Jf the motion of 
a particle is constrained, then, from Eq. (5), the left side of 
Eq. (42) will include the work done by (the given (active) forces 
Fi, and the work done by the reaction force of the constraint. 
Let us limit ourselves lo the case of a particle moving on a 
fixed smooth (frictionless) surface or curve. In this case the 
reaction N (see Fig. 256) is normal lo the path of the particle, 
and N.=0. Then by Eq. (38), the work done by the reaction 
force of a fixed smooth surface (or curve) in any displacement of a 
particle is zero, and from Eq. (42) we obtain 


mw. mou 


T= DA at: (42’) 
9 — moss : 
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Thus, in a displacement of a particle on a fixed smooth surface 
(er curve) the change in the kinetic energy of the particle is equal 
fy the sum of the work dene in this displacement ty the active 
forces applied ty that particle. 

If the suriace (curve) is not smooth, the work done by friclion- 
al force will be added lo the work done by the active forces 
(see § 113). If the surface (curve) is ilself in motion. the absolute 
di-placeinent of the particle Al may not be perpendicular to wW 
and the work done by the reaction N will not be zero (for in- 
stance. the work done by the reaction of the floor of a lift). 


115. Solution of Problems. The first thing in approaching 
any problem is lo see whether one of the above theorems can 
be direclly applied lo solve it. The following considerations 
should be borne in mind. 

The theorem of the change in the linear momentum of a par- 
ticle is conveniently used to solve problems in which: 

a) the acling forces are constant or depend only on lhe firme: 

b) lhe given and required quantities include lhe acting forces, the 
duration of the motion, and the initial and final velocity of the 
particle (i.e.. F, ¢t, u,, and v,). 

The theorem of the change in the kinetic energy of a particle 
is conveniently used to solve problems in which: 

a) the acting forces are constant or depend only on the 
distance: 

b) the given and required quantities include the acting forces. 
the displacement! of the particle, and the velocity ai the beginning 
and the end of the displacement (i.e.. F. s. v,, and v,). 

Both iheorems can be combined to solve problems in which 
both (he lime of motion and the displacement of a particle are 
given (orf required). 

if the acting forces include a force depending on the velocity, 
the principal problem of dynamics cannot be solved with the help 
of any of the general theorems (it is impossible immediately to 
calculale the work done by, or the impulse of, a force). In this 
case (le method of integralion of differential equations should 
be used (Chapter 17). 

The following steps for the solution may be suggested: 

1. From the stalement of the problem determine the theorem 
which can be used for its solution. i 

2. Draw the moving particle in an arbitrary posilion together 
with all the active forces and the reactions of the constraints (in 

e case of constrained motion). 
vs, Calculale with the corresponding formulas the impulses or 
work done by al! the forces during the motion. 
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tine Eq. (34) or (42), write the appropriate equations 
ba cad ake. seated quantities. In the computations special 
attention should be paid to expressing all the quantities in the 

$ s. 

pete ta Ae above are also convenient to determine 
the impulses or the work done by the forces acling on a par- 
licle from the change in its momentum or kinetic energy (lhe 
first problem of dynamics). 


Problem (02. A load of weight p=O.1 kg moves in a circle with a con- 
slant velocily ¢—=2 msec. Determine the impulse and lhe work done by the 
force acting on the load during the time 


the load takes 1o travel one quarter of M, Uy 
the circle. mu, 
Solution. From the theorem of 
the change in momentum, 
$= m9, — ne, M, mu, $ 
Construcling geometrically ihe difler- 
ence between these momenta (Fig. 257), 
we find Jrom the right-angled triangle: es 
ye a 2 
Saal of + vy. Fig. 257. 


But from the conditions of the problem v,=v,=v, consequently 
s= 7 v YW2—0.029 kg-scc. 

From Eq. (42) we determine the work: 
AM =F (vi — of) =0. 


Problem 103. A load of mass m lying on a horizontal plane is pushed and 
imparted an initial velocity .o,. The molion of the load is then retarded by 
a conslanl force F. Determine the time it lakes 
the toad to stop and how far it will have travelled. 

Sotutlion. From the conditions of the prob- 
lem we see thal the first of our theorems can be 
used io calculate the lime of the motion and the 
second to delermine the distance. 

Draw the load in an arbitrary position M 

Fig. 258 (Fig. 258), M, and M, being ils initial and final 

M ‘ positions. Acting on the load arc ils weight P. 

the reaction of the plane NW, and the opposing 

force F. Pointing axis Ox In the direction oJ the molion, we have from Eq. (34): 


MOg — Mg, = DS x 


In this case v,,==0 (vu, is the velocily at the inslant when the load stops) 
and 04, = 0,. Force F is the only one projecled on the x axis. As il is con- 
stani, S,=F,f,—=— Ft,, where f, is the deceleration lime. Substituting these 
expressions inio our equation, we obtain —mv,=— Ft, whence the required 
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lime is 
i — a a ~ (a) 


To determine the braking distance we use the theorem of the change in 
kinetic energy: 





met mye 
a = = DA atoato. 
Here again v,=9 and only force F does any work: A (F) = — Fs, where s 
is the braking distance. The work done by forces P and AW is zero as they are 
z 
perpendicular to the displacement. EHlence we obtain an =— Fs,, and the 
braking distance is 
mv? 
5,=-+- 


We sce from equations (a) and ib) thal the braking lime for a given force 
F is proportional to the initial velocily v,. and the braking distance is pro- 
porlional to the square of the initial velocity. 

If the braking force is a frictional force and the coe!Jicient of friction / 
is known, then F =/? =fmg, and equalions (a) and (b) give 


ims ve 
=—_—,s-—_—. 
‘fa 2 fe 

Nole (hat if we were given the initial momentum g,= aru, (for example, 
9, == 2 ke-sec) instead of the mass a and inilial velocily o,, knowing F we 
could find the braking time Jrom equation (a). but the dala would be insul- 
ficient to determine the braking distance s,. : 

Conversely, if we knew the initial kinetic energy 0: (he load T= and 


the lorce F. we could delermine the braking distance s, from formula (b), bul 
we would not be able (o determine the brak- 
ing time f,. This was mentioned in § 109. 

Problem 104, The resullant & of all 
the forces acting on the piston in Fig. 259 


4 tha SPAS I OMAP PEL OL PEROT ELSE 4th e 






J— 7 changes during a certain lime-interval ac- 

I aaa a aes | cording to the equation R=0.4P(f — kf). 
: : where P is the weight of the piston, ¢ is the 

Fig. 25%. {ime in seconds, and & a factor equal lo 


1.6 sec™', Determine ue velocity of the 
iston at fine £,==0.5 sec, if al lime ¢,==0 it was v,=0.2 msec. — 
Solut orn. "As the acting force depends on the time and the given and 
required quanlilies include 4, Ug, and v,, we make use of Eq. (34): 
MU x — Moy = Se 
In (this case : 


Ln t, b 
s,= { R,dt =0.4P{( — ht) dt =0.4 Pa xh ). 
a 9 
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Furthermore, v,, = 4. Uy. = %,. P= mg. Substituting Unese expressions int 

Eq. (33) and taking into account thal #=1.6 sec~’ and {, = 0.3 sec. we 
oblain 


/ R ; 
ie aie i ae} 4)= 1.4 in‘sec. 


Problem 105. A weight altached to a slring of length / (Fig. 2604) is 
displaced from the vertical at an angle ¢, and celeased from resi. Determine 
the velocily of the weight at the instant when the 
(hread makes an angle ¢ wilh the vertical. 

Solulion. As the cond‘tions of the prob- 
lem include Ihe displacement of the weight, de- 3) 
fined by the angle through which the lthread 
passes, and the velocities vu, and v,, we make 
use of ile theorem of the change in kinelic % 
energy: 


Yr* fe 


me, mot 


oe = DA i 





Acting on the weighl is the force of grav. 
ily P and the reaction of the thread NM. The 


work done by force N is zero, as N.=0. For Fig. 260. , 
force P we lave [rom Eq. (39): A(P)=Ph=mgh. As vo, =—9, we oblain 
mut 
a = mg, whence 

v=) Qgh. 


This is the famous formula of Galileo. Evidently. the result is the 
anne for the velocity uv of a freely falling weighl (Fig. 
). 5 1 
5 In our problem A =/cos@ —/cosq,, and finally 


v = ) 2gicos p — cos @,)- 


Problem 106. The length /, of an unconipressed valve 

‘spring is 6 cm.’ When the valve is complelely open it is 
i lifled to a height s=0.6 em and the length of the com- 
° pressed spring is /=4 cm (Fig.26)).The sliffness of the spring 
is¢==0.1 kg'cm and the weight of the valve is p=0.4 kg. 


F Neglecting the. gravitational and resisling forces, 
determine the velocity of thevalve al the moment ol its 

; Closure, ; ; 
Fig. 26). Soluljon. The elastic. force F acting on the valve 


. depends on (he displacement s of the valve, which is 
given. Therefore we use Eq. (42): 


2 a 
mv, my, 


2 > = Aina. 


According to the condilions of (he problem, the only force 


the elaslic force of ihe spring. Hence, (rom Eq. (40). we have doing work is 


ACoA yy = = Ic Mdig)® — (Ady,)*) 
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In our case 
Alig=!,—4=2 em, Agyl=i, — l-—s=—I.4 em. 


P 
Furthermore, v,=0 and era Substifuting these expressions into Eq. 


] fe 
vu, = - (A4,)" — (Adiga) = 0.22 m ‘sec. 


In the computations take care of the dimensions (as Al is in cenlimelres 
g = 980 cm sec’). 

Problem 107. An clastic beam supporling a weight al the centre of ils 
span (Fig. 262) deflects by an 
amount 4, (the slalic deflection 
of the beam). Neglecting the 
weight of the beam, determine ils 
maximum deflection Oj3, if the 
weight is dropped on it from a 
height #. 

Solution. Asinthe previous 
problem, we apply Eq. (42). The 
inilial velocity vu, and the final 
velocily uv, (at the instant of {he 
maximum deflection of the beam) 
of the weight are each zero, and Eq. (42) takes the form 


DAs =0. (a) 


The forces doing work are the gravilational Jorce P in the displacement 
M,M, and the elastic force F of the beam in the displacement M’M,. Also, 


A(P)= P(H +.4,,,,), A(F) = > 8% max aS for the beam Al, =0, Alig — Omaz. 
Substituling these expressions into equalion (a), we obtain 


(42), we oblain 





Fig. 262. 


¢c 
P (H+ 8 nax) a Oman = 0. 


Bul when the weight on the beam is in equilibrium the gravitational force 
Is balanced by the elastic force. Consequently, P =c,,. andthe last equation 


can be writlen in the form 
O nox — 28,, Snax bat = 0. 


Solving this quadratic equation, and taking into account that according to 
the conditions of the problem > 0, we Jind 


man = 5st +V 83, + 2H8,,. 


It is interesting lo nole {hat at H=0 we have 6,,,, = 26,,. Thus. if the 
weight is placed at the centre of a horizontal beam the maximum deflection 
in the downward motion of the weight will be double the slatic deflection. 
The beam will vibrate together with the weight about the position of 
equilibrium. Resisting forces will damp the vibrations Lill {he system is balanced 
at the posilion when the defleclion of the beam is equal fo 6). 
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Problem 108. Delermine the initial velocity (hat should be imparted to a 
body projecled vertically up from lhe surface of the carth jor il to reach a 
given allilude A, Assutne lhe gravitational force to be changing inversely lo 
the square of the dislance from ithe cenlre of the earth and neglect the resist- 
ance of the air. 

Solulion. This problem is solved by applying the theorem of (he change 
in kinelic energy. the body being considered as a particle. Place the 
origin of a coordinate sy.iem in the cenlre of the 
earth (the cenlre of alfraclion) and direct the x 
axis in {he direction of the motion (Fig. 263). 
Draw the moving parlicle Af in an arbilrary posi- 
tion and the force F applied to it. From the con- 
dilions of lhe problem, 


Rm 
r= Fs 

where sn is Ihe mass of the particle and & is a 
scalar factor, 

To determine &, nole that when the particle 
is on lhe surface of the earlh (f= Ry. where R, Fie, 2623. 
is (he radius of the earth) the gravitational force - 
is mg,. where g, is the acceleration of gravity al the surface of the earth. Hence, 





mg, = a and k= R'g,. 


By the (heorem of the change in kinetic energy, 


4 z 
mu, mu, 


py = AM at. (a) 


When (he particle reaches its hi hest positi =—0, 
work we lake Eq. (38°). In our case : ee To: compute the 


F,=—F=--—. F,=F,=0, 
whence 
(M,) » Rott 
(Mto) = j - 
Integrating, we find 
Au my shel po — gp) = e_ 
a Ro+H  R, Ro(Ro +H) * 


Subslitulin 


finally ea these expressions of the work and of & in equation (a), we 


26 oRoH 
R,+ 8° 


4= 
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Let us consider some special cases. 
a) li Wf is very small ax compared with R,, AR, is very small. 
the numeralor and denominalor by R,. we obtain 


v= 2h Von. 
was 
Ry 


Thus. at smal) values of H we oblain Galileo's formula. 
b) Let us find the initial velocity which will carry a projectile inlo infin- 
ity. Dividing the numerator and denominator by //, we obtain 


Dividing 


l+ay 


Al H=e, and assuming the mean radius of the earth lo be R, == 6.370 km 
we obtain 


Uy = V 2g, R, = 1.2 km sec. 


Thus, a boly projecled from the surface of the earth with a velocity of 
11.2 km/’see will escape the earth’s gravitational field forever. 

Il can be calculated that at initial velocities lying approximately within the 
limits 8 knvsee <= u,<< II km/sec a body projected al a tangent to the earth's 
surface will nol fall back and will become an artificial satellite. At initial ve- 
locilies below 8 km/sec or when a body is not projected horizontally, it will 
describe an elliptical trajectory and fall back lo earth. All these resulls refer 
(a molion in vacuo (see Chapter 22). 


116. Theorem of the Change in the Angular Momentum of a 
Particle (the Principle of Moments). Of the two principal dynamic 
characteristics introduced in § 109. only mo is a vector quantity. 
Often. in analysing the motion of a particle, it is necessary lo 
consider the change nol of the vector mg itself, bud of its moment. 
The moment of the vector mo with respect to any centre O or axis 
z is denoted by the symbol m, (ara) of m,(mv) and is called the 
moment of momentum or angular momentum with respect to that 
centre or axis. The moment of vector mo is calculated in the same 
way as (he moment of a force. Vector mo is considered to be applied 
{o the moving particle. In magnitude |, (mo) |= muh, where A 
is the perptndicular distance from O to the position line of the 
vector m@ (see Fig. 264). ate ; 

l. Principle of Moments About an Axis*. Consider 
a particle of mass m moving under the action of a force F. Let 
us establish the dependence between the moments of the voce 
mo and F with respect to any fixed axis 2. From the formulas 
of § 42, 
$ m,(F) =xF, — yF,. (43) 


* This resuli can be oblained as a special case of ilem 2. 
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Similarly, for m,(mv), and taking mm out of the parentheses, we 


have 
m, (a9) = m (xv, — yo) (43°) 


Differentiating both sides of this equalion with respect to time, 
we obtain 


The expression in the first parentheses of the right side of the 


: F dx dy. — 
equation is zero, as 7, =v, and Fi vy Fron Eq. (43). the ex 
pression in the second pair of parentheses is equal lo m,(F), since, 
from the fundamental law of dynamics, 





d dx dy duy dv, 
ql", (mv)| = (5 v — Ho.) + (xm Gre Oa 


duc 





du 
mH == F,, mM = F,. 
Finally, we have 
£ |m, (mo)| = m,(F). (44) 


This equation slates the principle of moments about 
an axis: The derivative of the angular momentum of a particle 
aboul any axis with respect to time is equal iu the moment of the 
acting force about the same axis, An analogous theorein can be 
proved for moments about any centre O. 
Ils mathematical expression 13 given be- 
low in Eq. (45’). 

Principle of Moments 
about a Centre. Let us find for a 
particle moving under the action of a 
force F (Fig. 264) the relation belween 
the moments of vectors mo and F with 
respect to any lixed centre 0. It was 
shown ai the end of § 4! thal m,(F) = 
=rX<F. Similarly, 

m, (mo) =r >< mo. Fig. 264. 
Vector m,(F) is normal to the plane 
through © and vector F, while the vector m, (m) is normal to the 


plane through the centre O and vector mo. Differentiating the ex- 
Pression m, (mv) with respect to time, we obtain 





a 
a X me) = (aX mo) + (r xm a) = (0 XK mo) + (rx mw). 
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Bul 0X mo=0, as the veclor product of two parallel vectors 
and mw=F. Hence, 


d sa 
qh nvr KF, (45) 
or 


5, |m, (mo) = m, (F). 45’) 


This is the principle of moments about acentre: 
The derivative of the angular momentum of a particle about any 
fixed centre with respect to lime is equal to the moment of the force 
acting: on the particle about the same centre. An analogous theorem 
r is true for the moments of vector mo and 

force F with respect to any axis z, which 
is evident if we project both sides of Eq. 
(45’) on that axis. This was proved direct- 
ly in item 1, The mathematical statement 
of the theorem of moments about an axis 








‘ is'given in Eq. (44) above. 

‘\ A comparison of Eqs. (45) and (32) 

_ shows that the moments of vectors mo 
at > \T and F are linked by the same relation- 


y, ship as the vectors sno and F themselves. 


ho (i Problem (09. A bead ‘fs atlached to a string 

BM (Fig. 265) receives an inilial velocily 9, 

such that u, is perpendicular to the plane ABM. 

a P The motion of the bead makes the string wind 

Fig. 265. round a thin vertical rod. The initial distance of the 

bead from the rod is Ay. Neglecting the diameter of 

the rod, delermine the velocity ec, of the bead when its distance from the rod is Ay. 

Solution. Acting on the bead are the force of gravily P and the reac- 

tion of the string 7. The moments of these forces aboul the axis z, which is 
coincident with the rod, are zero. Then, from Eq. (44}, we have 


d 
it ar, (mo)] =9, 


whence mm, (me) = meh =const. As the mass m is constant, it follows that dur- 
ing the molion of the bead vA, = v,4,, whence 


A 
vu, = i Uy: 


The closer the bead approaches the rod, the greater is ils velocity. 


3. Motion Under the Action of a Central Force. 
A central force is one whose line of action always passes through 
a given centre O. An example of a central force Is the force with 
which the planets are atiracled by the sun. 
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Using Eq. (45’), let us investigate how a particle M will tnove 
under lhe aclion of a central force F (Fig. 266). As in this case 
m,(F)= 0, m,(mv) =r Xmo=const., i.e., the vector m, (mv) 
is constant both in magnitude and direction. It follows from this 
thal, firstly, veclors r and o must always be in the same plane 
(so that the direction of vector r Kimo would remain constant); 
hence, the path of the particle is a plane curve. Furthermore, 
since in magnitude | m,(aiv)|—consl., and the mass m is also 
constant, m,(@) ==vh =const. 

Thus, a particle subjected to the action of a central force moves 
in a plane curve; ils velocily o changes in such a way that the 
moment of veclor @ about the centre 
O is constant (vk =const.). 

This result has a graphic geo- 


metrical interprelation. As vh = 5h 


and ds-h = 2do, where do is the area 
of the triangular element OMb, then 
it follows that, if vh = 25° —const., 
ss ==const. 

The quantity o represents the Fig. 266. 


rale of increase of the area swept out 

by the radius vector OM in the motion of the particle M 
and is called the areal velocity. In the present case this velocily 
is constant. Thus, in motion under the action of a central force the 
radius vector of a particle sweeps out equal areas in equal intervals 
of time (the Law of Areas). This applies to planelary motion and 
is one of Kepler’s laws. 

If the ellipse in Fig. 266 is the orbit of a planet moving about 
the sun, which is in the focus O of the ellipse, then at point P, 
which is called the perihelion, the planet has maximum velocity, 
and at point A, called the aphelion, it has minimum velocity. 
This follows from the fact that the areas of the shaded sectors 
oe Ate equal es must be equal. The relation between 

e velocilies up and uv, can also be fou i i 
Oe SOP a One found by equating their 
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Chapter 9 


CONSTRAINED MOTION OF A PARTICLE 
AND D'ALEMBERT'S PRINCIPLE 


117. Equations of Motion of a Particle Along a Given Fixed 
Curve. We have seen that some problems of conslrained molion 
can be solved with the help of the general theorems of dynamics. 
Lel us consider anolher method of solving such problems which 
can be use for any acting forces and which makes it possible 
to find both the equation of motion of a particle and the reac- 
lions of ils constraints. 

Lel parlicle Af in Fig. 267 be moving along a given smooth 
curve under (the action of the applied forces Fy’, Fz, ..., Fa, lel Obe 

P the origin of a frame of reference lying 
on the curve, and let the molion of the 
. particle be described by the arc-coordi- 


nale s=OM (see § 68). If we replace the 
constraint by ifs reaction N, the fundainen- 
{al law of dynamics will take the form 
(see § 102): 





: mw = Di Fi N. (46) 

° 7 is i Let us draw through point M the tan- 
fF, gent .M_ (in the positive direction of s), the 

Fig. 267. principal normal Mn (inward to the curve), 


and an axis Af’ perpendicular to them, 
which is called (he Oinormal, and project both sides of Eq. (46) 
on these axes, As the curve is smooth, the reaction N is perpen- 
dicular lo il, i.c., lies in the plane Mon, and consequently, 
N_=0. Thus we have: 


mo,= Fi, mw,= DF Ny My = DSF io +N. 
dvd's y? 
But w.= 7 ait : W,= 5 . and w,==0, as the acceleration 


vector w lies in the osculaling plane Mra. This gives us the 
following differential equations of motion of a particle along a giv- 


en curve: 
mo=> Fi, OF m T= 3 Fei (47) 
0" SF Fin tN O= DFR +My (48) 


These equations can be used to solve both the problems ol 
constrained motion mentioned in § 102. 
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Eq. (47), which does not contain the unknown reaction N, js 
convenient for developing the equation of motion o! a particle 
along a curve, i.e.. the relalion s—=/(f). Eqs. (48) are used to 
determine lhe reaction of the constraint (see § 118). 

These equalions can also be used if the curve is nol smooth, 
in which case the frictional force should be added to the for- 
ces Fi. 

Eqs. (47) and (48) also hold for the motion of a free particle, 
in which case we assume V =—Q. 


Problem 110. A heavy ring Af sliding on a horizontal wire circle of radius 
R=0.3m receives an initial velocity v, = 2 msec tangent to the circle (Fig. 268). 
The coefficient of friction of the ring on the circle is f=0.3. Delermine the 
distance 3, the ring will travel along the 
circle before it stops. 

Solution. Placing the origin O of the 
frame of reference al the jnitial pasilion of 
the ring, we draw the ring in an arbitrary 
posilion and the axes Mt, Afn and Afé. 
Acling on the ring are the force oJ gravily 
P, (he reaction 4, and the Jrictional Jorce 
F, Writing Eqs. (47) and (48), we obtain: 


z 
eee =e N,—P=0. 





Fig. 268. 


In magnitude F—/!N =f Va: +: (il 
would be wrong to compute the friction as the arithmelical sum of f u 
and fN,)- Noting that N,o=P=ag, we find . a iNe 


vt 
F=fm a+ a. 


We see that the [riclion depends, through the reaction N. on tI loci 
i : : : : l 

of the ring. That is why this problem cannot be soly Him Cheal sie 
of the change in kinetic eneier. ot be solved by applying the theorem 

In order to Iind immediately the dependence of s on v, ote that 
du duds dv on ee 
Hongo KR” Then, eliminaling m, the equalion of motion of the ring 
takes lhe form 





d ooo! 
oe a— VaR Te, 


Separating the variables, we oblain 





whence 


2 ——— 
4 s=—In(o'-+V ER $04) +6, 
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From the initial data, al s= 0, the velocity v= o0,. Hence, C, = Inq; + 
+ g?R? + of) and finally 
R In "9 + gtr? +8 
2 ot +1 FRE uP 
When the ring stops. u=0. Thus, assuming g == 10 misec®, the required 
path is 
R, ctl ureRe | 


‘= pf (9 ——_ ay 5m. 


118. Determination of the Reactions of Constraints. The reac- 
tion of the constraint when a particle moves along a given curve 
is found with the help of Eq. (48). The moving particle should be 
drawn in the position for which the reaction is to be determined. 
If the velocity v in Eq. (48) is not immedialely known. it can in 
some cases be found from the theorem of 
the change in kinelic energy (§ 114). 

From Eq. (48) il can be seen thal in 
curvilinear motion Lhe dynamic reaction N, 
unlike static reaction, depends not only 
on the applied active forces and the type 
of constraint but also on the velocity of 
motion. 


Problem U0. A load of weight P allached to 

a slring of length / is displaced through an angle 

a from the vertical to a position .W, and released 

from rest (Fig. 259). Determine the tension in the 

Fie. 269 thread when the load is in its lowesl position Af,. 

'B- . Solution. Draw the load in the position 

for which the tension in the string has to be 

found, i.e.. in position Af,. Acting onthe load is ils weight P and the reaction 

of the thread 7. raw the inward normal Af,a and write Eq. (48), taking into 
account that in the present case g=/. We have: 





? t 
my, mv, 


Sy =T-P o T=P+ 75 





where v, is the velocity of the load al position M4,. To determine v,, we make 
use of Eq. (42”): 


1 t 
mv mu (a) 


6 
yy Ata 





On the section Mf, only force P does any work. Therefore, A? = PA= 


= Pi(l —cos@). : 
0. substituting the expression developed for the work inlo equa- 


lion (a), we obtain mu} = 2P/(1 — cosa), and finally 
T =P (3 — 2 cos a). 
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In the special case, when the initial angle of deflection is 9 , the lension 
in the slring when il is in vertical position will be 3P, i-e., treble the weight 
of the load. 

The result shows thal dynamic ceactions can differ considerably from sta- 
lie reactions. 

Problem 112. A grooved leack makes two circular arcs AB and BD ol ra- 
dius R in a verlical plane; the tangent BE through their point of conjugation 
is horizontal (Fig. 27). : 

Neglecting friction, determine the height 4 from BE at which a heavy 
ball should be placed on the lrack so thal if would shoot out of the track at 
point Mf, lying al the same dislance A 
below BE. 

Solution. The ball will leave the 
track at a point MM, such thal its pres- 
sure on the track (or Ihe reaction V of 
tiie track) is zero, Consequently, our 
problem is reduced to the detennination 
of VN, Draw the ball at Af,. Acting on il 
are the force of gravily P and the reac- 
tion of the track NM. Wriling Eq. (418) 
for the projections on the inward normal 
Mia, we have 


av 





= P cos @ — N, 
Since al the point of departure V=0, Fig. 270 


and faking into account Ihat R cos@ = 
=KC=R—h, for delermining # we obtain fire equation 


myl = P(R — hy}, (a) 
The value of mu} cam be found Irom the theorem of the chatge in kinetic 
mW’ energy. As vu, =0. Eq. (42') gives 
or Tam. 
mv? 


' a 
ZT = Alt. 


The only force thal does work is P, and A (P) = P2h, 
Consequenily inv) = 4PA, Substituling (his expression uf 
muy into equalion (a), we obtain 4h =R—h, whence 


A=0.2R. 


Problem 113. A load Af is atlached to a string of 
length ¢ (Fig. 271). What is the least initial velocity vo 
perpendicular to the string that should be imparted lo 
i the load for it lo describe a complete circle? 

Fig. 271. i oo uli ei mhe toadell} describe a complete circle 

; ; here along its path (except. possibly, inl Af 
Ae the tension In the string become zero, i.e., if the string eiiaine: aut 
CE la eo ney at any point i pice Vv, £0 the tension becomes 

, no longer constrai ‘hi i i : 
= a ree body (along sennsicy rain the load, which will continue (o move 

19 solve the problem we must determine the tension T In the string at 
point M defined by angle ¢ and then require that T > 0 for any ange @ 1aue, 
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Acting on the load al point 4 are its weight P and the tension of th 
pe T. Writing Eq. (48) for the projections on the inward normat Ma, ae 
oblain 

myt 


i 


where tis the velocity of the load al point Af. To determine v we apply the 
(neorem of the change in kinelic energy: 





=T —Pcas q, ‘a) 


met = mv) 4? 
By) yO OM 


In our case Aly yy.) = — PA =— Pi (1 —cos@). and consequently 
mvt =: mv — 2PI(1 — cos g). 


positing (his expression of mv" into equation (a) and solving for T, we 
ovltair 


v 
T=P (2430s °) : 


The Icast value of 7 is al p= 180°: 


vi 
T min = P ag —5}. 
The condilion for 7 never lo become zero (except, possibly, al point M’) 
is that Tigig 22. [ence 
2 


vu — 
es or v,2= V Sel. 


Thus, the least inilial velocily al which the load will describe a complete 

circle is given by the equalion 
Vo min = V Sel. 

Let us assume that the load is altached not lo a thread but to a rigid light 
(weightless) rod of Jength # In this case (since, unlike a thread, a rod can 
work both in tension and in compression) the load will describe a complete 
circle if the velocily does not become zero anywhere (except, possibly, at 
point MM‘). Applying Eq. (42') Jor the displacement M,M’ and assuming »v =0 

z 


v 
at point Af’, we obtain —-y Smeg. Hence 
Os min = I 4gi. 


119. D‘Alembert’s Principle. Consider a parlicle M moving 
along a given fixed curve or surface (Fig. 272). The resultant ot 
all the active forces applied to the particle is dencted by the sym- 
bol F*. If the action of the constraint is replaced by ils reaction N, 
{he particle can be considered as a free body moving under the 
aclion of forces F? and NW. Let us.see what force F! should be 
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° t of 
ded to the forces F°? and NW to balance them. If the resultan 
ie eee F’ and N is R, then, obviously, the required force 
iH R. . 
j Let us express force F'in terms of the acceleration of the mov- 
ing particle. As, according to ihe fundamental law of dynamics, 
R= mw. : 

Fi = — mw. 


The force Fi, equal in magnitude to the product of the mass of 
the particle and ils acceleration and directed opposilely lo the accel- 
eralion. is called the inertia force of the 
particle M. 

Thus, if to lhe forces F" and N is add- 
ed the inertia force F', the forces will 
be balanced, and we will have 

F?+N-+F'=0. (49) 

This equalion stales D'’Alembert's  prin- 
ciple for a particle: If at any given mo- 
ment io the active forces and the reactions 
of the constraints acfing on a particle is added the inertia force, 
the resultant force system will be in equilibrium and all the equa- 
lions of statics will apply fo il. 

D’Alembert’s principle provides a method of solving problems 
of dynamics by developing equations of motion in the form of 
equations of equilibrium. The value of this method will be espe- 
cially appreciated in investigating the dynamics of a syslem. 

In applying D’Alembert’s principle it should always be remem- 
bered thal aclually onty forces F° and N are acting on a particle 
and thal the parlicle is in motion. The inertia force does not acf 
on a moving parlicle and the concept is inlroduced for the scle 


purpose of developing equalions of dynamics with (he help of the 
simpler methods of statics. 





The force equal to —rnw is called (he “inerlia force” in mechanics for the 
following reason. H. for instance, your hand pushes a load in a Slraight line 
with an acceleration, it acts on the load with a force F=ma@. From the law 
ol aclion and reaction it follows {hat the load in turn acts on your hand 
with a force Q = — mw sesisling the change of velocity. As (he force @ = — mw 
is due fo the inertia of the load, il can be called in this sense the “inertia 
force”. This example only explains the meaning of the lerm “inertia force” [or 
the quantity —mw. I1 will be noticed, however, thal the force Q introduced 
here acls not on the load but on Ihe hand accelerating the load. As was in- 
dicated, no inertia force actually acts on the load itself 


In order lo denote inerlia force in problem solutions we must 
know the direction of acceleralion of the given particle. When 
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the motion is reclilinear the direction of w is known, and F' js 
of opposite sense and in magnitude is fF! —mw, 

In curvilinear molion the inerlia force can be expressed by ils 
tangential and normal components. Projecting both sides of the 
equalion F' — — mw on the langent and principal normal to the 
trajeclory, we obtain 


F. = mw. =— mS, Fi =— mw =—_—. 


These equations show that the fangential inertia force F‘ is di- 


rected opposite to the tangential acceleration (i.e., in the direction 
of the velocity decreasing), and fhe normal, or centrifugal, inertia 


force Fi, is directed along the principal normal to the path away 
from the centre of curvature (as the veclor w, is always direcled 
towards the centre of curvature). In magnitude 


| Fi|—=m|% 


dv mu 
di . 


‘ [F2./=—- 

D’Alembert’s principle can be used to determine the dynamic 
reactions of constraints or the acceleration of a moving particle. 
In particular, the method is convenient for solving problems of 
the type discussed in §§ 103 and 118. 








Problem 114. When a lrain accelerates, a load allached to a string hanging 
Irom the ceiling of a carriage deflects by an angle a froin the vertical (Fig. 273). 
Determine the acceleration of the carriage. 





Fig. 273. Fig. 274. 
i i i i tion 
Solution. Acting on the load is the force of gravily P and the reac 
of the thread 7. Applying D‘Alembert’s principle, add to Ihese forces the 
inertia force F' directed oppesife {o the acceleration of the carriage. 
In magnitude F' = nw = —w. The forces P, T, and F' are balanced. Con- 
structing a closed force triangle, we find that 


Fi =Ptana or — w= P tana, 
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ence, the acceleration of the carriage is w=glanz — ect 
Prablen, 115. Solve Problem III by applying D'Alembert’s principle. 
Solution. Draw the load in the posilion tor which the tension in the 
thread is required (Fig. 274). The iorces acting on the load are the gravilation- 
al force P and the reaclion of the thread 7. Add lo these the normal and 
tangential inerlia torces Fi and Fi. By D'Alembert’s principle (he resullant 


force syslem is in equilibrium. Equaling (he sum of the projections of all the 


rt 
re 


: Was 
forces on the normal at,O lo zero, we oblain T—P — FL =0. As Fi, ye 
where uv, is the velocity of the load in posilion Af,. 

? 


my 
T=P+FL=P+—-. 


Thus we oblain for 7 the samne expression as in Problem Itt. Now deter- 
inine the value of uv, by applying the theorem of the change in kinetic energy. 
as in Problem J11, and the required resudt is obtained. 


The equalion in terms of the projections on (he tangent gives F'=0. This 


me ‘ 
result is obtained because al point M, the derivative 7 =? as at thal point 


the velocity is maximum. 


Chapter 20 
RELATIVE MOTION OF A PARTICLE 


120. Equations of Relative Motion and Rest of a Particle. 
The laws of dynamics and ithe equations and iheorems based on 
them which were obtained in the previous chapters are valid only 
for so-called absolute mation of a par- 
ticle, i.e., motion with respect to an iner- 
tial (fixed) reference system. 

The present chapter deals with relative 
molion of a particle, i.e., motion with 
respect to non-inertial, arbitrarily moving 
reference systems, 

Consider a particle M moving under the 
action of applied forces F,. F,, ..., F, 
resulting from its interaction with other Fig. 275. 
material bodies. Let us investigate the 
motion of this particle with respect lo a set of coordinate axes 
Oxyz (Fig. 275) which are in turn moving in some known way 
wilh respect to a set of fixed axes Oxy ,2- 

Let us find the relation between the relative acceleration of the 
particle Wrey and the forces acting on it. For absolute motion the 
fundamental taw af dynamics has the form 


mw, = >) F,. (50) 
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Bul we know from kinematics thal DW, = Wri Wir + Wror 
Where Wret, We. aNd Wu. are the relalive, {ransporl and Coriolis 
acceleralions of the parlicle. Substituting this expression of w 
into Eq. (50) and assuming for the future thal ww. as his 
is {he acceleralion of the relalive motion under consideration 
we oblain ‘ 


mw — > F,+(—mw,,) +(— MW.,,). 
Let us inlroduce the following notation: 
Fi, =—mw,, Flor =— NW. ay 


In dimension the quantilies Fi, and Fig, are forces, which we 
shall call respectively the éransport and Coriolis inertia forces. 
Then the foregoing equation will lake the form 


mw = DF, + Fie + Fiore. (51) 


Eq. (51) slates the Fundamental Law of Dynamics for the reta- 
five mofticn cf a particle. A comparison of Eqs. (50) and (51) 
leads us to the conclusion: Ali equations and theorems of mechan- 
ics for relative motion of a particle can be written exactly like the 
equations of absolute motion, provided that the transport and 
Coriolis inertia jorces are added to the forces of interaction with 
other bodies acting on the particle. The addition of forces Fi, and 
F'., lakes into account the effect of the displacement of the mov- 
ing axes on the relative molion of the particle. 

Lel us consider several special cases. 

1. If the moving axes are in translatory motion, Fi. =0, as 
w,,==9, and the equalion of relative motion acquires the form 


mw = DF, + Feo. 


2. If the moving axes are in uniform rectilinear translatory 
motion, Fir ==Fror=0, and lhe equalion of relative motion is 
in the same form as the equalion of motion relative to fixed 
axes. Therefore. such a reference system is also inertial. — 

It follows from this that it is impossible to determine by 
mechanical experiment whether a given reference system is al 
rest or in uniform rectilinear translatory motion. This is lhe 
basic principle of relativity of classical mechanics discovered by 
Galileo. ; 

3. If a particle is at rest with respect to a moving set of axes, 


w=0 and v,,=0==-0, and consequently F'.,=0, since the 
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Coriolis acceleralion w.,, = 2,,v,,,sina, and Eq. (51) lakes the 


form 
DF, + Fie =0. (52) 


Eq. (52) is the eguation of relative equilibrium (rest) of a 
particle, It follows from it thal equations of relative equilibrium 
can be written like the equations of equilibrium in fixed axes, pro- 
wded that fhe fransport inertia force is added to the forces of 
interaction with other bodies acting on the particte. 

4. In developing the equations of relalive molion for cases 


when Fi,,5<0, it should be remembered thal 


Fi. =— MW .¢ = — 2 (@,, X ,,)). 
Consequenlly. Fier és perpendicular 1o ¥,.,=9, ant hence to 
the tangent to the relative path of the particle . 


Therefore: 
a) the projection of the Coriolis inertia force on the tangent 


Mx lo the relative path of a particle is always zero (Flop: == 0) 
and Eq. (47) for relalive motion (assuming v==v,,,) takes the 
form ' ‘ 
m s nz" Fy, Fit: (53) 
b) the work done by the Coriolis inertia force in any relative 
displacement is zero (see § 112. Eq. (38)), and in relative motion 
the theorem of the change in kinetic 
energy lakes the form (v, and v, de- 
noling the relative velocities): 


a 
mu my, 


POT SHV ATAU). (54) 


In the general case both the 
transport and Coriolis inertia forces 
will enler into all the other equa- 
tions of relalive motion. 


Problem 16. Neglecting the mass of 
all the rotating paris of the cenlrifugal- 
lype governor in Fig. 276 as compared 
wilh the mass of the balls & and D, 
elermine the angle a defining the po- 
sition of relalive equilibrium of rod AB 
of length {if the governor rotates with a consfanl angular velocity «. 

Solution. In order to determine the position of relalive equilibrium 
(with respect to a sel of axes rolating logether with the governor) add. accord- 
ing io Eq. (52), lo the force of gravily P and the reaction N acting on 
ball B the transport inertia: force F'. As w==const.. Wp = wy, = BC-w" = 
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= fo sin a, whence Fi, = mlo® sing, Wriling the equilibrium equation for the 
frojeclions on axis Br, which is perpendicular to AB. we have 


—Psina+Fi, cosa = 0. 


Hence. subsliluling for Fi. its expression and eliminaling sina (nol con- 
sidering lhe solution fora =0), we obtain 
—g+i/a' cosa =O, 
whence 


(ova aces 
~~ fw?" 


As cos@<cl. equilibrium at @ 0 is possible only when w* > £. 

Problem 127. The semicircle ACD ot radius R in Fig. 277 rotates aboul a 
verlical axis wilh a conslanl angular velocity w. A ring Mf slarts slipping 
along it without friction from a point & slightly 
off the axis of rotation. Delermine the relative 
velocily v, of the ring at point C if ils initial velocity 
vy = 0. 

Solution. The velocily vu, can be determined 
from the theorem of the change in kinetic energy. 
In order lo write Eq. (54). which expresses the theorem, 


compule the work done by forces Pand Fi, where 


Fi. == mots (the work done by the reaclion N is zero). 
Assuming approximately xg—0, we oblain 








(Cc) R 
Awa (Fi) = § Fi. ,ar = mo" xdx => ma'R?. 
(8) ry 
Fig. 277. Furthermore, Acac, (P) =PR. Substiluling these 


expressions inlo Eq. (54) and taking into ac- 
count thal o,==0, we have 


mu* 


— AB rR) 
jam let zeorR). 


wR 
j= V a (1+ - ). 
The problem can also be solved by wriling Eq. (53) for the projection on 


the tangent Mv and then transforming ils left side as in Problem 110. ; 
An example of the integration of equations of relative motion is given in 


§ 123. 


whence 





121. Effect of the Rotation of the Earth on the Equilibrium 
and Motion of Bodies. In solving most engineering problems we 
consider any reference system connecled with the earth as fixed 
(inertial). We thereby neglect the diurnal rotation of the earth 
and its orbilal molion about the sun. Since ordinarily the time 
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in problems is much less than au year, the molion of the earth 
along its orbil in (he corresponding intervals can, Jor all praclical 
purposes, be assumed fo be uniform and rectilinear. It follows 
then thal in considering a reference system connected with lhe 
earlh as inertial. we primarily neglect its diurnal rotation togeth- 
er with the earth relative to the stars. The velocity of this 
rotation is one revolution in 23 hours 56 minutes 4 seconds, i.e., 
its angular velocity is 
© = Ty = 0.0000729 sec~*, 

Let us investigafe the effect of this rather slow rolation on the 
equilibrium and motion of bodies. 

1. Relative Rest on the Surface of the Earth. 
Gravity. Consider a particle lying on a smooth “horizontal” 
plane which is motionless relative to the earth (Fig. 278). From 
Eq. (52), the condition of its equilibrium with respect to the earth 
is Fy,.+N+Fi-=0, where F,, is 
the force of the earth’s gravitational 
altraction, N is the reaction of the 
surface, and Fi, is the transport 
inertia force. As w=consl., force 
Fi, has only a normal component, 
which is perpendicular to the 
earth's axisofrolation. Let us com- 
pound forces F., and F!, and intro- 
duce the notalion 

F,, + Fie =P. 

Acting now on the particle M are Fig. 278. 
two forces P and N. which balance 
one another. Force P is the relative gravitalional force of attrac- 
lion exerted on, or the weight of, the particle M. Thedirection of 
force Pgives the vertical inany given point of the earth’s surface, 
and the planenormalto P is the horizontal plane. In magnilude 
Fi, =mro* (where ris the distance of M from the earth's axis) 
and is very small in comparison with F., since the value of w? 
Is very small. Therefore, the direction of P will differ only 
slightly from the direction of Foct 
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When we weigh a body we delermine the force P, which is 
the force with which the body presses on the {ray of a balance. 
Thus, by introducing force P into our equations, we introduce 
the force Fi, as well, i.e.. we aclually take inlo account the 
rolation of the earth. 

2, Relative Motion Near the Surface of the Earth. 
To take inlo account the rolation of a system of axes connected 
with the earlh. we must add to the applied forces acting on a 
parlicle the forces Fi, and Fig. But force Fi, is included in 
force P and is taken into accounl by the introduction of the 
latter inlo the equalions of motion. Consequently. when we con- 
sider a set of axes connected with the earth to be fixed, we actually 
neglect only the Coriolis inertia force 


i . 
Foor = 2itwu sina, 


where w is the angular velocily of the earth and @ is the angle 
between the relative velocily vu of the particle and the earth's 
axis. 

As w is very small, then. if the velocily v is not very large, 
the force Fiar can be neglected in comparison with the force of 
gravity. For example, even al v==700 msec (ihe velocily of a 
gun shell) and 290’, F.,, is only one per cent of P. Therefore 
in most engineering problems involving the motion of bodies 
coordinate systems connecled with the earth can safely be treated 
as inerlial (fixed). 

The rotation of the earth becomes a factor of practical impor- 
tance eilher at very large velocities(ihe flight of long-range mis- 
siles) or for motions of very long duration (river, atmospheric, 
and ocean currents). 

Lel us investigate the qualitalive effect the earth's rotation 
has on the inotion of bodies. 

a) Motion on the Surface of the Earth. When a 
body moves down a meridian from north to soulh in the Northern 
Hemisphere. the Coriolis acceleration W,,, ts direcled east wards 
{§ 93, Problem 88) and the force Fior westwards. If the motion is 
reversed, force F.., will, evidently, be eastwardly. In both cases, 
we find, ithe force will lend to displace a particle (o the right 
with respect to the direction of motion. 

If a fai ticle moves eastwards along a parallel, the Re aear. 
w,,, Will be directed along the radius MC ol ee sis Se 
orce ‘4, pointing in the opposite direction. e vertical compo- 
ss uf this force alone om) will change the weight of the bate 
somewhat, while the horizontal component will point southward, 
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thus also deflecling the particle lo the right of the direction of 
molion. The resul{ is analogous iJ we fake the molion westwardly 
along a parallel. 

We conclude, then, thal mw the Northern Hemisphere a body 
moving clong the earth’s surface in any direction is deflected by 
ine rolation of the earth to the right of the direction of its niotion. 
In the Southern Hemisphere the dellection is to the left. 

It is this thal explains why in the Northern Hemisphere rivers 
undermine their right banks (Baer’s Law). This, loo. is what 
deflects steady winds (ihe Trade 
Winds) and ocean currents. 


b) Vertical! Fall. In order to 
determine the direction of the Coriolis 


inerlia force Fig, acting on a freely 
falling particle, we must know (he 
direction of its relative velocity a. 
As Fro, is very small as compared 
with the force of gravity, lhe vector v 
can be considered in the firsl approx- 
imation to be directed vertically 
down, i.e., along MO in Fig. 279. 
In this case, apparently, the veclor Fig. 279 

w.,, Will point westwards, and the erie 

force F',, eastwards {i.e., in the direction of veclor o in Fig. 
279). Thus, in the first approximation, @ freely falling particte 
(body) is deflected by the earth’s rotation to the cast of the ver- 
fical. A body thrown verlically up will, evidently, be deflected 
towards the west. These deflections are very small and are no- 
ticeable only if the height is large enough, as is demonstrated by 
(he calculations in § 122. 





122. Deflectlon of a Falling Particle fram the Vertical by the Earth's 
Rolation. Consider a particle Jalling from a small height A (as compared 
wilh the radius of the earth) to the surface of the earth. We shall assume that 
the gravilalional force P is conslant and neglect the resistance of the air. 
Direct axis Oy vertically up and axis Ox to the east (Fig. 280a)". To take 


into account the rotalion of the earth, we musl add lo the forces acling on 
the parlicle, besides force P which already includes force Fi,. the loree Fie 
which in the first approximation is directed, as has been established, to the 
east. Then the differential equalions of relative motion will lake the form 


ant ~ P= — meg. ($5) 





¢ 
ra The scale inthe direction of the xaxls in Fig. 280 is considerably magni- 
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and the initial condilions will be 
at=—0. x=>0. y= H: v,=9, vy=0. 


_ Integrating the second of Eqs. (55) and determining the constants of 
integration from (he inilial conditions. we find 


_du ny ge 
y= a a y= -F° 


In calculating the magnitude of Fi we neglect, as we did previously in 


determining the direction of F' 


cor: the x component of the velocily as compar- 


ed with the y component (as Foe is much less than Py). and for our approx- 





Fig. 280. 


imale solulion we assume vu=Jv,|=gt. The velocity o is in this case, 
directed vertically down (along ASO in Fig. 279) and makes an angle 
a=90° —A wilh the earth's axis of rolalion, where A is the lalilude. Hence, 


Fl, = 2mwagt cos2, and the first of the Eqs. (55) lakes the form 
d'x 
Fie 2 8 cosa) ft. 


As lhe quantity inside the parentheses is constant, integrating the equalion, 
we obtain 


l 
& = (wgicos dy t?4+C,, 1=9 (wg cos A)? +-C,f + C,). 
Substiluling the initial dala, we find thal C,—=C,=0. Thus, the equations 
approximately describing the relative motion of the particle are: 
<7? 
r= (og 05 0, y=H _£ ‘ 
The motion is nol rectilinear, and the falling particle is actually deflected 
lo the east. Eliminating time ¢ from the last (wo equations, we obtain lhe 
path of the particle in the first approximation (a semicubical parabola): 


= 8 a! cos"éA (H — y)’. 
9g 
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Assuming ¥=>=9, we obtain the vastward deflection 2 of the particle when 
il reaches the carth *: 
: 2H? 
c= = wcosa —-. (56) 
3 ry 
We sce that the deflection € is proportional lo the earth's angular velocity 
w and. consequently, is a very simail quantity. On the latilude of Moscow, 
for example (A = 55°47', g = 9.816 misec*), Jor a fall from a height of 100 m, 
e=—1.2 cm. 
Experiments carried oul in many parts of the globe by different researchers 
confirm the validity of Eq. (56). ; 
Consider now the molion of a particle thrown from a point O vertically 
up with an inilial velocily 0,. In the first approximalion the force Fi, in the 
ascenl jis directed westward. Then, if we direct the x axjs to the west (Fig. 2805), 
the differential equation o] motion will be of the form (55) and the initial con- 
dilions will be: al ¢=0, r=y=—0, v, = 0. vy = 4, 
Thus the second of the Eqs. (55) will give 
ty 
=v, — gh; yu — e ; (57) 
Then, assuming approximately, as in the previous problem, thal v=y%,, 
we oblain Fl |. = 2mw (vu, — gf)cosi, and the first of the Eqs. (55) takes the 
form 


Uy 


oi =2le cos A}(u, — gt). 


This equalion describes the molion of a particle in its downward fal! as 
well, since the change in the sense of the vector FY,, is laken inlo account by 
ihe change in the sign of the multiplier (Uy — gt) = vy. 

molegt et ing the obtained equation for the initial conditions of the problem, 
we find finally 


x= acosd( ut 3 et). (58) 

Assuming in Eq. (57) y=0, we can delermine the time il takes the par- 
Ucle lo reach the ground: hare. Taking inlo accounl al the same time 
that v,= WV 2gH,, where H, is the height of the ascent, we can delermine 


from Eq. (58) the westward deflection of Ihe particle at the moment il louches 
the ground: 





v! oH* 
OB =e, = 5 weosh 5 =o wees 7 (59) 





. In determining the magnitude and direction of Flue in the first approxi- 
mation we neglecled the x component of the velocily, which is easlwardly 
direcled. Due lo this velocily, Flop has an addilional component which deflecls 


the parlicle fo the south. As r= (wg cos A) f*, the quantily %.=F is pro. 


Portional to w, and the southward deflection is pr i "i it j 
‘a small quantily of the second order. Heer yeh entree AA eue ae 
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Eqs. (36) and (59%) show that al Af, =H the deflection e, = de. 
If the particle can continue moving (the point of projection O is not on the 


ground). the path of the particle from point 8 will defiect continuously to the 
cast. 


ALL these calculations, as has been pointed oul, refer (o motion in vacuo 
and take the earth's rolation into account only in the first approximation. 


Chapter 21 


VIBRATION OF A PARTICLE 
pre Harmonic Motion. The sludy of vibrations is essen- 


114] for a number of physical and engineering fields. Although 
the vibralions studied in such different fields as mechanics, radio 
engincering. and acouslics are of diflerent physical mature, the 
fundamental laws hold good for all of them. The study of mechan- 
ical vibralions is therefore of importance not only because they 
are frequently encountered in engineering but also because the 
resulls oblained in invesligating me- 
a F Mee «chanical vibrations can be used in 
1 studying and understanding vibration 
phenomena in other fields. 
Fig. 281. We shall start wilh examining free 
harmonic molion of a parlicle. Consid- 
er a particle Mf (Fig. 281) moving rectilinearly under the action 
of a restoring force F directed lowards a fixed centre O and pro- 
portional to the distance from that centre. The projection of F 
on the axis Ox is 


F == — ex, (60) 

We see that the force F tends to return the particle to its 
position of equilibrium O, where F=0, which is why it is called 
a “restoring” force. Examples of such a force are an elastic 
force (§ 113, Fig. 255) and the force of altraclion analysed in 
Problem 99 (p. 238). 

Let us derive the equation of motion of the particle M. Writing 
the difierential equation of motion (6), we oblain 


x = — cx 
di? . 





mn 


Dividing both sides of the equation by m and inlroducing the 
notalion 
sak’, (61) 
7 
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we reduce the equation to the form 
OF 4 kx =0, (62) 


Eq. (62) is the differential equation of free harmonic motion. 
Referring to the theory of diflerenlial equations. as the roots of 
a chagacteristic equalion of the type of Eq. (62) are imaginary, 


iis general solulion will be oe 
x=C,sinkfé4 C, cos kf, (63) 
ee! 


where C, and C, are constanls of inlegration. 

If we replace C, and C, by constants a and a@. such that 
C,=acoxa and C,=asinz, we oblain x=a(sinkt-cosa-- 
= cos kf-sin a), or 

x=asin(&t-+ a). (64) 


This is another form of the solution of Eg. (62) in which the 
constanls of inlegralion appear as a and a. and which is more 
convenienl for general analyses. That lhe 
expression (64) is a solution. of Eq. 
(62) can be verified by substitution. 

The velocity of a particle in this lype 
of motion is ‘ 


d 
= a == ak cos (kt + a). (65) 





The vibration of a particle described 
by Eq. (64) is called simofe harmonic Fig. 282. 


motion. Its graph for a= is shown in Fig. 138¢ (p. 135). 


All the characleristics of this type of motion lend themselves 
to visual kinematic interpretation. Consider a parlicle B moving 
uniformly along a circle of radius a from a point B, defined by 
the angle DOB, =a (Fig. 282), and lel the constant angular 
velocity of the radius OB be. k. Then, al any instant ¢ angle 
9 = DOB =a-+ ki and, it will be readily noticed, the projection M 
of point B on the diameter perpendicular to DE moves according 
lo the law x«—asin (kt -+ a), where x=OM, ie., the projection 
performs harmonic molion. 

The quantity a, which is the maximum distance of M from the 
centre of vibration, is called the amplitude of vibration. The 
quanlity p=ki+qa is called the phase of vibration. Unlike the 
reget bg x, the phase @ defines both the position of the Particle 

, any given lime and the direction of ils subsequent motian. 
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For example, from position Af at phase g the particle wi 
lo the right, al phase (t1— q) it will move io the left. Bhs 
diflering by 2% are considered identical (the little circles in 
Fig. 138e indicale identical phases). The quantity @ defines the 
initial phase. with which the motion begins. For example. ata—0 
the motion is according lo the sine law (il begins at O and the 


velocity is direcled tothe righl); and at a= --the motion is accord- 


ing lo the cosine Jaw (starting from point x= a with a velocity 
v,=-0). The quantity & which coincides with the angular velocity 
of the rotating radius OB in Fig. 282 is called the angular, or 
circular, frequency of vibration, 

The lime T (or +r) in which the moving parlicle makes one 
complete oscillation is called the period of vibration. In one 
period the phase changes by 2x. Consequently, we musl have 
kT = 2n, whence the period 

2n 
‘ Te (66) 
_ The quantity v, which is the inverse of the period and speci- 
fics the number of oscillations per second is called the frequency 
of vibration: | 
1 


y= =_~ 


+ (67) 


h 
On * 
li can be seen from this that the quantily & differs from v 
only by a constant mulliplier 2. Usually we shal! speak of the 
quantity & as of frequency. 
The values of a and a are delermined from the initial condi- 
lions. Assuming thal, at /==0. x=x, and vu, =v, we oblain 


from Eqs. (64) and (65) x,=asina and “2 =a cosa. By first 
squaring and adding these equations and then dividing them, we 
obtain 


- z U9 kr, 


Note the following properties of free harmonic motion: 

1) {he amplilude and inilial phase depend on the initial condilions, 

2) the frequency &, and consequenlly the period 7, do nol depend 
on the initial conditions [see Eqs. (61) and (66)] and are invariable 
characleristics for a given vibrating system. 

If follows, in particular, that if a problem requires thal only 
the period (or frequency) of vibration be determined, it is neces- 
sary to write a diflerenlia! equation of motion in the form (62). 
Then T is found immediately from Eq. (66) without integrating. 
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1 i 4 i ing AB and 
1 118. A weight is allached lo end 8 of a vertical spring AB 
id scam resl. Deleriiline the law of motion of the weight if abil ght it 
of the spring in the equilibrium condition is d,, (the static elongation of the 
aaa tion. Place the origin O of the coordinale axis in the position of 
slatic equilibrium of lhe system and direct the axis Ox vertically down 
(Fig. 263). The elastic force F=c|A/j. In our case S/ = 6, 4%. hence 


FF, — ¢ (6,5 + 2). 
Writing lhe differential equalion of motion, we obtain 
¢ 
m treed +x) +P. 


But from ithe conditions of the problem the gravitalional lorce P=mg=ch*y 
(in (he position of equilibrium force P is balanced by Ihe elastic farce o,,). 





Introducing the notalion =f =k*, wereduce lhe equa- /——<- 
st 
tion lo the form m 
x a 
or i 
whence immediately we find the period of vibration: 
2n VY bur 
=—_— = —. a 
T ; 2x 2 (a) 


Thus, th? period of vibration is proportional to the square 
roof “i the static elongation of the spring (this holds good also 
for a load vibrating on an elastic beam, where 6,, is the static 
deflection of the beam). 

The solution of [the oblained differential equation is 





r=C, sin ki +C, cos kt. Fig. 283. 
From the inilial conditions, al ¢=0, x=—6,, and v,=0. As 
“.= cs = kC, ces kt — AC, sin Rf, 
subsliluling the initial condilions. we oblain C,—=— 6. C,==0. Hence, the 


. . . « . _4 
amplilude of vibration is 6, and the motion Is according Io the law 


x= — 6,, ¢rs Af, 


We see thal the maximum elongation of lhe spring in this molion is 28,.. 
The same resull was oblained in a differen! way in Problem 107, where a 
beam played the role of lhe spring. 

This solution shows thal a consfani force P does not change the type of motion 
under the action of an elastic force F but onty shifts the centre of the vibrations 
in the direction of the action of the force by the quantify &y (wilhoul the force 
P the. vibralion would, evidenlly, be aboul 8). 

Pcoblem 119. Delermine lhe periods of vibralion of a load ol weight P 
allached to two springs of sliffness c, and ¢, as shown in Figs 284a and b. 

Solution. a) In the first case, in the stalic posilion both springs are 


subjected lo a lensile force P. Therefore, the slalle elongations ace 6, a, == — 
a 
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——— 


P 
6, st = + and (he total elongation is 
a 


b5—= S51 + oe = Peso) 











ang = 
Oey 
Ca,— 
ae oe 
where ¢,, is Ihe equivalent spring constant of the lwo give i i 
n springs. ‘ 
_ ular, al c,=e, we have c.g =! «. : Cree 
_ From formula (a) of Problem 148 the period of vibra- 
tion 1s 
io ————— 
r T—2:2 y * —9n Pats 
’ & Boe, 
b) In the second case the top spring is j 
g is subjected to a 
ai by lensile force P,, and the bottom spring is subjected to a 
compressive force P,, such that P, + P, = P. For these springs 
Fig. 264. 


1 . — ‘ ae . 
we have é, w= 46, st =e - But obviously 6, 3 = 4, == 
= b,,. and by virtue of the property of proportions 
P,_ Py _PrtPy 


Race tee sore) 
# ar) Ce ote anda ey ey” 


The equivalent slilfness ¢yg=¢, +¢, and the period of vibration 
T=2n2 V uh = V ia oe ; 
& & le, +3) 


124. The Simple Pendulum. A sintple pendulum consists of a 
small body allached fo an inexfensible string of negligible weight 
which oscillales in a vertical plane. We 
also neglect the size of the body as com- 
pared with the length / of the string and 
regard it as a_ particle. This particle is 
constrained fo move on a circular arc of ra- 
dius ¢. Choosing the origin O of a frame 
of reference and the posilive direction of 


ihe arcs==OM (or the angle ¢) (Fig. 285), : 
draw the bob in an arbitrary posilion M Fig. 285. 
and the axis Mt in the positive direction of s. 

Wriling the differential equation of molion (47) (see § 117), we oblain 


ds ‘: 
m a = — Psing. 











Let us replace the coordinale s by the angle p. We have slg, 
and, eliminaling ™, 


d : 
Se tf sing =0. (69) 
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This differential equation cannot be integraled in ordinary 
functions. Let us consider only the case of small oscillations of the 
pendulum, assuming approximalely sin p= (this is possible 
when angle @ is much less than a radian). Then, denoling 


4S ak’, Eq. (69) takes the form 


dp t 
qe t+ kp = 9. (70) 

We conclude that when the oscillations are small a simple 
pendulum is in simple harmonic motion. The solution of Eq, (70) 
can be carried oul in the form (63) where, of course, x is replaced 
by m. Assuming. al ‘0, g= gq, and w, =—0, and after determining 
the conslanls of integration, we finally obtain the equation of 
motion in the form 





P=, cas Ai. 


The period of small oscillations of a pendulum is 
2n a 
T=—- =2n Vs. (71) 


We see that lhe value of T does not depend on the initial angle 
of deflection. 

This result holds good only for a small angle g,. It will be 
found, if we inlegrate Eq. (69) and assume angle @ not very 
small, that the value of T depends on q,. 

Approximately this dependence has the form 


rain £(14-%). (72) 


From this, for instance, we see that at p=0.4 radians (about 
23°), Eq. (71) defines the period with an accuracy of one per cent. 


125. Damped Vibration. Let us see how the resistance of a 
surrounding medium affects vibrations, assuming the resisting force 
proportional to the first power of the velo- 
city: R=— po (the minus indicates that Pon 
force R is opposite to vo). Let a moving 9." ¥ : 
particle be. acled upon by a restoring 
force F and a resisting force R (Fig. 286). Fig. 286. 


af 
- Then F, =— cx, R,=— pv,= — p= , and the differential equation 
of motion is 


d*x dx 


10._o084 
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Dividing both sides by m, we oblain 


e d 
Te +205 + kx =0, (73) 
where 
© oe ph 
sph, Eom 2b, (74) 


It is easy to verify that & and 6 have the same dimension 
(sec™'), which makes it possible to compare them. 

Eq. (73) is called the differential equation of damped vibration. 
The solution of Eq (73) can be found by passing to a new vari- 
able z through the equalily x—ze~*'. Then 

dy __ pb! az ‘ d'x SB dt dz 2 
ars © (47-62); She (<r — 20 2 por). 

Substituling these expressions and the expression of x inlo Eq. 
(73), and after the necessary computation, we obtain 


oz 4 (hk? — 8) 2=0. (75) 


Let us consider the case when & > 4%, i.e., when the resistance 
is sinall as compared wilh the restoring force. Introducing the 
notalion 


k=Vk— Db’, (76) 


we see that Eg. (75) coincides 
wilh Eq. (62). Consequently, 
z=asin(k{-+-a) or, passing to x, 
x=ae~"sin(kf--a). (77) 
The expression (77) gives the so- 
Fig. 287. lution of differential equation (73). 
The quantities a and @ are con- 
stants of integralion and are delermined by the initial conditions. 
Vibrations according to the law (77) are called damped because, 
due to the multiplier e~"', the value of x decreases with time and 
tends to zero. A graph of such vibrations is given in Fig. 287 
(the curve lies belween the broken curves x==ae~™ and x= —ae~™, 
as sin(&/-+t-a) cannot exceed unity). The graph shows that the 
vibrations are not periodic. though they do show a certain repe- 
tition. For example, a particle oscillating aboul a centre O returns 
lo that centre af certain intervals 7 equal to the period sin (&f-+-¢). 
Therefore the quantity 








ana (78) 
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is conventionally called the period of damped vibratior. coe 
Eas. (78) and (66), we see thal T>>T, i.e., thal resistance fo 
ateaiea lends {o increase .the period of the vibration. When, 
however, {he resistance is small (o<<k) the quantity 6° can be 
neglecled in comparison wilh &* and we can assume T=T. Thus, 
a small resistance has no practical efiect on the period of vibration. 

The time interval between two successive displacements of an 
oscillating particle to the right or to the left is also equal lo 7 ™. 
Hence, if the maximum displacement x, lo the right takes place 
at time f,. the second displacement x, will be at time 
t,=¢,+T, etc. Then, by Eq. (77) and 


taking info account thal AT? = 2x. we 

have _ Ze 
x, =ae~*sin(kl, +a), 

x, ae" "4+ sin (ki, + kT +a) = x,e7"", 

Similarly, for any displacement x,,, Fig. 288. 
we will have x,,,—=x,e7°/. Thus we find 
ihat the amplitude of vibration decreases in geometric progression. 
The denominator ol! this progression e~°f is called the damping 
decrement, and the modulus of its logarithm, i.e., the quanti- 
ty — oT, the logarithmic decrement. 

It follows from these results that a small resistance has prac- 
lically no effect on the period of vibration, but gradually damps 
it by virlue of the amplilude of vibration decreasing according 
{o a law of geometric progression. 

When the resistance is large and 6 >k, the solulion of Eq. (75) 
contains no trigonomelrie funclions. The particle no longer oscil- 
lates bul instead, under the influence of the restoring force, grad- 
ually approaches the position of equilibrium. A graph of such 


molion (if, at ¢=0, x==x, and v,>0) has the form shown in 
Fig. 288. 


z 


126. Forced Vibrations. Resonance. Let us consider an im- 
portant case of vibration where, in addition to a restoring force F, 
a particle is also subjected to a force Q, varying periodically wilh 
lime, whose projection on the axis Ox is 

Q, =Q, sin pt. (79) 

* The instants of maximum or minimum x are found from lhe equation 

Gr = ae [e-cos (kt + 2) — b-sin (Af + a)]=0. Hf al some inslant f==f, the 

expression in lhe brackels becomes zero, then, apparently, al limes ¢,+-7 

6,427, elc., il will again become zero. ave 
10° 
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This force is called a disturbing force, and the vibration caused 
by it is called forced. The quantity p in Eq. (79) is called the 
frequency of the disturbing force. 

A disturbing force may vary with time according to other laws, 
but we shall consider only the case of Q, defined by Fq. (79). 
This type of disturbing force is called a periodic force. An example 
involving such a force is given in Problem 120 on p. 298. 

1, Undamped Forced Vibration". Consider the motion 
of a particle on which, besides the restoring force F, is acting only 
a ene force Q (Fig. 281). The differential equation of motion 
will be 


mFS =— cx +Q,sin pl. 


Dividing both sides of the equation by mm and assuming Q,/m= P, 
and taking into account the expression (61), the equation takes 
the form 


d"x 2 ; 0 
qe + kx =P, sin pt. (80) 


Eq. (80) is the differential equation of undamped forced vibra- 
tion of a particle. From the theory of diflerential equations, 
its solution is x =x, —x,, where x, is the general solution of the 
equation without the right side, i-e.. the solution of Eq. (62) as 
given by Eq. (64), and x, is a particular solution of the complele 
equation (80). ; 

Assuming P=, let us find the solution of x, in the form 


x, = Asin pt, 


where A is a constant, such thal Eq. (80) becornes an identity. 
Substituting the expression of x, and its second derivative into 
Eq. (80), we have 


— p'Asin pt + k'A sin pt = P, sin pl. 
This equation is satisfied at any ¢, if A(k’—p’)=P,, or 


P 
A=; 


° 


Thus, the required particular solution is 





ky = pita sin pt. (81) 


. 
* The resulis oblained in this section can be obtained as a special case of 
Seclion 2. 
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As x==x,+, and the expression for x, is given by Eq. (64), 
(he general solulion of Eq. (80) takes the final form 


x =asin (kl --a)-+ gts sin pt. (82) 


where a and @ are constants of integration determined by the ini- 
{ial conditions. 

Solution (82) shows that in the present case the vibralion of a 
parlicle consists of: 1) free vibrations of amplilude a (depending 
on the initial! condilions) and frequency & called natural vibra- 
fions, and 2) forced vibrations of amplilude A (not depending on 
ihe inilial conditions) and frequency p. 

In practice, due lo the inevitable presence of various damping 
forces, the nalural vibrations rapidly disappear. Therefore in this 
type of mation the forced vibrations defined by Eq. (81) are of 
primary importance. ; 

The frequency p of forced vibralions is, evidently, equal to the 
frequency of the dislurbing force. The amplitude of this vibration is 


Lt a rn. re 
ae ria FTE (83) 
R 

where 6, = a= & is {he magnilude of the static deflection of the 
parlicle under the action of force Q,. Thus, A depends on the 
ralio of the frequency p of the disturbing force to the frequency 
k of the natural vibralions. A graph of this dependence is given 
in Fig. 290a (p. 296) (the curve marked 4=0O, the other curves in 
the diagram showing the dependence of A on p/k with a resisting 
force). 

Il can be seen from the graph [or from Eq. (83)] thal forced 
vibrations of different ampliludes can be induced by choosing dif- 
ferent ralios between p and &. When p—O (or p<€k), the ampli- 
tude is equal to 4, (or is very close to il), When p is almost 
equal to &, the amplilude becomes very large. At p—=& (the im- 
pressed frequency is equal to the natural frequency) the phenome- 
non known as resonance occurs. This case is nol covered by Eqs. 
(81)-(83), but it cam be proved (hat when resonance takes Place 
the amplilude of forced vibration increases indefinilely as shown 
in Fig. 291. Finally, when p3>&, the amplitude A is almost zero 
(vibration virtually stops). 

In conclusion it should be noted that at p Rk, as can be seen 
from a comparison of Eqs. (79) and (81), the phases of the forced 
vibrations and the disturbing force always coincide (both are equal 
to pt). If, however, p>k, then by bringing the minus under the 
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sine we can wrile Eq. (81) in the form: 


: Po 
+, = pr — ee SIN (pf — a). 

Thus, al p>k, the phase shifl between the forced vibrations 
and the disturbing force is x (when Jorce Q is maximum and is 
directed fo the right, the vibrating particle is in its extreme left 
position, etc.). 

The general properties of forced vibrations, and resonance in 
Particular, are discussed in greater detail ai the end of this section 
(item 4). 

2. Damped Forced Vibrations. Consider the motion of 
a particle on which are acting a restoring force F, a damping 
force R proportional to the velocity (see § 125), and a disturbing 
force Q. The differential equation of this motion has the form 

d*x d : 
Mae = — Cx 5 + Q sin pt. 
Qo __ 


Dividing both sides of the equation by m and assuming = 


and taking into accounl the expressions (74), we obtain 
d? i 
or 2b + kx =P, sin pt. (84) 


Eq. (84) is the differential equation of damped forced vibration 
of a particle. Its general solution, as is known, has the form 
x==x,-+x,, where x, is the general solution of the equation with- 
out the righl side, i.e., of Eq. (73) {alt &>>6 this solulion is 
given by Eq. (77)], and x, is a particular solution of {he complete 
equation (84). Let us find the solution +, in the form 

x, = A sin (pt — B), 
where A and B are constanls so chosen that Eq. (84) should be- 
¢ome an identity. Differentiating, we obtain 
As — Apcos (pt — B), £*3 — — Ap* sin (pt — 8). 

Substituting these expressions of the derivatives and x, into lhe 
left side of Eq. (84) and introducing for the sake of brevity the 
notation pf —Bp—=vw» (or pt = p+), we obtain 

A(— p?-L&') sin p+ 26pA cos p= P, (cos B sin p +- sin B cos wp). 

For this equation 1o be satisfied at any value of yp, i.e., at 
any instant of time, the factors of sin wp and cos in the left and 
right sides should be separately equal. Hence, 


A(k'—p")=P,cosB, 2bpA=P,sinf. 
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First squaring and adding these equations, and then dividing 
one by lhe other, we obtain: 





P _ 2b6p 8 
A= Tappa (TP ap Sa 


As x==x,-+.x,, and the expression x, is given by Eq. (77), we 
have the final solution of Eq. (84) in the form 
x=ac~" sin(ki + a)-LA sin (pf — B) (86) 
where a and @ are constants of integration determined from lhe 
initial condilions, and the expressions for A and # are given by 
Eqs. (85) and do not depend on the initial condilions. 
These vibrations are compounded of natural vibration [the first 
term in Eq. (86); Fig. 289 a| and 
forced vibration (lhe second terin 
in Eq. (86): Fig. 289 bj. The 
nalural vibration of the particle 
in such a case was discussed in 
§ 125. Il was established that 
it is transient and is damped 
fairly quickly, and after a cer- 
tain interval of time /, called 
the fransient period, can be 
neglecled*. A curve showing 
the transient vibration is given 
in Fig. 289c. For practical pur- 
poses it can thus be assumed 
thal afler a certain {ransient 
period a particle will vibrale 
according to the law 
x=Asin(pf—B). (87) a 
This is steady-state forced vi- Fig. 289. Si 
bration, a sustained periodic mo- mo 
lion with an amplitude A defined by Eq. (85) and a frequency p equal. 
to the impressed frequency. The quanlity B characterises the 
Phase shift of forced vibration with respect to the dislurbing force; 


Let us investigate the results obtained. First let us inlroduce 
the notation 








Pp b Pp, Q, 
poh GHA poets, (88) 


“If, for example. we assume thal free vibralions can be lect 
the moment when their amplilude is less than 0.01 A, then. the willeer yee 
be delermined from (he equalion ae~% — 0.01 A. or t met jp 1008 We 


thus, thal the le 
transient period. 


see, 
ss (he resistance (i.e., the less the value of 6) the greater (he 
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where A is the frequency ratio, A a quantily characterising the 
damping effect, 6, lhe magnitude of the static deflection of a par- 
licle under the action of force Q, (for instance, in the oscillation 
of a load on a spring, 6, is equal to the slatic elongalion of the 
spring caused by Q,). 
Then, dividing the numerator and denominator of Eq. (85) by 
k’, we obtain 
4, 2hd 
A= = 
VU — a art ane =o: oe) 


Hl can be seen from Eq. (89) that A and f depend on two di- 
mensionless paramelers A and A. Graphs of this relalion for cer- 
tain values of A are given in Fig. 290. The values of 8,,4, and 


A b, 












50 


G 1 1S Ape e™ f e Ayn 


Fig. 290. 


h can be compuled for each specific problem from its conditions, 
and the values of A and f determined from the respective graphs 
or Eqs. (89). These graphs (and equations) also show that by 
allering the frequency ralio A we can induce forced vibrations of 
different amplilude. . 

When the resistance is very small (as ordinarily in {he atmos- 
phere) and A is not close to unity, it is possible in Eqs. (89) to 
assume approximately 40. 

In this case we oblain the results of section 1, namely 

Aza B=0(ath< 1), P=180° (ata > 1). (90) 

Let us consider also the following special cases. 

1) If the frequency ratio ~is very small (p<<&), then, assuming 
as an approximation A~0, we obtain from Eq. (89) A=6,. The 
vibration in this case has an amplitude equal to the static deflec- 
tion 6,, and the phase shift is B =O. 
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e frequency ratio A is very large (pk). A becomes 
en sill This cate is of special interest for the absorption of 
vibrations in structures, inslrumenls, etc. Assuming the resistance 
to be small and neglecting 2hA and 1 as compared wilh X° in 
Eq. (89), we oblain for computing A an approximate formula: 


6 P, 


3) In all cases of practical interest A is very small. Then, icom 
Eq. (89), if A is almost unity the amplitude of forced vibralions 
becomes very large. This phenomenon 
is called resonance *. 

At resonance we can assume A=} 
in Eq. (89), and then 

6 
A=s, B=F- (9) 

We see that when A is small A, 
can become very large. 

The resonance condition in which 
the amplitude of vibration is A,, like Fig. 291. 
forced vibration in general, does not 
develop immediately. The development of steady-state vibralion 
is similar lo that shown in Fig. 289¢. The less the resistance A, 
the larger the magnitude of A,, but also the larger the transient 
period /, (see footnote on p. 295). 

When the damping force, and with it A. tends to zero, the lim- 
iting value of the amplitude A,, as Eq. (91) shows, lends to 
infinity, as does the transient period ¢,. Thus, wilh no damping 
force the vibration amplification process in resonance conditions is 
unlimited and the amplitude increases indefinitely. A graph of 
resonance vibration is given in Fig. 291. When the damping forces 
are very small the picture is similar. 

3. General Properties of Forced Vibration. lt follows 
trom the results obtained above thal forced vibration has the fol- 
lowing important properlies, which distinguish it from the natural 
vibration of a particle. 

_ 1) The amplitude of forced vibration does not depend on the 
inilial conditions. 2) Forced vibration does not die out in the 





_ * It can be seen Irom Eq. (89) thal A= Aja, when the term in the denom- 
inator f(&)—=(1 — §)"+ 4h" E(where E=A4) is al its minimum. Solving the 
equation f/’ (§)m=—2(l—&—2h")}=0. we oblain thal A is maximum at 
&§—1 — 2h', ie., al ,=V1 — 24", Thus, resonance sets in when A is a lit- 
ee than unily. In praclice, however, neglecling 4", we can assume (hat 


= de 
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presence of resislance. 3) The frequency of forced vibration is 
‘equal to the frequency of the dislurbing force and does not de- 
pend on the characteristics of the vibrating system (the disturbing 
force “impresses” ils own vibration frequency on the system). 
4) Even when the disturbing force Q, is small, large forced vibra- 
lion can be induced if the resistance is small and the frequency 
p is almost equal to & (resonance). 5) Even if the disturbing 
force is large, forced vibration can be damped if the [frequency p 
is much larger than &. 

Forced vibration, and resonance in particular, plays an impor- 
tant part in many branches of physics and engineering. Lack of 
balance in working machines and motors, for example, usually 
causes forced vibration to appear in the machine or ils foundation. 

The varialion of the amplitude of forced vibration can be lraced 
by making a motor for which po, where w is the angular ve- 
locity of rotation (see Problem 120), rotate with different speeds. 
As w increases, the ainplilude A of the vibrating part (or founda- 
lion) grows. When w-=&, resonance appears and the amplitude 
of the forced vibration is maximum. When @ increases further, the 
amplitude A decreases, and at wS>&, the value of A is virtually 
zero. Resonance is mosl undesirable in engineering structures and 
should be prevented by choosing the frequency ratio p;k so that 
forced vibration would tend to zero (p>). 

In radio engineering the reverse is true. Resonance is exlremely 
useful and is used to separate the signals of one radio station 
from those of all others (tuning). 

The design of such instruments as vibrographs, which measure 
the displacements of vibrating bodies (foundations, machine parts, 
e(c.) and, in particular, seismographs, which record the vibrations 
of the earth’s crust, are based on the theory of forced vibration. 


Problem 120. The deffeclion caused in a beam by (he weighl of a motor 
mounted as shown in Fig. 292 is 4,==1 em. At how many rpm of lhe shalt 


will resonance appear? 
Seolulion. eld the result oblained in Problem 118 il follows thal the 


period of natural vibration of the beam is 


6 
==2 yf os ‘ 
T nt z 


i i ic with ils axis, a cen- 

If ihe centre of gravily of the shaft is not concentric with its ‘ 
irifugal force Q, will develop (Fig. 292). Ils component Qs = Q, sin ut ve w 
is the angular velocily of the shaft) is the disturbing force acting on the beam; 


ils Irequency is p==@. Hence, the period of the forced vibration is “n= > : 


Resonance will appear when 7;=7, i-e., al 


Oy = VE = 31.3 sec™* 
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Hence the crilical speed 
== 300 rpm. 


__ 30m, 
hee oe 


The working speed of the molor should be much greater than ng¢,. ; 
Problem 121. Analyse the forced vibralion of a load allached lo a spring 
(Problem 148) if the upper end A of the spring oscillates verlically according 
to the law § =a, sin pl. ; : ; 
Solulion. Draw axis O« as in Problem 118 (see Fig. 283). [[ we imagine 
the upper end of the spring displaced from point A downwards by a quantily &, 
the length of the spring wil! be i=1,-E toe +. Then F,=—cAf = 
—cid,+-x—§), and the differential equation of molion, neglecting the 
resistance of (he air and taking into 
accounl thal P=cé,. will be 
dad La 
moe = — Cb x — +P = 
=—er+cf. 
Introducing, as in Problem 118, 


the nolation < = k*, we oblain 


z 
oe. + ktx = k*a, sin pt. 


Consequently, the load will expe- 
rience forced vibralion, since, if we as- 
sume 6=0 and P,=Ah"a,. the equa- Fig. 292, 
tion coincides with Eq. (80) or (84). 

It can be seen from Eq. (88) that in the present case 5,=a, and 4==0. The 
amplitude of forced vibration and the phase shill are determined by the Eq. (90). 

If p<<& (the top end of the spring oscillates very slowly), then A= 0 and 
Azza, and the phase shift B=0. The load will oscillate as If the spring 
were a rigid rod, which physically corresponds to the condilion & > p. At p=& 
resonance appears and the amp ittude increases sharply. lf the frequency p be- 
comes larger than A(X > 14) the load will vibrale in such a way thal it will 
move down when the end of the spring moves up and vice versa (a phase 
shill of fs= 180°), and the larger the value of p the smaller the amplitude. 
Finally, when p is much greater than & (AS> 1) the amplitude A =~ 0. The load 
will remain in the posilion of static equilibrium (point O) even (hough the 
tep end of the spring will oscillate with an amplitude a, ((he Jrequency ol this 
vibration Is so large that the load, as it were, Is unable to kcep up with il). 





Chapter 22 
MOTION OF A BODY IN THE EARTH’S GRAVITATIONAL FIELD 


127. Motion of a Particle Thrown ai an Angle to the Horizon 
in the Earth’s Gravitational Field. The problem of motion in the 
earlh’s gravilational field arises when the motion of long-range 
missiles and artificial earth satelliles and queslions of interplan- 
etary flight are considered. In these cases, when Tange and 
height of the path are comparable with the radius of the earth, 
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it is necessary (unlike the problem considered in § 108) to take 
into account the change in gravilational force with distance. 
We shall consider a moving particle of mass m. Let the par- 
licle at the initial {ime be at a poinl M, on lhe surface of the 
earth (Fig. 293) and let it have a velocily 2, directed at an 
angle a@ to the horizon. Neglecling the resistance of the air 
(which, for the heights considered, is quite permissible in the 
first approximation) and assuming the earth to be fixed, we have 
acling on the moving particle only the 
pravitalional force F directed towards 
the centre of the earth. By the law of 
pravilation (see § 115, Problem !08), 


F=—mg us , (92) 


where r=OM_ is the distance of the 
particle from the cenlre of the earth, 
R=-OMM, is the value of r for the 
point of release M,. and g is the accele- 
ration of gravity at point Af, *. 

As F is a central force (§ 116, para- 
praph 3), the path of the partiele is a 
plane curve, and the motion can be 
described in polar coordinates r—=OM 

Fig. 293. and », with the origin (pole) O al the 

centre of the earth. We shall set the 

direclion of the polar axis Ox Jater. Let us now write the differ- 
ential equations of motion of the particle M. 

From the law of areas (§ 116), in motion under the action of 
a cenlral force the moment of the velocily vector o with respect 
{o a centre O (iwice the areal velocity of (he particle) is a con- 
stant quantity. Thus m,(v)—=c. But from the diagram we see 


that m,(v)=rv,, where varie is the Jateral velocity of the 





dt 
particle (see § 71). Hence, we obtain the first equation 
24M 
f at =C. (93) 


The value of the constant c is delermined from the conditions 
at the point of release M, where, it will be readily noticed, 


* In Eq. (92). R can have any value larger than the earth's radius. When 
M, is at the Nala of the hari ae shal} usually consider R lo be the radius 
of the earth’s equator R = 6,378 km, and g& = 8, = 9.81 misec’ tin all pomp 
tations g is the absolute acceleration of gravity, not the relative acceleration, 
which takes into account the earth's rotation. See § 12)). 
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m,(%,) == Rv, cosa, whence 
c= Ru, cosa. (94) 


The second equation is obtained from, the theorem of the change 
in kinelic energy in its differential form (§ 114): 


d("-)—aa. 


To compute dA, note that the infinitesimal displacement of 
particle M is composed of the radial displacement dr along 0, and 
the laleral displacement rdy along 0, (§ 71, Fig. 155). Since the 
second displacement is perpendicular to F, and taking into account 
the directions of the force and the displacement, we obtain from 
Eq. (92) 
dr 


mr 


dA = — Fdr = — mgR’ 


and the second equation is 
d (5) =gR'd (+) (95) 
where (see § 71) 
y* = vi-+ n=(G) t( By. (96) 


By integrating the differential equations (93) and (95), we can 
determine ¢ and » as functions of time f, i.e., develop the equa- 
lion of motion of the particle. Let us, instead, find iis palh 


directly. To simplify the compulation we introduce a new vari- 
able u, assuming 


_ 1, du l dr 
ere dp r* dq* (97) 
Taking into account Eqs. (97) and (93), we oblain 
dr__drdp_ du ce u dq ¢ 
dt dp di" dg rt ~~ ag | r (3) =f acu. 


Substituting these values into Eq. (96), we have 
+ afi du \* 
vet wt (%)'], 
and Eq. (95), afier dividing through by a i 
derivative of uv", takes the losin . Ce ree 


a du dud'u du 
[ust ieee] ers. 
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i substituting the expression of ¢ from Eq. (94) and eliminaling 
dq’ We finally obtain the differential equation of the path: 


da 
apt t= 





Ly cos? & . (98) 

The solution of this equation consists of the general solution 
of the equation withoul the right side [which coincides with the 
solution of Eq. (62) for k =1] and the particular solution of the 
equation with the right side, and has the form 


u=C,sing+C, cosg+-—_#_ , 
uy costa 
which can be verified by direct substitution; C, and C, are the 
conslants of inlegralion. * 

Now lel us choose the direclion of the polar axis Ox from 
which the angle @ is measured, such that at gO the condition 
= =0 would be satisfied (the meaning of this condilion will be 
explained further on). Then, as 


du : 
iat cos p—C, sing, 





we obtain C,=0, whence, introducing the notation 





v5 cos! 
ae (99) 
we have pu=pC,cosp-+1. Assuming pC, —=—e, where ¢ is a new 


constant of integration, and passing from « tor, we finally obtain 
the equation of lhe path in the form 
= p 
'=TIecos@: (100) 

We know from analylical geometry thal Eq. (100) is the equa- 
tion of a conic section (ellipse, parabola or hyperbola), where p 
is the focal parameter and e lhe eccentricity, expressed in polar 
coordinales whose pole O is one of the foci and whose polar axis 
is coincident wilh lhe axis of symmetry of lhe curve away from 
lhe apex closest to the focus (which explains our choice of the 
polar axis). 

The actual path will depend on the value of the constant of 
integration e, which we can find from the condilions at the point 
of release Mf,. Let us denote the size of the unknown angle 
M,Ox by B. From Eq. (97) and Fig. 293 it follows thal at point M, 


du) (A de) dtm 
()=—(L) =a eae ie 
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Then the initial conditions are 


1 du 


I 
al ¢=0, p=—P. =F ie RR tana. 


From Eq. (100), and passing again'from + to u, we obtain 


1 du ‘ 
u=FU —ecos gg), qo p In @- 


= 

P Pp 

Substituling the initial values and replacing p by ils expression 
in (99), we arrive at lhe equalions 


vs sin 2a 
2eR 


2 a 
U5 cos” &@ 


ecos B= 1 — 7 esin i = 





(10!) 


By dividing these equations and then squaring and adding them, 
we finally obtain 


ve sin 2a 
es 102 
fan? 2(gR — vi cos*a)’ ue) 
a 2 eee 
c= 1 + tage (U3 2g). (103) 


Eq. (102) defines angle ff, i.e., the position of the axis of 
symmetry of the path with respect to the point of release .M,. 
Eq. (103) gives the eccentricity of the path. It shows that the 
path of a particle is 


a) an ellipse (e< 1), if v,<V 2gRy 
b) a parabola (e=1), if vu, = 2gR; 
c) a hyperbola (e> 1). if vu, >V2gR. 


The velocity v,==V2gR is called the parabolic, or escape, ve- 
locity, Assuming R=R, —6,378 km and g=g,=9.81 m/jsec*. we 
obtain v, = 11.2 km/sec. Thus, a body projected from the surface 
of the earth at any angle to the horizon with an initial velocily 
v, = 11.2 km/sec will move in a parabola or hyperbola (ata =90°, 
in a straight line), receding infinitely away from the earth. Veloc- 
ities of this order are essential for interplanetary travel ". If the 
velocity is less than the escape velocity, the body will either fall 
back {o earth or become an artificial satellite. 


* The velocity necessary for a spaceship to escape the combined pull of 


the earth and the sun i ler | 
ig aboul 167 Kearns is grealer than Y2g,R,. and for some directions % 
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_ The equation of motion of a particle on its path, i.e., its loca- 
tion at any instant, can be derived by substiluting for r in Eq. 
(93) its expression (100) and integrating the new equation. 


128. Artificial Earth Satellites. Elfiplical Paths. At v,< V2gR, 
a body projected from the earth’s surface can become an arlifi- 
cial satellite if its path (an ellipse) does nol pass through the 
earth, i.e., if for every point of the path r2R,, or 7,.,=R,, 
where R, is the radius of the equator. As r_;,—OP (see Fig. 293), 
the condition 7,;,—=R, will be satisfied if point P lies on the 
surface of the earth and, consequently, coincides with M, (see 
Fig. 294). i.e... when BP=a. But Egs. (JOl) show that fB=a 
only at 2=0 (or a=-x) and vi>gR, since e cannot be negative. 
Consequently, for a body projected from the earth’s surface to 
become an artificial salellite two conditions must be satisfied: 


a=0, } 2g.R,>0.=V2.R,- (104) 


From Eqs. (101) we find that the eccentricity of a satellite 
orbit at a=0 and P=n will be 


The velocity v.==gR, at which e=0 and the satellite follows 
acircularorbit of radiusR, is called the circular velocity. For a body 
projected from the surface of the 
earth assuming R =R, =6,378 km 
and g=g,=9.81 msec’, the 
circular velocity v,=7,910 m/sec. 
Al uv, >», a satellite orbit is an 
ellipse whose eccentricity will in- 
crease as uv, increases (Fig. 294). 

A body projected from the sur- 
face of the earth can never become 
an artificial salellite if the angle 
of elevation a==0, whalever the 
initial velocity v, (even neglecting 

Fig. 294. the resistance of the air). That is 

why, for instance, it is impossible 

to launch an artificial earth satellite by shooting one [rom a can- 
non. A guided rocket capable of lifting a satellite lo a reauires 
allilude and imparting to it at a poinl M, (Fig. 294) the eau 
velocity v, al an angle a0 lo the horizon must be used. This 
was just how the world’s first. artificial satellites, the Soviet 


sputniks, were launched. 
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Finally, the grealer the height H of point M, above the surface 
of the earth. the less the resistance of the almosphere and the 
longer a satellite’s lifelime. [t will also be noliced thal it be- 
comes possible lo projecl a satellite into orbit at a0. 

The greater the elevation H, the less the circular velocity 


v. =V gR. as g=g,R5/R* and R=R,-+-H. and consequently 


— =. g,R3 jaPR R, 
U. —=VgR =f Bo) ERY ae . 


For example, at //=0, v,=7,910m'sec; at H=500 km, 
v.== 7,620 mjsec; al H=1,000km. v,=7.360 m'sec, etc. The 
tolal energy needed to launch a satellile, though. increases with H. 
For, denoting the energy per unit of mass by the symbol 7, the 
energy required to boost a salellite to point Af, (neglecting the 
resistance of the air) will be 7,= 0.5uj, = 0.5 seeRet (see Problem 


108, p. 263), and the energy needed to impart the orbital velocily 


will be 7, =0.5e2. Hence, the total expenditure of energy per unit 
mass will be 








RRS 2¢.Roft R, + 2H 
T= 0.5 é + H + a) = 0.5g,R, RotA 


and will increase as // increases. 

Elliptical Paths. At a>0 and u,.<V2g.R,, a body 
projected from the surface of the earth will describe an elliptical 
arc and fall back to the ground. Such elliptical palhs are trav- 
elled by long-range (intercontinental) ballistic missiles. Let us 
find the principal characteristics of such paths. 

Since axis Ox (see Fig. 293) is the axis of symmetry of the 
path, the point of impact will be M, and the range S will be 
equal to the arc M,M,, whence 


S = 2R,p. (106) 


where Bf is defined by Eq. (102) and b ti : 

ae radius of the earth. ee ¥ “Convention: aX, 35° he 
he grealest height H of the path is, evidenll exo — 

according to Eqs. (99) and (100), Y¥+ (eo — R, | or, 





vs cos? a 


H=f Re (107) 


where e is defined by Eq. (103). 
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The time of flight T can be found f[ Eq. (93 
together with Eq. (94), gives rom Eq. (93), which, 
r? 
R,v,cosa@ dop. 


Substituling the expression for r from Eqs. (99) and (100) and 
integrating, we obtain ‘ 


rT vs cost a ( dq 
Re _(l—ecos gq)’ 
=5 


‘solving which, we finally have 


2u3 cos! @ 





= Rai (VIoap ee tesin z), (108) 
where 
z=2 arclan ( V! +6 {an B) é (109) 


With these formulas and knowing uv, and the angle of elevation 
a, we can find the range S, the highest point of the path H, and 
the time of flight 7. 

From the praclical point of view il is important to determine 
ihe minimum velocily v™" and the oplimum angle of elevation 
@,., at which the required range S=-2R,f can be obtained. 

For this we compute the value of v, from Eq. (102): 


2R, tan ph 
i V wees (110) 
For a given range (or given angle B) the required velocity de- 
pends on the angle of elevation a. Angle a enters only into the 
denominator of Eq. (110); hence, v, is minimum when the denom- 
inalor is maximum. Equating the derivative of the denominator 
with respect to a to zero, we find 


cos 22 — sin 2a tan —0, 
whence col 2a,,,==1anf, and the oplimum angle of elevation is 


a, 45°— =. (111) 
That this value of a, gives vy"" can be readily verified by the 
sign of the second derivative. Substituting the value of a,,, into 


Eq. (110), we obtain 
sin B 2 
ula V Rep (112) 
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Eqs. (112) and (lIl) give {he least inilial velocily and the 
optimum angle of elevation for a required range. The height o-° 
{he path and the time of flight are computed from Eqs. (107) and 
(108), in which v, and = are substituted by their expressions from 
Eqs. (112) and (111). Table I below gives the characteristics of 
some optimum elliptical paths computed from these formulas, 
assuming R,—=R_..,, ==6.370 km (the accuracy of all quantities 
in the table is up to 5 units of the last digit). 


Table f 


Necessary : 
initial Op limum Height af 
Angle Range velocily angle of path H 
B § in km ymin elevation in km 


Time of flight 
T- 


a 
in msec 


Bay 

4,300 {2 min 30 sec 
5,650 19 min 10 sec 
6,460 24 min 50 sec 
7,000 30 min O00 sec 
7, 780 410 min 10 see 
7,910 42 min 10 sec 





Remember that these calculations refer to motion in vacuo and 
do not take into account the rotation of the earth. In conclusion 
it should be noled that at small ranges (small angle f) the ellip- 
lical arc described by a projectile approaches a parabolic arc. 
lf we take sin B= and 2R,B==X and in the other equations 
neglect § in comparison wilh unity, in the limit all these equa- 
tions will develop into the corresponding equations of parabolic 
paths (see § 108). In particular, from Eqs. (111) and (112) we imme- 
diately obtain a,,,—a* =45° and up'"==Vg,X*. 


PART IV 
DYNAMICS OF A SYSTEM AND A RIGID BODY 


Chapter 23 


INTRODUCTION TO THE DYNAMICS OF A SYSTEM. 
MOMENTS OF INERTIA OF RIGID BODIES 


129. Mechanical Systems. External and Internal Forces. A me- 
chanical system is detined as such a collection of material points 
(particles) or bodies in which the position or motion of each par- 
ticle or body of the system depends on the position and motion 
of all the other particles or bodies. We shall thus regard a mate- 
rial body as a system of ils particles. 

A classical example of a mechanical system is the solar system, 
all the component bodies of which are connected by the forces of 
their mutual attraction. Other examples of mechanical svstems 
are machines, or any mechanism whose members are connected 
with pins, rods. cables, bells, etc., i.e., by holonamic con- 
straints. In this case the bodies of lhe system are subjected {to the 
reciprocal compressive or tensile forces transmitted through the 
constraints. 

A collection of bodies not connected by interacting forces does 
not comprise a mechanical system (e.g., a group of flying air- 
cralt). In this book we shall consider only mechanical systems, 
calling them just “systems” for short. 

It follows from the above that the forces acting on the par- 
icles or bodies of a system can be subdivided into external and 
internal forces. 

External forces are defined as the forces exerted on the members 
of a syslem by particles or bodies not belonging to the given 
system. /nternal forces are defined as the forces of interaction be- 
tween the members of the same system. We shall denote external 
forces by the symbol F*, and internal forces by the symbol Fi." 

Both external and internal forces can be either active forces or 
the reactions of constraints. The division of forces into external 
and internal is purely relative, and it depends on the extent of 
ihe system whose motion is being investigaled. In considering the 


* Not to be confused with inertia force, which was denoted in ihe same way 
in § 119. 
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motion of the solar system as a whole, for example, the gravila- 
{ional attraction of the sun acting on the earth is an_ internal 
force: in invesligating the earth’s motion aboul the sun, the same 
force is external. . 

Internal forces possess the following properties: 

1. The geometrical sum (the principal vector) of all the inter- 
nal forces of a system is zero. This follows from the third law 
of dynamics, which slates that any two particles of a system 
(Fig. 295) acl on each other with equal and opposilely directed 
forces Fi, and F;,, (he sum of which is zero. Since the same is 
true for any pair of particles of a syslem, then 


DFi=0. (1) 


2. The sum of the moments (the principal moment) of all the 
infernal forces of a system with respect to any centre or axis is zero, 
For if we fake an arbitrary cenire O, it is apparenl from 
Fig. 295 that m,(F.:) + m, (F:,) —0. The same : 
result’ holds good for the moments about 
any axis. Hence, for the system as a whole 
we have 


Dm, (Fi) =0 or Dm, (Fi) =90. (2) 


It does not follow from the above, how- 
ever, thal the internal forces are mutually bal- 
anced and do nol affect the molion of the Fig. 295. 
system, for they are applied to different par- 
licles or bodies and may cause their mutual displacement. The 
internal forces will be balanced only when a given sysiem is a 
rigid body (see § 3). 

130. Mass of a System. Centre of Mass. The motion of a SyS- 
tem depends, besides the acting forces, on its total mass and the 
distribution of this mass. The mass of a systent is equal to the 
arjlhmetical sum of ihe masses of all the parlicles or bodies 


comprising it*: : 
M== Sim. (3) 


The distribution of mass is characterised primarily by the lo- 
cation of a point called the centre of mass. The centre of mass, 








* We shall pe trwallt f denole mass by the same letler M as the moment 
of a force. Any Possibility of confusion js precluded by the fact that when the 
symbo! MM denoles moment of a force, il is always provided with a subscript 
(eg., M,, M,, M;). In Chapler 29, however, where the symbols of moment 


ae re ibid al frequently, we shall denote the mass of a sysiem by the 
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or centre of tnertia, of a system is defined as a geometrical point 
C whose coordinates are given by the equations: 


: 
het TX = a Mie —_ a M42 
ae a | ae ae ES oa | a 4) 


where m, is the mass of a parlicle of the system, and x,, y,. 2, 
are its coordinales. 

If the positton of a centre of mass is defined by its radius 
vector r., we can obtain from Eqs. (4) the following expression 


reso memes, (5) 


where r, is the radfus vector of a particle of the system. 

For a body in a uniform gravitational field, the centre of mass 
coincides with the centre of gravity. For, if in Eqs. (74) (§ 53) 
we assume p,=1,g and P=Mqg, where g is ihe acceleration of 
gravily, which is constant for all the points of a uniform field, 
by eliminating g we obtain from Eqs. (74) our formulas (4). 

The concepts of centre of gravity and centre of mass, however, 
are not identical. The concept of centre of gravily, as the point 
through which the resullant of the forces of gravily passes, has 
meaning only for a rigid body in a uniform field of gravily. The 
concept of cenire of mass, as a characteristic of the distribution 
of mass in a system, on the other hand, has meaning for any 
system of particles or bodies, regardless of whether a given sys- 
{fem is subjected to the action of forces or not. 


131. Moment of Inertia of a Body About an Axis. Radius of 
Gyration. The position of centre of mass does not characterise 
completely the distribution of mass 
in a system. For if in the sys- 
lem in Fig. 296 the distance A of 
each of iwo identical spheres A 
and B from the axis Oz is in- 
creased by the same quantity, the 
location of the centre of mass 
will not change, though the dis- 
{tribution of mass will change and influence the motion of {he sys- 
tem (all olher condilions remaining the same, the rolation about 
axis Oz wil! be slower). aoe 

Accordingly, another characteristic of the distribution of mass, 
called the moment of inertia, is introduced in mechanics. The 
moment of inertia of a body with respect to a given axis Oz is ae 
fined as a scalar quantity equal to the sum of the masses of the 
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particles of the body, each multiplied by the square of ifs perpen- 
dicular distance from the axis: 


J,=> m, Ar. (6) 


It will be shown further on that moment of inertia plays the 
same part in the rotalional molion of a body as mass does in 
{ranslalory motion, i.e., moment of inerlia is a@ measure of a 
body’s inertia in rotational motion. 

By Eq. (6), the moment of inerlia of a body is equal fo the 
sum of the moments of inertia of al] its parts with respect to the 
same axis. For a material poinl located al a distance fA from an 
axis, J,==mh’. The dimension of moment of inertia in the {tech- 
nical syslem of units is [J] = kgm-sec’. 

The concept of radius of gyration is oflen employed in calcula- 
tions. The radius of gyration of a body with respect to an axis 
Oz is a linear quantity @ defined by the equation 


J,= Me’, (7) 


where M is the mass of Ihe body. 

It follows from the definition that geometrically the radius of 
gyration is equal to the distance from the axis Oz to a point, 
such that if the mass of {he whole body were concentrated in it 
the moment of inerlia of the point would be equal a 
to the moment of inertia of the whole body. 

Knowing the radius of gyration, we can obtain the 
moment of inerlia of a body from Eq. (7) and vice 
versa. 


132. Moments of Inertia of Some Homogeneous 
Bodies. If we divide a body into elements, in the 
limit the sum in Eq. (6) will become an integral 
and we obtain 8 


/_= | A*dnn, (8) 

Vv) 
where the integration is over ihe whole volume of 
the body and & depends on the coordinates of the points of the body. 

Eq. (8) is convenient:in computing the moments of inertia of 
homogeneous bodies. Let us examine some examples. 

l. Thin Homogeneous Rod of Length f and Mass 
M. Let us find its moment of inertia with respect to an axis Az 
Perpendicular to the rod (Fig. 297). If we lay off a coordinate 
axis Ax along AB, for any line element of length dx we have 
h=- and its mass dm=o,dx, where e,= Ml is the mass of a 





Fig. 297, 
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unit length of the rod, and Eq. (8) gives”: 


Substiluting the expression for @,, we obtain finally 
! 2 
J,=y Mi : (9) 


2. Thin Circular Homogeneous Ring of Radius R 
and Mass M. Let us find its moment of inertia with respect to 
an axis Cz perpendicular to the plane of the ring through its 
cenlre (Fig. 298). As all the points of the ring are at a distance 

h,=R from axis Cz, Eq. (6) gives 


zt 
Jo=¥im,R' = (Sm) R= MR. 
Hence, for the ring 
Jo= MR. (10) 
Fig. 298. It is evident that the same result is ob- 


{ained for the moment of inertia of a cylin- 

drical shell of mass M and radius R with respect to ils axis. 
3. Circular Homogeneous Dise or Cylinder of Ra- 
dius R and Mass M. Let us compule the moment of inerlia 
of a circular dise with respect to an axis Cz perpendicular to it 
through its centre (Fig. 299a). Consider an elemental ring of ra- 
dius r and width dr. Its area is 2mrdr, and its mass dm =o,2ardr, 


where e, = cus is he mass of a unit area of the disc. From Eq. 
(10) we have for the elemental ring 

dJ-=rdm = 2na,r'dr, 
and for the whole disc 


R 
J, = 2no, {rar => no,R*. 


Substituling the expression for @,, we obtain finally 


Jo=> MR’. (11) 


moment of inertia wilh respect lo an 


1 al . 
* Here and further on, J, denotes ie Ci ltie cross section in the diagram. 


axis through A perpendicular to the plane of t 
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Il is evident that the same formula is obtained for the moment 
of inertia J, of a homogeneous circular cylinder of mass M and 
radius R with respect to ils axis Cz (Fig. 2996). as 

4. Rectangular Lamina, Cone, Sphere. Omilling the 
compulations, here are the equations of the moments of inerlia 
of several bodies (the student is 
invited to deduce these formulas 
independently): 

a) uniform rectangular lamina 
of mass M with sides of Jength 
a and 6 (lhe x axis ts coinci- 
dent with side a, the y axis 
with side 0): 


l ee a 
J=y Me,” VF Ma". 





b) uniform right — circular Fig. 299. 
cone of mass M and base radius 
R (ihe z axis is coincident with the axis of the cone): 


J,=0.9MR*. 


c) uniform sphere of mass M and radius R (the z axis is coin- 
cident with a diameter): 
J, = 0.4 MR’. 


The moments of inertia of non-homogeneous and composite bod- 
ies can be determined experimentally with the help of appropri- 
ale instruments. One such method is given in § 155. 


133. Moments of Inertia of a Body About Parallel Axes. The 
Parallel-Axis (Huygens’) Theorem. In the most general case, the 
moments of inertia of the same body with respect to different axes 
are difierent. Let us see how to determine the moment of inertia 
of a body with respect to any axis if its moment of inertia with 
respect to a parallel axis through the body is known. 

Draw an axis Cz through the centre of mass C of a body, and 
an axis Oz, parallel to it (Fig. 300), denoting the distance be- 
tween the two axes by the symbol d. By definition we have 


Jou =D, Ser= Tuk, 


where A, is the distance of an arbitrary point B of the body from 


axis Oz,, and fy is lhe distance of the same point from axis Cz. 
It follows from A Bae that 


hy = h', + d* — 2dhy cos a,. 
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Let us draw trom point C, as the origin of a coordinale system, 
axes x and y perpendicular to Cz, such that x intersects with 
axis O2z,. His evident that Cx] ae. Denoting the coordinates of 
point B as xy, yy, 24, we obtain: 


hy cos @,==x, and Ayah’, +d" — Qdx,. 


Substituting this expression of h, inlo the expression for Jor, 
and taking the common [aclors d* and 2d outside the summation 
Signs, we have 


Joz, = Dm, h'a+ (SY m,)d" — 2d F myx. 


The first summation in the right side of the equalion is equal 
to J,,, and the second to ihe mass M of the body. Let us find 
, the value of the third summation. 
From Eq. (4) we know that, for 
the coordinates of the centre of 
mass, >)m,x,—Mvx,. But since 
in our case point C is the origin, 
x,=0, and consequently }) m,x,—0. 
We finally obtain 


Jon =Je,+Md. (12) 


Eq. (12) expresses the paral- 
lel-axis the orem enunciated 
by Huygens*: The moment of iner- 
lia of a body with respect to any 
axis is equal to the moment of iner- 
tia of the body with respect to a 
parallel axis through the centre of 
mass of the body plus the product of the mass of the body and 
the square of the distance between the two axes. 

It follows from Eq. (12) that Jor, >J,,. Consequenlly, of all 
the axes of same direction, the moment of inertia is least with 
respeci lo the one through the centre of mass. 

The parallel-axis theorem can also be used to determine the mo- 
ment of inertia of a body with respect to a given axis O2z,, if its 
moment of inertia with respecl to any parallel axis Az, and the 
distance d, and d, of each axis Irom the body’s centre of mass 
are known. Hence, knowing Jaz, and d,, we obtain J,, from Eq. 





Fig. 300. 


* Christian Huygens (1629-1695), celebrated Dutch mechanic, physicist and 
astronomer. He developed the first pendulum clock. In this connection he stu- 
died the vibralions of the compound pendulum (see § 154) and introduced the 
concept of moment of inertia of a body. 
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(12) and, applying the same formula, determine the required mo- 
ment of inerlia Joz,. 


Problem 122. Determine the moment of inerlia of a slender rod with ree 
spect lo an axis Cz perpendicular lo il through its centre of mass. ; 
Solution. Draw an sxis Az through end A of the rod (see Fig. 297; axis 
Cz is nol shown in il). Then, by Eq. (12), 
JomJia— Ma". 
In our case d=y » where / is the length of the rod, and J is [ound from 
Eq. (9). Hence, 


al 2 | :_ | a 
Jo=y MM — MPT MI, 


Problem 123. Determine (he moment of inerlia of a cylinder with respect 
lo an axiy Az, (hrough its generator (see Fig. 2995). 
Solution. From the parallel-axis theorem, J4z,=Jce, + Afd". In our case 


d=R, and trom Eq. (11) Jor=-y MR? 


Subsliluting these expressions, we oblain 


Jag 5 MR*4+ MRI= 3 MR’ 


Chapter 24 


THEOREM OF THE MOTION OF THE CENTRE OF MASS 
OF A SYSTEM 


134. The Differential Equations of Motion of a System. Sup- 
pose we have a system of a particles. Choosing any Particle of 
mass m, belonging {o the system, let us denote the resultant of 


all the external forces acting on the Particle (both active forces 
and the forces of reaction) by the symbol Fi, and the resultant 
of afl the internal forces by Fi. If the particle has an acceler- 
alion w,, then, by the fundamental law of dynamics, 
n,Ww, — Fy + Fi. 
Similar results are obtained for an other particl 
for the whole systein, we have | Boece 
mW, =FI+ FS 
mW, =F, + Fi, 


m,W, = Fi 4+- Fi. 


» whence, 


(13) 
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These equations, from which we can develop the law of motion 
of any particle of the system, are called fhe differential equations 
of motion of a system in veclor form. Eqs. (13) are differential be- 


doy dry 


cause W,—=-7/==Ga- In the most general case the forces in lhe 


right side of the equations depend on the time, the coordinates 
ts particles of lhe system, and their velocities (see & 99 and 

_By projecting Eqs. (13) on coordinate axes, we can obtain (he 
difierentia] equations of motion of a given system in terms of the 
projections on these axes. 

The comptete solution of lhe principal problem of dynamics 
for a system would be to develop the equation of motion for each 
parlicle of lhe system from the given forces by integrating the 
corresponding differential equations. For two reasons, however, 
{his solution is not usually employed. Firstly. lhe solution is too 
involved and will almost inevitably lead into insurmountable 
mathematical difficulties. Secondly, in solving problems of mechan- 
ics it is usually sufficient to know certain overall characteris- 
tics of the motion of a system, without investigating the motion 
of each particle. These overall characteristics can be found with 
the help of ithe general theorems of systems dynamics, which we 
shall now sludy. 

The main application of Eqs. (13) or their corollaries will be 
to develop ithe respective general theorems. 


135. Theorem of the Motion of Centre of Mass. In many cases 
the nature of the motion of a system (especially of a rigid body) 
is completely described by the taw of motion of ils centre of mass. 
To develop this law, let us take the equations of motion of a 
system (13) and add separately their left and right sides. We ob- 


tain 
Lm ,w, = DDFs + LF. (14) 
Let us transform the left side of the equalion. For the radius 
vector of the centre of mass we have, from Eq. (5), 
Dials = Mr. 


Taking the second derivative of both sides of this equation with 
respect to time, and noting that ihe derivative of a sum equals 
the sum of the derivatives, we find 


dr, dre 
Fy Sth aM 





dt* 


or 
Dm, w, =— Mw.. (15) 
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where w, is the acceleralion of the centre oi mass of the system. 


As the internal forces of a system give (see § 129) DF: =0, by 
substiiuting all the developed expressions into Eq. (14), we obtain 


finally 
Mw, = Fi. (16) 


Eq. (16) states the theorem of the motion of the centre of mass 
of a system.. Ils form coincides with that of the equation of mo- 
tion of a particle [§ 100, Eq. (3)] of mass mm —M where the act- 
ing forces are equal to F%. We can therefore formulate the the- 
orem of the motion of the centre of mass as lollows: 
The centre of mass of a system moves as if it were a particle of 
mass equal to the mass of the whole system to which are applied 
all the external forces acting on the system. 

Projecling both sides of Eq. (16) on the coordinate axes, we ob- 
fain 





MEF, MUS, MSPS Fe. (16) 


These are the differential equations of motion of the centre of 
mass in terms of the projections on the coordinate axes, 

The theorem is valuable for the following reasons: 

1) If justifies the use of the methods of particle dynamics. It fol- 
lows from Eqs. (16’) that the solutions developed on the assump- 
lion that a given body is equivalent fo a particle define the law 
of motion of the centre of mass of that body. Thus, these solutions 
have a concrele meaning. 

In particular, if a body is being translated, ils motion is com- 
plelely specified by the motion of ils centre of mass, and conse- 
quently, a body in translatory motion can always be treated as 
a particle of mass equal lo the mass of the body. In all other 
cases, a body can be trealed as a particle only when the position 
of its centre of mass is sufficient to specify the position of the 
body. 

2) The theorem makes it possible, in developing the equation 
of motion for the centre of mass of any system, to ignore all un- 
known internal forces. This is of special practical value. 


136. The Law of Conservalion of Motion of Centre of Mass. 
The following important corollaries arise from the theorem of the 
molion of cenlre of mass: 


1) Let the sum of the external forces acling on a system be 
zero; 


DFi=0. 


218 Motion of the Ceatre of Mass of a System (Ch. 24 
a 


It follows, then, from Eq. (16) thal w,==0 or v- = const. 

Thus, if the sum of all the external forces acting on a system is 
zero, the centre of mass of thal system moves with a velocity of 
constant magnitude and direction, i.e., uniformly and recttlinearly. 
In particular, if the cenlre of mass was initially at rest it will 
remain at rest. The action of the inlerna! forces, we see, does nol 
afiect (he motion of the centre of mass. 

2) Lel the sum of the exlernal forces acling on a syslem be 
other than zero, bul let the sum of their projections on one of 
the coordinate axes (ihe x axis, for instance), be zero: 


The first of Eqs. (16’), then, gives 


xe dx 
qr 9 Of ~~ =-=¥¢, ==consl. 


Thus, tf the sum of the projections on an axis of all the external 
forces acting on a system is zero, the frojection of the velocity of 
the centre of mass of the system on that axis is a constant quanti- 
fy, In particular, if at the inilial momenl v,,==0, it will re- 
main zero at any subsequent instant, i.e., the cenlre of mass of 
the system will not move along the x axis (x, = const.). 

The above resulis express the law of conservation of motion of 
the centre of mass of a system. Let us examine some cases of its 
application. 

a) Motion of the Centre of Mass of the Solar Sys- 
lem. Since in practice the aitraction of the slars can be neglect- 
ed, we may assume that there are no exlernal forces acling on 
ihe solar system. Hence, in the first approximation, its centre of 
mass is in uniform rectilinear motion through space. 

b) Aclion of a Force Couple on a Body (see, for exam- 
ple, Fig. 43). If a force couple (F, F’) starts acting on a body, 
ihe geometrical sum of these external forces will be zero 
(F+F’=0). Consequently, if the centre of mass C of a syslem 
was initially ai rest, it must remain ai rest after the couple is 
applied. Thus, no matter to what part of a free rigid body a co- 
uple is applied. the body will slart rotating aboul ils centre of 

ass (see § 19). 
ae Mclica 6 a Horizontal Plane. In the absence of 
Iriction a person would be unable to walk along a horizontal 
plane with the help of his muscular effort (internal forces) a 
as the sum of the projeclions on any horizontal axis Ox of a 
{he external forces acting on the person (the force of gravily au 
reaction of the plane) would be zero and his centre of mass woul 


not move parallel to the plane (x, = const.). 
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If, for example, he made a slep forward with his right foot, 
his left one would slip back and his centre of mass would remain 
at rest. With friction, \hough, the slipping of the left foot would 
be opposed by a friclional force directed forward. This would be 
ihe external force making il possible for the person to move in 
the direction of ils action, i.e., forward. : 

Something, similar takes place in lhe motion of a locomotive 

or motor car. The pressure of the boiler sleam or engine gases 
are an inlernal force and can- v 
not by lhemselves displace the 
centre of mass of the system. 
Motion is made possible be- 
cause the engine transmits a 
forque lo the so-called driv- 
ing wheels. The poinl of 
contact B of the driving wheel 
(Fig. 301) tends to slip to 
the left. generating a friction- Fig. 301. 
al force directed to the righl. 
This external force makes lhe centre of mass of the steam engine or 
motor car move to the right. When this force is absent, or when 
it is not sufficient to overcome the opposition to the rotation of 
the driven wheels™, molion does nol lake place. The driving 
wheels wil! slip without any fonvard motion. 

2) Braking Braking is effecled by pressing a brake shoe lo 
a drum connecled rigidly with a rolling wheel. The [frictional 
force developing between the shoe and drum is an internal force, 
and alone it cannot aller the molion of (he centre of mass, i.e.. 
it cannot stop, say, a lrain or car. The friclion of the shoe on 
the drum, however, retards the rotation of the wheel around ils 
axis and lhereby increases the friclion of the wheel on the rail 
or road. ‘which is direcled against the molion. This external 
force will retard the molion of (he centre of mass of the vehicle, 
i.e., produce the braking effect (see Problem 148, § 156). 





Driving Driven 


137. Solution of Problems. The theorem of the motion of 
the centre of mass is useful to develop the equation of motion 
of lhe mass centre if the external forces are known, and con- 
versely, lo delermine the principal vector of the exlernal forces 
acling on a syslem if the equalion of motion of the mass centre 
is known. The first problem was already sludied in particle 


* The torque does nol act on the driven wheel. Acting on it is a fo p- 

. . ic 2 r : 7 

ip al [ls axis, which lends to move the wheel together with its point pa 

an A wilh the ground forward. The friclional force acting on this wheel is 
tecled in {he opposile direction and opposes the motion. - 
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dynamics. Examples of i 
ayaa ee solutions of the second problem are 
The theorem makes it possible 1o exclude al i 
forces from consideration. This suggests that in EVeTecGHe 
system it should be so chosen as to make some of the immedi- 
alely unknown forces infernal with respect to the syslem 
Whenever the law of conservation of motion of the centre of 
mass applies, the theorem makes if possible to determine the 
displacement of any part of the system if the displacement of 
another part is known. 


We have proved thal when DFE, =0 and at lhe initial moment v-,=0 
xc -=const. throughout the motion of the system. Let us have a system of 
three boJie~ of masses at,. ty. my. Lhe inilial coordinates of whose centres 
are X,, %2. Xy. If under the action of any internal (or external) forces the 
bodies perform absolute displacements (he projections of which on lhe x axis 
are &,, §:. E,, the respective coordinates wil] be x,+&,. x, +6, x,+&,. The 
coordinate of the centre of mass xe of the whole system in the inilial and 
final positions will then be: 


a PEL. ald, oe HF Mtyts a my (ry +E) +s (te + Ee) Fo On +85) 


IC, - AS bo M 
Asx =coml., r¢,=4%¢,, and consequently, 
on mb, + m,% + m,§, = 0, (17) 
PE, + Paks + ek, = 0. (17’) 


Thus, when the law of conservation of motion of the centre of mass holds 
good for displacements along an axis Ox, the algebraic sum of the products 
of the masses (or weights) of the bod- 
ies of the system on the projections 
of the absolute displacements of their 
centres of mass must be zero, if at 
the inilial moment v-, = 0. In com- 
puting &. & ... altention should 
always be paid to their signs. 

Problem 124. Two men of weights 
p, and pp are seated in the bow 
and slern of a boat of weight P at 
a distance { from each other (Fig. 
302). Neglecting the resistance of the 
water. delermine the direction and size 
of the displacement of the boat if the 
men change places. 

Solution. In order to exclude 
from consideralion the unknown forces 
Fig. 302. of friclion of their shoe soles on the 

bottom of the boat andthe muscular 
ider the boal and the men in il as one system, and the 
ternal. The external_forces acling on the boat are 


fhe vertical forces P. pa Pr. and N. Hence, Dri=9 and, as al the ini- 
lial moment v¢_ = 9. 4¢ = const. Consequently, the absolute displacements of 
a 


all the bodies are governed by the formula (17). 





efforts of the men, we cons 
mentioned Jorces become m 
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Denoling the boat and the men in their initial and final posilions, we 
find that the displacement of the boat —,==x. Furthermore. the ee 
displacement of the first man is €4—«+/. the absolule displacement of the 
second man is 84,, and the projection of the lalter displacement on the x 
axis is $g=— tt — x). Hence. from Eq. (17°). 


Pxtpyie +) +pg(—U— x) =9, 
whence we find the displacemenl of the boat: 


——PB-PA_ 
P+Pat Pn 


Il pa > pg. x > 0, i.e.. the boat will move lo the right: if 9, << py. the 
boat will move lo the felt. If pg py. the boat will remain at rest. 

The procedure mentioned above is important enough to repeat the formu- 
lation: ta solving problems of this type, the system fo be investigated must be 
chosen so that the immediately unknown forces would be internal. 

Problem 125. The centre of gravily of the shalt of the molor in Fig. 
303 is localed al a distance AB—a from the axis of rotation. The shall is 
of weight p. and the weight of all alher parts of 
the motor is P. Deduce the law of motion of the 
motor on a smooth horizontal surface if the shalt 
rotates with a uniform angular velocity w. Also 
determine the maximum stress thal wil) be devel- 
oped in a boll D fastening the motor to the sur- 
ace, 

Solution. In order to eliminale the forces 
rolaling the shall by shelly them internal, consid- 
er the motor with the shafl as a single system. 

1) For the tnolor standing freely on the plane, 
all the forces acting on il are verlical and, as 
in the previous problem the law of conservation 
of the motion of the cenlre of mass parallel to 
axis Ox will apply. Show the molor in an arbi- 
trary posilion, assuming as inilial (he position in which points B and A are 
on the same verlical (on the gy axis). Then in the arbilrary posilion § y= x, 
Ea =<«-+a sing. Hence, (aking into account thal m= wf, we lind [rom Eq.(17’) 


Pa+p(atasinwt) =0, 


<x 





whence 


. 


sin wi, 





pa 
Ptp 
Thus, the molor will perform simple harmonic molion with an angular 
Ire aah oO. 
e 


) When the molor is fastened, the hori ; 
by the first of Eqs. (16"), will be e horizontal reaclion R, of the bolt, 


—mM oe Px S9 
R,=M ait » where xo Aa E Pre 


In this case pont A is (xed, and x4==4 (= const.) and Xp =A+asinol, 


Differentiating the expression of xc and multiplying i : Hee 
mass of the whole system, we obtain Plying it by -M, where Al is the 





11~2pa4 
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The pressure on the boll is equal to [R,| in magnilude and Opposite in 


3 
: t : au) 
direction. Its maximum value will be p . 
g 





Probtem 126, Crank AB ol length +r and weight p of the mechanism in 
Fig. 304 rotates with a constant angular velocity @ and actuates the slolled 
bar_and the piston D connected to it. The lolal weight of the bar and piston 
is P. Acting on the piston during the motion is a constant force Q. Neglect- 
ing friction, determine (he maximum horizontal pressure of the crank on its 
axle A. 


YLLL CLL, Ly 





Fig. 304. 


Solution. In order lo eliminate the forces rotating the crank and the 
pressure exerted onil by the slotled bar, consider the moljon of the system 4s 
a whole. Denoting the horizontal reaction of the axle A by &,, we have from 
the first of Eqs. (16’) 
d*r¢ 
Wr => R, —@, 


where, by Eqs. (4), Alxc=my,x, + angt,. 
In our case 


M 


p r P 
= =— = =—, — 0 f, 
m, a x, = 00s wf; mM, ge a+7coso 


as p=ol. We finally oblain 
a d'x¢ ra" p ) t 
Re=QtM Tea QS (f4P cos wf. 


The pressure on the shaft is equal in magnitude to |R,| and opposilely 
direcled. The maximum pressure will be at @= 180° and will be equal to 


q+ (f+P). 
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Chapter 25 


THEOREM OF THE CHANGE IN THE LINEAR 
MOMENTUM OF A SYSTEM 


138. Linear Momentum of a Syslem. The lincar momentum, 
or simply the ntomentum, of a sistem is defined as the vector 
quantify Q vqual to the geometric sum (the principal vectur) of 
the momenta of alt the particles of the system (Fig. 305): 


{{ can be seen from the diagram thal, irrespective of the veloc- 
ilies of the particles (provided thal they are not parallel) the 
inomentum veclor can take 
any value, or even be zero 
when the polygon construct- 
ed with the vectors ,U, 
as ifs sides is closed. Conse- 
quently, the quantity Q does 
not characterise the molion 
of the system completely. 

Let us develop a formula Fig. 303. 
with which il is much more 
convenient to compute Q and also to explain its meaning. It 
follows from Eq. (5) thal 


Dry, = AMre. 


Differentiating both sides with respect lo time, we obtain 





drp dre a, 
DM, GH MaE or Dy, = Mae, 


whence we find that 
Q=No,., (19) 


i.e., the momentum of a system is equal to the product of the 
mass of the whole system and the velocity of its centre of mtass. 
This equation is especially convenient in compuling the momen- 
tum of rigid bodies. 

It follows from Eq. (19) that, if the motton of a body (or a 
system) is such thal the centre of mass remains motionless, the 
momentum of the body is zero. Thus, the momentum of a body 
rotating about a fixed axis through its centre of mass is zero 
(the polygon in Fig. 305 is closed). 

_ If, on the other hand, a body has relalive motion, the quan- 
tily Q will not characterise the rolational component of the 


11° 


1) 
ta 
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motion about the centre of mass. Thus, for a rolling wheel 
Q=\Mo,, regardless of how the wheel rotates about ils centre 
of mass C. 

We see. therefore. that momentum characterises only the trans- 
fatery motion of a sysiem, which is why it is offen called finear 
momentum, In retalive motion, the quantity Q characterises only 
the translalory component of the motion of a system together 
with its centre of mass. 


139. Theorem of the Change in Linear Momentum. Consider 
a system of a particles. Writing the diflerential equations of 
motion (13) for this system and adding them, we obtain 


2 yW, = LF + DF}, 


Froin the property of internal forces the last summation is zero. 
Furthermore, 


d d 
DW, = FD aM) = oe 
and we finally have 
dQ 1 oe 
Fre Lal (20) 


Eq. (20) states the theorem of the change in the 
linear momentum of asystem in differential form 
The derivative of the linear momentum of a system with respect 
to fime is eyual fo the geometrical sum of all the external forces 
acting on the system. 

In terms of projections on cartesian axes we have 


dQ, | dQ, dQ. 
Ge oe Ge iy GE DP ee: en 


Let us develop another expression ‘or the theorem. Let the 
momentum of a system be Q, al time f=0O, and at time , let 
it be Q,. Multiplying both sides of Eq. (20) by df and inlegral- 
ing, we obtain 


f, 
Q,—Q,= 5) Fiat, 


or 


Q@,-@,= 5; (22) 


as the integrals to the right give the impulses of the external forces. 
Eq. (22)stales the theorem of the change in the linear 
momentum of asystem in integral form: The change 
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in the linear momentum of a system during any fime interval is 
equal fo the sum of the impulses of the external forces acting on 
the body during the same interval of time. 

In terms of projections on carlesian axes we have 


Q..—- = DVS | 
Q., = Quy = DSiy: ( (23) 
Qi =< Qu: coe D See 


Let us show the connection between this theorem and the 
theorem of the motion of centre of mass. As Q==Mo,.. by subsli- 
tuling this expression info Eq. (20) and taking into account 
that 2°¢ —w,, we oblain Mw, == Fj. ie. Eq. (16). 

Consequently, the theorem of the motion of centre of mass and 
the theorem of the change in the momentum of a syslem are, in 
effecl, two forms of the same theorein. Whenever the motion of a 
rigid body (or system of Lodies) is being investigaled. both theorenis 
may be used, though Eq. (16) is usually more convenient. 

For a continuous medium (a fluid). however, the concept of 
centre of miass of the whole system is virlually meaningless, and 
the {heorem of the change in lhe momentum of a syslem is used 
in the solulion of such problems. This theorem is also very useful 
in investigaling the theory of impact (Chapter 31) and jet propul- 
sion (§ 142). 

The practical value of the theorem is that il enables us fo 
exclude from consideration the immediately unknown internal 
forces (for inslance, the reciprocal forces acling belween the 
parlicles of a liquid). 


140. The Law of Conservation of Linear Momentum. The 
following important corollaries arise from the theorem of the 
change in the momenlum of a system: 

1) Let the sun of all the external forces acling on a system 


be zero: 
YF =0. 


It follows from Eq. (20) that in this case Q@=— const. Thus, 
if the sum of all the external forces acting on a system is zero, the 
momentum vector of the system is constant in magnitude and 
direction. 

2) Let the external forces acting on a syslem be such thal 
the sum of their projections on any axis Ox is zero: 


> Fie =0. 
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It follows from Eqs. (21) thal in this case Q,=const. Thus, 
if the sum of the projections ou ang axis of all the external forces 
acting’ on a sustem is zero, the projection of the momentum of that 
systemt on that axis ts a constant quantity. 

These resulls express the daw of conservation of the linear momen- 
tam of a system. It follows from the above that internal forces 
are incapable of changing the total momentum of a syslem. Let 
Us consider some examples. 

a) Recoil. If a rifle and the bullet in its barrel are consid- 
ered as one system, the pressure of the gases during the shol will 
be an inlernal force incapable of changing the total momentum 
of the syslem. Therefore, as lhe gases acting on the bullet impart 
fo it a certain momentum in the direction of the muzzle, they 
must al the same time impart an identical momentum to the 
rille in the opposile direction, and the rille “kicks”. This is the 
phenomenon of recoil well known in artillery. 

b) Propeller propulsion. A rotaling propeller or screw 
throws back a certain mass of air (or waler) along ils axis. If 
this backward-moving mass and lhe moving aircraft (or ship) are 
consitlered as one system, the forces of interaction between the 
propeller and the medium are internal and cannot change the 
folal momentum of the syslem. Therefore. the flowback of air 
(water) causes the aircraft (or the vessel) to receive a correspond- 
ing forward velocily, such that the lotal momentum of the system 
remains zero, since il was zero before motion began. 

The action of oars or paddle-wheels is of the same nature. | 

c) Reaction Propulsion. In a reaction-propelled vehicle 
(e.g., a rocket), the gaseous products of combustion of a fuel are 
e‘ected wilh a high speed from the rear end (or the nozzle of a 
jel engine). The pressure caused by the gases is an internal force 
and if cannot change the lotal momentum of the rocket-combus- 
lion products system. But as the ejected gases possess a certain 
backward-direcled momentum, the rockel receives a corresponding 
forward velocity. The magnitude of this velocity will be deter- 
mined in § 142. we 

Note thai in propeller propulsion molion is imparted to, say, 
an aircraft by throwing back the particles ol the fluid in which 
il is moving. In a vacuum such propulsion is impossible. In reaction 
propulsion, motion is imparted by the ejection ol a working a 
produced in the engine itself (the products of combustion), an 
motion is possible both in the air and in vacuum. 


141. Solution of Problems. The theorem of the change in 
linear momentum is usually employed in studying the molion of 
a medium (a Jiquid or gas). Applicalion of the theorem eliminates 
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all the internal forces from the consideration. Therefore. the inves- 
tigaled system should be so chosen thal all or part of the imme- 


diately unknown forces would be inlernal. 

The law of conservation of momentum is convenienlly used in 
cases when the velocity of one parl of a systein has to be deter- 
mined from the change in the translatory velocity ol another 
part of the system. In particular, the law is widely used in the 


theory of impact. 


Problem 27. A bullet of weight) p fired horizonlally wilh a velocity u 
hits a box of sand slandingon a truck (Fig. 36). What velocity will the lruck 
receive as a result of the impact if its weight 
logether with the box of sand is P» 

Solution. Consider the bullet and the 
truck as one syslem. This enables us to exclude 
the forces generaled when the bullet hils the 
sand. The sum of the projections of the exter- 
mal forces on the horizontal axis Cx is zero. 
ConsequeniJy, Q, =consl.. ar O,. = Q,,. where 
Q, isthe momentum of the system before the im- 
pact, and Q,. after the impact. As the truck was 





Fig. Jus. 


motiontess before the impact. Q,. == Lad 
Afler the impact the truck and bullet are moving with the same velocily v. 


hen 
ne oh ager 
LF inal g . 





and equaling the right sides of the expressions for Qx and Q,,, we oblain 


_ Pp 
pte 





Problem 126. Determine the recoil of a gun i its barrel is horizontal, 
the weight of the recoiling parls is P. the Weight of the shell is p, and the 
dala ed of the shell is u. 

olution. To exclude the 
ZG GLTUAMKLLA A A WOME AES Fd am aang, unknown forces developed by the 
yj ee at Bare =F Pressure of the gases, consider the 

ATT he, CAEL VAT — shell and the gun as one system. 

Neglecting (he resistance fo the 
Fig. 307 recoil] during ihe motion of the 
1g. ‘ shell ye nas bore. we flud that the 

: sum of the projections of the - 
plied tines Pele on the axis Or is zero (Fig. 307). Heace 0.— cons. 

nd. since before the shol the system was tmolion| — , - 

meni a oe. yste moliouless (Q,=0), for any fio 
the velocity of the recoiling parls at the final inslant is ¢, then the ab. 

solute velocily of the shell al that moment is a+. Consequenily, : 










v 





P 
GF ut F Uti + 4) =0, (a) 
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whence we find 
ee, 

p+P * 

If we knew lhe absolule muzzle velocity uw, of the shell, we could have 
substiluted a, for uy + vy in equation (a), whence 


ad 


The minus <ign in both cases means that o is in the opposite direclion of g. 
Nole (hat in calculating the total momentum of a system the absolute ve- 
locilies of ils parts should be considered. 
Problem 129. Force of a Jet of Water. A jet of water of diameter 
d=4cm is discharged from a nozzle with a velocity w= 10 m/sec and impinges 
normally against a fixed vertical wall (Pig. 
308). Neglecting the compression in the jet, 
determine the force of the walter on the wall, 
Solution. To exclude the internal forces 
of interaction of the water particles belween 
each other al the time of impact, apply the 
first of Eqs. (23) 


Qin — Qox — ee (a) 


to the part of the jet filling the volume abe al 

the given instant. Let us calculate for this 

volume the difference Q,, — Q,, for a certain 

lime interval f,. During this interval, the vol- 

ume of waler will occupy configuration a,6,¢,, and 

Fig. 308. the value of Q, will decrease by atu, where m 

is the mass of volume aa,. The liquid filling 

volumes 66, and ce, moves normally to axis Ox and lherefore does not 
increase (he value ol Q,. As we have only Q, decreasing, 


Qe — Qox = — MU. 


Reaction R of the wall will be the only external force acting on the given 
volume and giving a projection on axis x. Assuming R=consl., we obtain 


D Six =Ryl = — Rey 





and equation (a) gives 
mu = Ri. (b) 


Now compute m. As the displacement aa,=u4é,, 
nd? 
we - uf,, 
ae 
where y is the weight of a unit volume, and consequently, — is the mass of 


i iqui i i i lion (b) and le 
nit volume of the liquid. Substituling this value inlo equalic 
king into account that for water y= 1,000 kg/m’, we finally oblain 


a 
=~ as u? = 12.8 kg. 


The pressure of the water on the wall is equal {o this value. 
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142. Bodies Having Variable Mass. Motion of a Rocket. In 
classical mechanics, lhe mass of every parlicle or pant of 
a moving system is considered to be a constant. In some cases, 
however, the number of particles in a given syslem or body may 
change with lime (particles may be discharged from a bedy or 
added to it from oulside). As a resull the folal weight of a given 
body will change. We have already examined problems involving 
the addilion or sublraction of Jinmitle masses (Problems 127 and 
128 in the previous section, and Problem 94 in § 103). In this sec- 
lion we shall examine another case of considerable practical itn- 
portance, when lhe process of separation of parlicles from, or their 
addilion lo, a body takes place continuously. A body whose 
mass M changes conlinuously wilh time thanks {to the addition of 
parlicles to il or their ejection from it, is said lo have a variable 
mass." For a body having variable mass 

M =F (t), 


were F(t) is a continuous function of time. 

To such bodies belong rockets and jet aircraft. whose masses 
decrease more or less continuously as the fuel burns out. 

If we can neglect the size of a moving body as compared with 
the distance travelled, it can be considered as a particle having 
variable mass. 

Let us develop the equation ol motion for a rocket whose mass 
continually decreases, considering it as a particle having variable 
mass in the sense described 
above. Let « denote the ve- 
locily relative to the rocket 
of the burned gas issued from 
the rocket. To exclude the 
forces ejecting the gas and 
fo make them internal. let Fig. 409. 
us consider at any instanl ¢ 
the system consisting of the rockel ilself and a particle issuing 
from it during a lime interval d¢ (Fig. 309). The mass jt of this 
particle is equal in magnitude to the quantity dM by which the 
mass of the rocket changes during the interval di. As M is a de- 
creasing quantity, dM <0, and consequently »—|dM|=—dM. 

For this system, Eq. (20) may be written in the form 

dQ=Fdi, (24) 
where F* is the geometrical sum of the external forces acting on 
the rocket. 

* Variable mass as trealed here has nothing in common with variable 


mass as treated in the mechanics of the theory of relalivily. Here it Is due 
fo the change in the number of particles in a Given body. ' 5 





330 Change in the Linear Momentunt of a Susten (Ch. 25 
ec Ne A a A A I OSE 


If the velocity vw of the rockel changes by do during lhe time 
inlerval d¢. the momentum of the syslem will receive an incre- 
ment Mde, The ejected particle will receive during this time an 
additional velocity #, and the momentum of the system will inc- 
rease by uj —=— udM. Consequently, d(Q = M do—udM. Substi- 
tuling this expression into Eq. (24) and dividing through by dt, 
we oblain 

do . dM 
ao +u7. (25) 

Eq. (25) states in vector form (the differential equation of mo- 
tion of @ particle having variable mass, known also as Meshcher- 
ski's equation,* 

Since the dimension of the second comnponent in the right side 
of Eq. (25) is that of force. denoting it by the symbol ®, we may 
write the equation in the form 


ME SFL. (26) 


Thus, the so-called reaction effect is produced by an additional 
force @®, called fhe reaction force, or ‘thrust, acling on a moving 
tockel, 


The quantity a is equal in magnilude to the mass of the fuel 


burned oul in a unit of time, i.e., the per-second expenditure of 
fuel G,... Thus, taking into account the sign, 


dM 
aaa 


scc) 


whence 
®=—uG.,., (27) 


i.e., the thrust is equal to the product of the per-second expendt- 
ture of fuel and the relative velocity of the exhaust gases and is 
directed opposite to that velocity. 


Nole. These resulls would be exacl if (he ejecled parlicles did not inleracl 
with each other (as if they were pellels fired in rapid succession. for example). 
Actually, though, the exhaust gases are discharged in a continuous slream and 
the parlicles exerl reciprocal forces on each other. Therefore, in almospheric 
flight a rocket will addilionally be subjected lo a force p,o in the direction 
of its molion and a force pa in the opposite direction, where @ is the ries 
of the exil nozzle, p, is the pressure of the exit gases over thal area, an Pa 
is the atmospheric pressure. As pg > Py. the thrust will be larger abev Mi 
by Eq. (27) by the amount (pg—p,) 9 (for Night in vacuum, py= )e 


* 1. V. Meshchersky (1859-1935). An outslanding Russian scholar of me 
chanics. Eq. (25) was first developed by him in a work written in 1897. 
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is taken inlo account by the inlroduction in place of uw of some Balto = 
locily u#, greater than a (lor inslance, al @== 1.00 im sec, Hn, == 2.200 In seek, 


Let us develop the equation of motion of a rocket subjected to 
the thrust force alone. considering F’==0 and the escape velocily 
u of the gases to be constant. if we direct the x axis in the di- 
rection of the molion (see Fig. 309). then t, =. WM and, 
assuming F’ = 0, Eq. (25) in ferms of the projections on the x 
axis lakes {he form 

dv dvi Seee dM 
Maa or de=—uay- 

Integrating and assuming that al the inilial moment the mass 
M=M, and the velocily #==¢, and is directed along Ox. we 
obtaia 

usu Int. (28) 

Lel us denote the mass of the rocket with all its equipment 
(the payload) by Af, and the mass of the fuel AI,. Then. evidenlly, 
M,=M,+M,. ant after the fuel is burned oul 
lhe tolal mass of the rocket will be equal lo 
M,. Substituting these values into Eq. (28), we 
oblain Tsiolkousky’s formula* for the velocity 
of a rocket when the fuel is completely burned 
out {the velocily al ihe end of the so-called boost 
slage): 


Tahile ft 


y=e,tuin(i+qt). (29) 


This result is strictly accurate for conditions 
of vacuum and absence of any force-field. It 
follows from Eq. (29) that the final velocity of 
a rocket depends on 1) iis initial velocity e,: 
2) the relative velocity « of the exhaust gases; 
3) the relative fuel stock M, M,. known as Tsiolkovsky’s number. 
It is very interesting to note thal the welcci/y of a rocket af the 
end of the boost stage does not depend on the performance of the 
rocket motor, i.e., on the speed with which the fuel is burned. 
Table I offers an idea of the dependence of v, 1 on M,'M, (al v,=0). 

The praclical importance of Tsiolkovsky’s formula is that it 
points to the possible ways and means of developing the high velo- 
cilies necessary for space flight. For this we must increase M,'M,, 
u, and u,, the more effective being the increase of « and v,. The 





* Konstantin Eduardovich Tsiolkovsk 5 5 i 
ae d y (1857-1935). a celebrated 
oie and inventor, Eq. (29) first appeared in a work of his Nceligned in 
ay 1903 in the journal Nauchnoye Obozreniye (Scientific Review). 
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increase of « and M, M, is connected with the type of fuel and 
the rocket design (for big liquid-propellant rockets M,'M,=3 to 4, 
a == 2,000 lo 2.500 m sec). Il is possible lo increase v, by using 
a compound (mullistage) rocket. As each slage burns out its fuel, 
itis separated automatically from the last stage, which thus re- 
ccives an additional (initial) velocity. 

Such multistage rockets were used for the Soviet sputnik and 
lunik launchings and the space flights of Yuri Gagarin and Her- 
man Titov. 


Chapter 26 


THEOREM OF THE CHANGE IN THE ANGULAR 
MOMENTUM OF A SYSTEM 


143. Total Angular Momentum of a System. The concept of 
the angular momentum, or moment of momentum, of a material 
particle was introduced in § 116. The total angular momentum of 
a system with respect to any centre O is defined as the quantity K, 

equal to the geometrical sum of the angular 
2 momenta of all the particles of the sysiem 
AV with respect fo that centre: * 
“AW 


K, == > m, (11,,). (30) 


The angular momenta of a system with 
respect to cach of three rectangular coor- 
dinate axes are found similarly: 


K,= Dim, (m,9,), K,= Da, (42), 
2 = Ym, (mt, V,). (31) 


By the theorem proved in § 43, K,, Ky. 
: K, are the respective projections of vec- 
Figs tlt: tor K, on the coordinate axes. 

To understand the physical meaning of K, Jet us compute the 
angular momenlum of a rotating body with respect lo its axis 
of rotation. If a body rolales about a fixed axis Oz (Fig. 310), 
the linear velocity of any particle of the body at a distance h, 
from the axis is wh,. Consequently, for that particle m, (1,2) = 
=n, 0, ht, = mwh. Then, taking the common mulliplier o outside 
of the parentheses, we obtain for the whole body 


K,= 3m, (1,0,) = (EB mix) @. 


: 
* We shall usually call lhe total angular momentum of a syslem just the 
angular momentum of that system. 
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The quanlity in the parentheses is lhe moment of inertia of the 
body with respecl to the z axis (§ 131). We finally obtain 


K,=J . (32) 


Thus, the angular momentum of a rotating body with respect to 
the axis of rotation is equal to the product of the moment of iner- 
tia of the body and its angular velocity. 

In the general case. vector K, for a rolating body is not equal 
in magnilude to K, or directed along axis Oz, since K, has two 
more components, K, and K,, which are not zero. If, however, 
the axis of rolation coincides with a body’s axis of symmetry, 
the momenta of symmelrically localed points (see Fig. 310) will 
be equal in magnitude and opposilely directed, and the sums of 
the monienls of these momenta wilh respect to the « and y axes 
will vanish (K,=K,=0). Consequenlly, in this case vector K, 
will be direcled along the axis of rotation and will be equal tn 
magnilude to K,, i.e., lo J,w. 

If a system consists of several bodics rolaling about the same 
axis, (hen, apparenlly, 


K.=J,,0, +J,,0, +... + J,.0,. (32") 
The analogy belween Eqs. (19) and (32) will be readily noliced: 
the niomentum oj a body is the product of its mass (ihe quantity 
characterising the body’s inertia in translatory motion) and ils 
velocily; the angular momentum of a body is equal lo the product 
of ils moment of inertia (the quanlily characlerising a body's 
inertia in rotational motion) and its angular velocity. 
Jusl as the momentum of a system is a characteristic of its 
translatory motion (sce § 138), the tofal angular momentum of a 
system is a characteristic of its rotational motion, 


144. Theorem of the Change in the Total Angular Momentum 
of a System (the Principle of Moments). The principle of moments, 
which .was proved for a single particle (§ 116), is valid for all 
the particles of a system. If, therefore, we consider a particle of 
dll i and velocily 9, belonging to a syslem, we have for that 
particle 


lm, (n,,)1 = m, (Fi) +-m, (F'), 


where Fr and Fi are the resultanis of all the external and inter- 
nal forces acting on the particle. 


Writing such equalions for all the particles of the system and 
adding them, we obtain 


Gj! D mM, (M404) = Sm, (Fi) + Sim, (Fi. 


Re Change in the Angular Momentum of a System [Ch. %6 
Sl a AES rd Ry 


But from the properties of the internal forces of a system (§ 129), 
the last summation vanishes. Fence. taking into account Eq. (30). 
we obtain finally 


ane =m, (Fi). (33) 


This equation stales the following principle of moments 
for a system: The derivative of the total angular momentum of a 
system about any fixed centre with respect to time is equal to the 
sunt of the moments of all the external forces acting on that system 
about that centre. 

Projecting both sides of Eq. (33) on a set of fixed axes Oxyz 
and taking inlo account the theorem proved in § 43, we oblain 


Bg! aa, tas 1s : 
As = Sm, (Fi. a =, (Fi). =D, (Fh. (34) 


Equations (3-1) express the principle of moments wilh respect to 
anv fixed axis. 

The following principle (which we present without proof) is im- 
portant: Eqs. (33) and (34) are also valid for a system of moving 
coordinate axes, but only if their origin coincides with the centre 
of mass of the system and is in translatory motion together with it. 

The theorem just proved is widely used in studying the rotation 
of a body about a fixed axis. and also in the theory of gyroscopic 
motion and the theory of impact. This, however, is not all. It was 
proved in {he course of kinematics that the most genera! motion 
of a body is a combination of a translation togelher with some 
pole and a rolation about that pole If the pole is located in the 
centre of mass. the translalory component of the motion can be 
invesligated by applying the theorem of the motion of centre of 
mass and lhe rotational component, by the theorem of moments. 
This indicates the theorem’s importance in studying the motion of 
free bodies (a flying aircrafl, shell or missile) and, in particular, 
in studying plane motion (§ 156). Aa 

The principle of moments is also convenient in investigating the 
rolation of a system, because, analogous {o the theorem of the 
change in linear momentum, if makes it possible to exclude from 
consideration all immediately unknown internal forces. 


145. The Law of Conservation of the Total Angular Momentum. 
The following important corollaries can be derived from the prin- 


ciple of moments. ; 
1) Let the sum of the moments of all the external forces acling 


on a syslem with respect to a centre O be zero: 
dm, (Fr) =0. 
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li follows, then, from Eq. (33) that K,== const. Thus, if the 
sum of the moments of all external forces acting on a@ system taken 
with respect lo any centre is zero, the total angular momenta of 
the system with respect to that centre ix constant in magnitude and 
divection. Application of this result for the case of planetary imno- 
{ion was considered in § 116. 

9) Lel the external forces acling on a syslenm be such thal the 
sum of their moments with respect lo any fixed axis Oz is zero: 


Sm, (Fr) = 0. 


It follows, then, from Eqs. (34) thal K,==const. Thus. if the 
sum of the moments of all the external forces acting on a sustem 
with respect fo any axis is zero, the total angular momentum of 
the system with respect to thal axis is constant. 

These conclusions express the faux of conservation of the total 
angular momentum of a system. WU follows from them thal internal 
forces cannot change the total angular momentum of a system. 

Rotating Systems. Consider a sysle:u rotating about an 
axis Oz which is fixed or passes through the centre of mass By 


Eq. (32), K,=J., and if S)m,(Fr)=0, then 
J = const. 


This leads us to the following conclusions: 

a) If a system is non-deformable (a rigid body), then J,=consf., 
whence o=const. That is, a rgid body will rotate about a fixed 
axis with a constant angular velocily. 

b) If a system is deformable. if will have parlicles which, under 
the action of internal (or external) forces, may move away from 
the axis, thereby increasing J,, or approach the axis, thereby de- 
creasing J,. But as J, wo = const., the angular velocity of the syslem 
will decrease as the moment of inertia increases, and increase as 
the moment of inertia decreases. Thus, the action of internal 
lorces can change the angular velocity of a rotating syslem, as the 
eceney of K, docs not, in the general case, mean the constancy 
ol w. 

Let us consider a few examples. 

a) Experiments with Zhukovsky’s Platlorm. The 
law of conservation of angular momentum can be demonstrated 
visually by means of a simple instrument known as “Zhukovsky's 
platform.” It Tepresenls a circular horizontal disc supporled by 
step ball bearings so that it is free to rotate with negligible fric- 
lion about a vertical axis 2 For a person standing on the plal- 


form, >) m, (Fi) = 0, and consequently, J,o=const. If, now, the 
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person stretches out his arms and twists himself to slart rolating 
about the verlical axis and then lowers his arms. /, will decrease 
and, consequently, the angular velocity will increase. This trick 
of increasing angular velocily is widely employed by ballet dancers, 
in turning somersaults, elc. 

_ A person standing motionless on the platform (K,==0) can turn 
In any direction by merely extending one arm horizontally and 
sweeping it in the opposite direction. His angular velocity will 
be such that the total quantity K, for the system will remain zero. 

b) Riding a Swing. When a person rides a swing, the pres- 
sure of his feet (an inlernal force) cannot by itself make him swing 
higher. For this, in the upper left-hand position A, of the swing, 
the person must squat down. When the swing passes through the 
verlical, he stands up quickly. This brings the mass closer to (he 
axis of rolation z, the quanlity J, decreases, and the angular ve- 
locity w jumps. The increase in w will carry the swing higher 
than the initial height A,. In the upper right-hand position, when 
w =O, the person again squats (which. evidently, will not influ- 
ence the value of w), and passing through lhe vertical! he stands 
up again, etc. As a result the amplitude of the swing will in- 
crease with each swing. 

The forced vibration of the swing is called paramefric, as il is 
induced not by a periodically allernaling force (§ 126) but as a 
resuli{ of a change in the parameters of the system: ils moment of 
inertia and lhe posilion of its centre of gravity. 

c) Rotation of a Gun Shell in the Barrel. If we con- 
sider a gun barrel and a shell in if as a single system. the pres- 
sure of {he gases when the gun is fired will be an internal force which 
cannot change the angular momentum of the system, which was 
zero before the shol. Therefore, if the grooves in (he bore make 
fhe shell rotate, say, fo the right, the barrel will tend to rotate 
fo the left so that at any instant Joye snes = 4 pareet Poarcct: This 
rotation is opposed by the trunnions of the gun carriage, and an 
additional force is brought to act on them. 

d) Reaction Moment of a Propeller. The rotor of a 
helicopter not only drives the air downwards (see § 140, exam- 
ple 6), bul also imparis a rotalion to the mass being swept down. 
The total angular momentum of the mass of the driven air and 
the helicopler must be zero, as initially the system was motion- 
less and the forces of interaction between the rolor and the air 
are internal. Therefore, the helicopter will start rotating in the 
opposite direction of the rotor. The turning moment acling on the 
helicopter is called the reaction moment, or reaction torque. heli 

In order fo prevent the reaction rotation of a single-rotor aye 
copter, it is provided wilh an auxiliary lorque-control rotor 
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mounted on the lail boom. In a multiple-rotor helicopter the ro- 
lors are made to revolve in opposite direclions. 

The reaction moment can be used for the experimental deter- 
mination of the torque developed by an airerafl engine, since the 
lwo quantities are equal in magnilude and the reaction moment 
can be measured by mounting the engine on a suitable balance. 


146. Solution of Problems. The principle of moments is con- 
venient in studying the rotalion of bodies (§ 153) or the tmotion of 
systems including rolaling and translating bodies (Problem 133). 
“The law of conservation of angular momentum makes it pos- 
sible to determine the change of the angular velocity (or the angle 
of rotation) of any parl of a syslem if the displacement or the 
velocity of the other portion of the system is known. In solving 
such problems, all immediately unknown internal forces and ex- 
ternal forces intersecling with, or parallel to, the axis of rotation 
can be ignored. 


Problem 130. Two discs having moments of inerlia J, and J, are mounted 
on a shall as shown in Fig. 3tl. If the shalt is twisted and (then released. find 
the dependence between the angular velocilies and the angle of turn of {he 
discs in {he ensuing torsional vibrations. Neglect 
the mass of the shaft. 

Solution. To exclude the unknown elaslic 
forces which cause the discs fo vibrate. consider 
both discs and the shaft as a single system. The 
external forces (the reactions of {he bearings and 
ihe force of gravily) inlersecl with axis x, whence 
yr, (F,)==0. and K,==const. But since al the Fig. 311. 
inilial moment K,=0, during the whole of the 
vibralion we must have K,=J,@,-+ J,w, = 0 (ihe angular momentum of the 
syslem wilh respect lo the x anis equals the sum of {he angular momenta of 
each disc with respect to the same axis). We find from this that 





J J 
A= Fr and T= 7 Fs. 

where 9, and @, are the angles (hrough which lhe discs were twisled, meas- 

ured from the Inilial posilion (the [aller resull is oblained by inlegraling the 

first equation). 

Thus, the vibrations wil! be in opposile directions, and the angular ampli- 
tudes will be inversely proportional lo the moments of inertia of the discs, 
The stationary, or nodal, cross seclion of lhe shalt lies closer to the dise 
whose moment of inertia is larger. 

Problem 131. A governor AB with a moment of inerlia J, consists of iwo 
ay mmetrically placed weights of mass m, each allached to two springs as 
shown in Fig. 312, and It rotates about a vertical axis Oz. Al lime ¢,=0, 
the governor receives an angular velocily @,, and each weight starts to oscil- 
lale in damped vibration about ils respective centre C at a distance { from 
axis Oz. Neglecting {riclion and considering (he weights as particles, determine 


the dependence of (he angular velocit i 
ihe weenie: & ocity w of the governor on the posilion of 
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Solution. To exclude the unknown elastic forces of the Springs. consider 
the governor and the weights as one system. Then ym, (F,)=0, and 
K,=consl. At time (,=0, the displacement x=0 and K,.=(J,+ 2m") w, 
At any arbitrary instant ¢, K,;=([J, + 2m(/-+-+)")o. As K,=K re 

J. 2mé* 

J, 4 2 (l--ap 
Consequently, when x > 0, < io, and when x <0, w > «,. ie.. the angular 


velocity changes about a mean value w,, When the vibrations of the weights 
dampen wilh lime, x tends (o zero, and w to u,. 


za 


= 





Fig. 312. 


Problem 132. A track is laid along the circumference oJ a disc of radius R 
and weight P. Standing on the track is a toy spring-wgund car of weighl p. 
The disc rotates tugether with the car aboul a vertical axis Oz wilh an angu- 
lar velocity wo (Fig. 313). Delermine how the angular velocity of the dise will 
change if al some instant the car will start moving in the direction of the 
rolation with a velocily uw relative to the disc. 

Solution. To exclude the unknown frictional forces between the wheels 
of the car and the disc. consider both as one system. The moments of the 
external forces acting on the system with respect to the z axis are zero. Con- 
sequenlly. K,==const. Considering the disc to be homogeneous (J; =0.5.R*) 
and the car as a particle, we have 


P p .,\ 
«(| 0.5— R? +— R* : 
Kze ( 5 RI+E Roy 


When the car starts moving iis absolule velocity will be v,=u+aR, 
where w is the new angular velocity ol the disc. The angular momentum ol the 
car about the 2 axis will be #v,R = (uR +R), and lor the whole system 
we have 

P p . 
K,, =0.5— R'o+ ry (uR + R7w). 


P a 
As K,=const.. Ky =Kyy. whence © = — g5ppp R° 
The angular velocity of the disc, we see. decreases. If the car travels in the 


cpposite direction. w will increase. 1. . ; 
Nolte that in calculating K, the absolute velocities of all moving points o 


1 ; ere taken. : ; 
op ule 133. Wound on a drum ol weight P and radius (Fig. 314) is a 


string carrying a load A of weight Q. Neglecting the mass of the string and 
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i i drum when the load falls, 
iricli determine (he angular acceleration of the dru ven 
Tne adie of gyration of the deum wilh respecl to its axis 15 @ 


Solulion. Applying the theorem of moments wilh cespect lo axis Q, 


we have . 
dk ° . 
“pe = Di Mo (Fi)- (a) 
The moving syslem consists of iwo bodies, conse- 
quently 


Ko = Karam + Kina 
eae ; . . : 1 
The load is in translalory motion, and we consider i 
as a parlicle. Ils velocity is v= or, The drum rolales 
about a fixed axis, consequently. 


P ' uv 
Kiosa = wad fw: Kyun = Jo = r gw, 4 re | 
a 


a 


& 
and 


w ; 
om (Qr§ + ie") rie Fig. 314. 
Subsliluling this expression for A, into equation (a), we obtain 
Qr + Pardo _ 
7 a et 


— Qre 
= Qrt +- Po! . 


whence 


Chapter 27 


THEOREM OF THE CHANGE IN THE KINETIC ENERGY OF 
A SYSTEM 


147. Kinetic Energy of a System The kinetic energy of a system 
is defined as a scalar quantity T equal to the arithmetical sum of 
the kinetic energies of all the particles of the system: 


T = Dy “ve ‘ (35) 


Kinetic energy is a characteristic of both the translatory and 
rolational motion of a syslem. which is why the theorem of the 
change in kinelic energy is so frequently used in problem solutions. 
The main difference between 7 and the previously introduced char- 
acteristics Q and K, is thal kinetic energy is a scalar quantlily, 
and essentially a positive one. It, therefore, does not depend on 
the direclions of the absolute motions of parls of a system and 
does not characterise the changes in these directions. 

Another important point should be noled. Internal forces act 
on the parts of a system in mutually opposite directions. For this 
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reason, as we have seen, they do nol change the vecto - 
meters Q and K,. But if, under the action or aateniat forces. (he 
speeds of the particles of a system change. the quantity 7 will 
change too. Consequently, the kinetic energy of a syslem diflers 
further from the quantities Q and K, in that it is affected by the 
action of both exlernal and internal forces. 

If a system consists of several bodies, ifs kinetic energy is, 
evidently, equal lo the sum of the kinetic energies of all the 


bodies: 
T= > Fg: 


Let us develop the equations for computing the kinelic energy 
of a body in diflerent types of motion. 

1. Translatory Motion. In this case all the points of a 
body have the same velocily, which is equal lo the velocity 
of the cenlre of imass. Therefore, for any point v,—v,, and 


Eq. (35) gives 
t reer — > rot > (~ m,) UC, 


T irons = Mvt.. (36) 


{rons Dy ‘ 


or 


Thus, in franstatory motion, the kinetic energy of a body is equal 
fo half the product of the body's mass and the square of the velocity 
of the centre of mass. The value of 7 does not depend on the di- 
rection of motion. 

2. Rotational Motion The velocity of any potnt of a body 
rolating about an axis Oz (see Fig. 310) is v,=ah,, where fh, is 
the dislance of the point from the axis of rotalion, and w is 
the angular velecity of the body. Substituting this expression into 
Eq. (35) and taking the common multipliers oulside the paren- 
theses. we obtain 


mah, | ey 
Sees = >: 9 — Dy} (> My ey} o. 


The term in the parentheses is the moment of inertia of the 
body with respect lo the axis z. Thus we finally obtain 


+ fo, (37) 





T rotat ion — 


j.e., in rotational motion, the kinetic energy of a body is equal to half 
the product of the body's moment of inertia with respect to the axis 
of rotation and the square of its angular velocity. The value of T 
does not depend on the direclion of the rotation. 
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3. Plane Motion*. In plane motion, the velocities of all 
(he poinls of a body are at any instant direcled as if the body 
were rolating about an axis perpendicular to the plane of motion 
and passing through lhe instantaneous cenlre of zero velocity P 
(Fig. 315). Hence, by Eq. (37) 

T ey (37') 


plane — 9 





where J, is the moment of inertia of the 
body with respect to the insluntaneous axis 
of rotation, and w is the angular velocily 


of the body. 
The quantily J, in Eq (37°) is variable, 
as the posilion of lhe cenlre P continuously Fig. 315. 


changes with the motion of the body. Let 

us inlroduce instead of J, a conslant moment of inertia Je 
with respect lo an axis through the centre of mass C of the body. 
By the paratlel-axis theorem, (§ 133), J,=J,—- Ald*, where 
d=PC. Subsliluting this expression for J, into Eq. (37°) and 
taking info account that point 
P is the instantaneous cenire 
of zero velocily and therefore 
wd =wPC = v,, where u- is lhe 
velocily of the cenlre of mass, 
we oblain finally 


Tyne = Mot + 4 Jeo. (38) 


Thus, in plane motion, the 
kinetic energy of a body is equal 
to the kinetic energy of transla- 
tion of the centre of mass plus 

Fig. 316. the kinetic energy of rotation rel- 
ative fu the centre of mass. 

4. The Most General Molion of a Body. Taking the 
centre of mass C as the pole (Fig. 316), the most general motion 
of a body is a combination of a translation with the velocily Ve 
of the pole and a rolation about the instanlaneous axis CC 
through the pole (see § 88). Then, as shown in the course of 
kinematics, the velocily o, of any point of the body is equal 
lo lhe geomelrical sum of lhe velocily o, of the pole and the 
velocity ov, of Lhe pointin ils rotation with the body about axis CC’: 


V, =O + %,. 


_ ° This case can be Se th as a parlicular case of ithe most general mo- 
lion of a rigid body discussed in the following item. 
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In magnitude v,=oh,, where fh, is the distance of the point 


about that axis. I1 follows from this that “ ocily of the body 


? e: . s 
Us = Vp =(2e-+ ,)* = Ue + Us + 20¢° Ux: 


Substiluling this expression into Eq. (35 d oie 
account that v;=oh,, we find q: (35) and taking into 


T=+ (> m, ) ve +5 (Sim, tt) O F- De Sy Vs. 


where the common multipliers have been taken outside the 
parentheses. 

In this equation the term in the first parentheses gives the 
mass M of the body, and the term in the second parentheses 
gives (he moment of inertia J-- of the body with respect to the 
instantaneous axis CC’. In the last term S'm,o,=0 as il repre- 
sents the linear momentum of the body in its rotation aboul 
axis CC’, which passes through the centre of mass (see § 138). 

Therefore we finally have 


T=+ M vie Joc. (38°) 

Thus, in fhe most general motion of a body, the kinetic energy 
is equal to the kinetic energy of translation of the centre of mass 
of the body plus the kinetic energy of rotation about an axis 
through the centre of mass. 

If the pole is not faken in the centre of mass, but in another 
point A, such thal axis AA’ does not pass through the cenlre 
of mass, then for this axis S\m,o,.-=0. and we cannol develop 
an equation of the form (38’) (sce Problem 136). 

In computing kinelic energy. it is important to remember thal 
all the equations conlain the absolute velocities of the respeclive 
particles or bodies. Charactlerislic mistakes are pointed out in Prob- 


lems 135 and 136. 


Problem 134. Find the kinclic energy of a uniform cylindrical wheel of 
mass MV rolling wilhoul slipping, if the velocity of ils cenlre is ve (Fig. 317). 


* In vector analysis there exists the concepl of the scalar. or dol. product 
of two vectors # and 9, which is equal to the product of thelr magniludes 
and the cosine of the angle a between them: #-¢=av cosa. Il follows, then, 
thal o® = 0-0 —=vvcns 0° = v*, ic., Ihe scalar square of a veclor is equal 
to the square of ils magnilude. This result has been employed here. 
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Solutian. The wheel is in plane motion. By Eq. (38), 


l l 
T= zz Mut + -) Jw. 
i i a ; , = 0.5 \R?t 
s the body is a uniform cylinder, we have (see § 132) Se ; ' 
hee R jis the radius of the wheel. On the olher band, since point B is the 
inslanlaneous centre of zero velocily of the wheel, 
te =wAC = oR, whence oi, RB. 
Substiluling these expressions inlo the equation, 
we find 
ui. 4 
= et + + MR? Be == Mel: 
Problem (35. When body A in Fig. 318 translates 
with a velocily ma, body 8 moves in the slots of body ; 
A with a velocily 9. If angle @ is known, deler- Fig. 317. 
mine the kinetic energy of body 8B. : 
Solution. The absolule motion of body B is a translation wilh a velocily 
v, =u +o (see § M4). Then 


1 
T=7: 
 characterislic mistake in problems of this lype is lo regard the kinetic 


encrgy af the body as the sum of the energics of the relative and transport 
moljans: 





Mu? = > Al (a? + v4 + Quu cos a). 


T=Tet +Ter= > Mo? + + Mia’, 
and (hus, il will be noticed, {he component \Maucosa drops oul of Lhe solulion. 


WY LILOUL A LLAMLELIELL A bi 





4 








Fig. 338. Fig. 319. 


Thus, in the most general case vu} relative motion, the total kinetic energy of a 
body does not equal the sum uf the kinetic eénerpies of its relative und transport 
muliony, 

Problem 136. A mechanism consists of a part which Is lranslaled with a 
velocily uw, and a rod AB of length / and mass Af hinged al A (Fig. 319). 
The rod rolates about axis A with an angular velocity w. Delermine the kinel- 
ic energy of the rod if angle @ is given. 

Solutton. The rod performs plane motion, and by Eq. (34) 


T= Mub+ > Jot. 


The velocily of point C is compounded of the velocities a and 0,.;, where 
in magnitude vyy = w 7. Consequently (see Fig. 519), ug ==u* + uF.) + 2uv,q, cosa. 
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The angular velocity of the rod about C is the same as aboul A 
nol depend on the localion of the pole (see § 77). Furthermore, it ee of 


in Problem 122 (§ 133) thal JeF a ME 


Substiluling all these expressions, we obtain 


f! 
T= 54M (« tal +- al cos 2) + - Mfat = : 


> Mu? + x Mio" + 


+ > Mimu cosa. 
A common inistake in this (ype of problem is to assume thal 


1 
T =Treans + Trotation = a Mu? + tae = . Mut + . Mite, 


This is wrong because, as previously shown, the formula 7 = Tirane + F rotation 
is valid only when the axis of rotation passes through the cenlre of mass, 
which is not the case in this problem. 


148. Theorem of the Change in the Kinetic Energy of a System. 
The theorem proved in § 114 is valid for any poinl of a system. 
Therefore, if we take any particle of mass +, and velocity v, be- 
longing lo a system, we have for this particle 

MV, MV ng ¢ ‘ 
Fe A A, 
where v,, and uv, denole the particle’s velocily at the beginning 
and the end of the displacement, and A, and A, are the sums 
of the work done by all Ihe external and internal forces acting 
on the particle through this displacement. 
If we write similar equations for all the particles of a system 


and add them up, we oblain 











x — -> a _ y Ait YA 
or 
T,—T,=DAi+ Die (39) 


where T, and 7, denole the kinetic energy of the system at the 


beginning and the end of the displacement. 

This equation states the following theorem of the change 
in kinetic energy: The change in the kinetic energy of a system 
during any displacement is equal fo the sum of the work done by 
all the external and internal forces acting on the system in that 


displacement. 
For an infinitesimal displacement of a system the theorem takes 
the form (40) 


6T=dA‘+dA', 
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where dA* and dA‘ denote the pea yor done by all the 
rnal and inlernal forces acling on the system. 

o inlike ihe previously proved theorems, in Eqs. (39) and (40) 

the internal forces are not ignored. For, if Fi, and F;, are the 

forces of inleraclion belween points B, and B, of a ae (see 

i. 320), then F',-+-Fi,=0, bul at the same time point 8B, may 
sorisaine towards rt and point B, lowards B,. The work done 
by each force is positive, and the tolal work will nol be zero. 
An example is the phenomenon of recoil (Problem !28, Fig. 307). 
The internal forces (the pres- 
sure of lhe gases) acting on 
the shell and the recoiling 
parts doa positive work. The 
sum of this work is not zero, 
and it changes the kinetic 
energy of the system vo 
7,=0 al the beginning o 
the shol to T,=T projcctitet Fig. 920. 

Teco at the end of the shot. 

The Case of Non-Deformable Systems. A non-defor- 
mable system is defined as one in which the distance between 
the points of application of the internal forces does not change 
during the motion of the system. Special cases of such systems 
are a rigid body and an inextensible string. 

Lel two points B, and B, of a non-deformable system (Fig. 320) 
be acting on each other with forces Fi, and Fi, (Fir —=— Fis) and 
lel their velocilies at some instanl be ov, and v,. Their displace- 
ments in a time interval d¢ will be ds,—=vu,dt and ds,=—v,dt 
directed along vectors 0, and v,. But as line 8,8, is non-defor- 
mable, il follows from the laws of kinemalics lhat the projections 
.of vectors 9, and @,, and consequently of the displacements ds, 
and ds,, on the direction of B,B, will be equal, i.e., 
B,B, = B,8,. Then the elemental work done by forces F}, and Fi, 
will be equal in magnitude and opposite in sense, and their sum 
will be zero. This holds for al! internal forces in any displacement 
of a system. 

We conclude from this thal the sum of the work done by all 
the internal forces of a non-deformable system is zero, and Eq. (39) 


fakes the form 
T,—-T,.=Z Ai. (41) 


Both the external and internal forces in Eqs. (39)-(41) include 
fhe reactions of constraints. If the constraints on which the bodies 
of a system move are smooth, then as shown in § 114, the work 
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done by the reactions of these conslrainls in any displacement 
of the syslem is zero and the reaclions will not enter inlo Eqs. 
(39)-(41). 

Thus. in applying lhe theorem of the change in kinelic energy 
lo friclionless sysleimns, all lhe immedialely unknown reaclions of 
the constraints will be excluded from the problem. This is where 
its practical value lies. 

Note that all the foregoing (heorems miade il possible lo exclude 
the internal forces from the cquations of motion, but all the exter- 
nal forces, including the immediately unknown reactions of the 
external conslrainls. entered inlo the equations. 


149. Some Cases of Computation of Work. Work done by forces 
is compuled from the equalions developed in §§ 112 and 113. 
Let us consider several more cases. 

l) Work Done by Gravitational Forces Acting on 
a System. The work done by a gravilalional force acling on a 
parlicle of weight p, will be p,(z,,—2;,) Where z,, and 2z,, are 
the coordinates of the inilial and 
final positions of the particle (see 
§ 113). Then the total work done by 
all the gravilational forces acling on 
a system will be, by Eqs. (74) in § 53, 


A= D Pizeo Zee 
== P (26. — 2, = + Phe. 
where P is the weight of the system, 
and fA, is the vertical displacement 
of the centre of gravily (or centre 
of mass) of the system. Thus, fhe 
work done by the gravitational forces 
acling on a system is computed as the «work done by their resultant 
P in the displacement of the centre of gravity (or the centre of mass) 
of the system. 
2) Work Done by Forces Applied to a Rolating 
Body. The elemental work done by the force F applied to the 
body in Fig. 321 will be (see § 312) 
dA =F ds =F hdg. 
since ds==hAdg, where dg is the angle of rotation of the body. 
Bul it is evident thal F.A==m,(F). We shall call the quantily 
M,=m,(F) the turning moment, or torque. Thus we obtain 
dA=M,dy. (42) 
ct of 





i.e., the elemental work, in this case, is equal to the produ 
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the torque and the elemental angle vf rotation, Eq. (412)_is valid 
when several forces are acling, if it is assumed that J. => in, (Fy). 
The work done in a turn Lhrough a finite angle ¢ will be 


A= y Md, (13) 


and, for a constant lorque (.\/,—consl.), 
A= M,q,. (44) 


If acting on a body is a force couple lying in a plane nonmmnal 
to Oz, then. evidently, Af, in Eqs. (12)-(44) will denote Wie mo- 
ment of that couple. 

Let us see how power is delermined in this case (see § 112). 
From Eq. (42) we find 

, dA Midp 
dt dt oe 


Thus, fhe power developed by forces acting on a rotating bady ts 
equal fo the product of the torque and the angular velocitu of the 
body. For the same power. the torque 
increases as the angular velocity decreases. 

3) Work Done by Frictional 
Forces Acling on a Rolling Body. 
A wheel of radius R (Fig. 322) rolling 
without slipping on a plane (surface) is sub- 
jecled to the action of a frictional force 
F,, which prevents the slipping of the 
point of contact B on the surface. The ele- 
mental work done by this force is dA = 
=—F,,ds,. Bul point B is the instanta- 
neous centre of velocity (§ 81), and v,=0. 
As dsg==u,dt, ds,=0, and [or every 
elemental displacement dA =O. Fig. 322. 

Thus, in rolling without slipping, the 
work done by the frictional force preventing slipping is zero in 
any displacement of the body. For the same reason, the work done 
by the normal reaction N is also zero. 





The resistance {o rolling is created by the couple (N, P) of moment A = kN, 
where & is the coefficient of rolling friclion (see § 40). Then by Eq. (42), and 
faking Into account thal the angle of rotation of a rolling wheel is dg = 5S : 
we obtain 
R 
where ds¢ is the elemental displacement of the centre C of the wheel. 


dAson =S=_ &Ndg = — 
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li NW =const.. then the total work done by the [orces resisling rolling will be 
; Lee 
Aeon =— kN q, = R AN $e. (45’) 


As the quantily & R is small, rolling friction can, in the first approximation, 
be neglected as compared with ofher resisting forces. 


150. Solution of Problems. The theorem of the change in ki- 
netic energy is useful when a moving system is non-deformable. 
In this case the theorem makes it possible lo exclude from con- 
sideralion all immediately unknown internal forces and, if there 
is no friction, also all {he immediately unknown reactions of ex ler- 
nal constraints. 

In the case of a deformable system, the theorem gives a solu- 
tion only if the internal forces are known. If they are not known 
(Problems 124. 128, etc.) the energy theorem is insufficient to 
oblain a solution. 

Eq. (41) is convenienl in solving problems where the given and 
required quanlilies include: 1) the acting forces. 2) fhe displace- 
ment of the system, 3) the velocities of the bodies (linear or an- 
gular) al the beginning and the end of the displacement. The acting 
forces niusl be conslant or dependent only on the displacement 
(distance). 

Hi is also very important to bear in mind thal the kinetic 
energy theorem can be used to develop the differential equations 
of motion of a system and, in particular, 
lo find the accelerations of moving bodies. 
For this write Eq. (41), differentiate both 
sides with respect to time, and eliminate 
the velocity (see Problems 139 and 140). 
For arbitrarily acting forces the equa- 
tions are more conveniently written in the 
form (40). i.e, in diflerential form (see 
Problems 141 and 148). 





- Problem 137. A rod AB of length f is hinged 

Fig. 323. as shown at point A (Fig. 323). Neglecting friction, 

delermine the minimum velocily «, thal must be 

imparted to the rod so thal it would swing inlo a horizontal configuration. 

Solulion. The given and required quantities include w,. w, = 0, and 

the displacement of the system as defined by angle &AB,. Therefore. the prob- 
lem is best solved by applying Eq. (41): 

7. - w= A (a) 


Denoling the weight of the rod by P. compule all the quantities in the 
equation. From Eqs. (37) and (9) we find 


1 1 P 
To= GZ IAM= Gy Mow 
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Since in the final configuration the velocily of the rod its zero, T,=9. The 





° 7 . . hes 
work is done anly by force P, and A° = — Phc= P 7° Substiluting (hese 
values into equalion (a), we obtain 

ie ae ee i 
——<— — Pot = P 5 F 
whence 


0, = aes 


: : ’ ig. 32-4). 
Problem 138. Two pulleys A and B are connected by a bell (Fig. 3 

When the molor is switched off, pulley A of radius R. has an angular veluc- 
ity w,. The folal weight of the pulleys is P, and of the bell p. A brake 





Fig. 324. 


shoe is applied lo pulley A wilh a force Qlostop the rotalion; the coefficient 
ol friclion of the shoe on the pulley is {/. Neglecting friction in the axles and 
considering the pulleys !o be homogeneous discs, delermine how many revo- 
lutions pulley A will make belore slopping. 

Solulion. We shall use Eq. (41) lo determine (he required number of 


revolulions NV: 
T,-T.= > Af. (a) 


In compuling kinelic energy. it should always be remembered that the Ai- 
netic energy of a system equals the sum of the kitelic energies of all the compo- 
nent bodies. From the conditions of the problem, 7, =0, and 7, = T,4+-Ty + Tp. 
Taking into accounl that the Initial velocities of all! the points of ifie belt 
Up, =0,R=ar, where w and ¢ are the initial angular velocily and the 
radius of pulley 8. we find from Eqs. (37) and (It): 


L/(P 1/P - 
ta=a(F R*) os, Ta= 3 (527) @ = 1 Fa prs 


; 2 \2g ° ra 0° 
I 2 1P 
Toy gto =o g Rime 


The last equalion follows from the fact thal all the points of the belt 
with the same speed. Finally, as P,a-+-Pp=P, we Sula rege rene 


T= Af Rw . 


Now compute the work: done by “ilie forces. In th 


mae is case, th 
@ravily is zero, as the centres of gravily of the pul : ¢ work done b 


leys and the belt do not 
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change their position during the motion. The force of friction Fie =4Q. and 
the work done by il is found from Ey. (44): . 


Ay, =— UQR)-4, = — (QR-2nN. 
Subslituling all the found values into equation (a), we oblain finally 
-_ (P + 2p) Rois 
brglQ 


Problem 13%. A cart is drawn with a constant force Q==16 kg up an in 
clined plane making an angle a= 30° with the horizontal (Fig. 325), The 
platform of the cart weighs P = 18 kg. and 
cach of ils uniform wheels weighs p=2 kg. 
Determine: |) the linvar velocily v, ol 
the cart, when ii has lravelled a distance 
‘=4m, if v,=0: 2) the acceleration of 
the carl. The wheels roll without slipping. 
Neglect the rolling friction. 

Solulion. lL) Left us use Eq. (41) lo 


determine v,: 
7,-T.=> A. (a) 


In our case 7,=0 and T,=Tytatoun + 





ses ; 4T anes: The cart is in translalory motion, and 
(he kinetic energy of a uniform rolling wheel was calculaled in Problem 134. Thus, 


_t P z 3 Pp ei I t 
Tay gta ( Te ot) agg + one 
Work is done by force Q and the force of gravily P,=(P +4p). The work 


done by the frictional forces preventing slippage and by the normal reactions 
is zero (§ 149). Making the necessary computations, we find 


A(Q)= Qi, A(P,) = — (P +.4p) tc = — (P + 4p) Using, 


Substiluling these expressions inlo equation (a), we obtain 


ag (P +5) v3 =10 — (P + 4p) sina (b) 
whence 
_ 2ef(Q —(P + 4p) sina] 
U, — Y Maes wis — 2.8 m/sec. 


2) To delermine the acceleration «, Ict us consider the quantilies o, and f 
in equation (b) as variables. Then, differentiating through with respect lo lime. 
we have 


] dv at 
al + 6p) v= =[Q —(P + 4p) sing] Ge 


Bul “ =v, and ow, and, eliminating v, we have 
2a g = 0.98 m/sec". 
P+ 6p 
Note the use of the theorem of the change in kinetic energy lo deterinine 
the acceleralion. 


v= 
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fem 140. One end of a string passing over a pulley O (Fig. 326) is 
icgunicen cylindec of radius R and weight P, altached to the olher end is 
a load D ol weight Q. If e¢,=0, delermine the velocity v¢ of the cenice c 
of the cylinder after it has travelled a distance s. and the acceleration we of 
the centre. The coefficient of rolling friction of the evlindec is A. the radius 
oJ gyralion of the cylinder with respect to 
its axis is o. Neglect the mass of the string 
and the pulley. 
Solution. 1) We use Eq. (il) lo de- 
termine the velocity uc: 


T-T,=> AM. ta) 


In our case 7,=0 and T=T.y,+Tp. 
From Eqs. (36), (38). and (7), 





—~! Pe WP | : 
= rts ge j* Fig. 326. 
As point 8 is the instantaneous centre 
ol zero velocity, os 2c) and tp=v4=2tc. Consequently, 


R 
rag are(eg)] a 


The forces doing work are @ and the couple (N. P). As un =2t¢. the 
displacement oJ load D is 4 == 2s, and A(Q)=Q-2s. The work done by the 
meet opposing the rolling can be found Jrom Eq. (45'), as N= P =consl. 

hen, 


k 

| 

> Af = 20s — z Ps. 

Subsliluting the found expressions into equalion (a), we oblain 


1 g' k 
—— [4 ome ¥ = - . 
ag'Ot+P(1+2)] & =(2@-+ p )s, (by 
whence 
2g (2QR — kP) Rs 
AQR* + P(R + 0%)’ 
2) As in the preceding problem, to determine te differentiate both sides of 


equation (b) with respect to lime. Taking inlo account {hat =e, we 
finally obtain 


vc= 


pee (2QR —kP)R 
Co" 4QR* +P (R* Fg) & 


Problem 141. Relerring lo Fig. 327, a spiral s ring is allached to gear J 
of radius r and vepnt P and to crank OC o length / Ae weight Q on whith 
the gear is mounted. Gear 7 rolls on a fixed gear 2 of radius R=i—~r. The 
moment of the spring M,,=ca, where a Is the angle of rolatlon of gear J 
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wilh respect to the crank. Neglecting [riclion, determi i 

} © crank, j e the period of vibra. 

lion of the crank if il is disturbed from ils iti “equilibti ch 

aman none in a horizontal plane. re eee ee nee 
Solution. We shall define the posilion of the crank b 

measured from its ecuilibrium position. To exclude the unknoes acuer a 

axis C from the compulalion. consider gear 7 and the crank as a single syslem 

and develop the differential equation of ils motion from Eq. (40). : 
First compule the kinetic energy 7 of the system in terms of the angular 


-eloci i. "1 . : 
Ae ial of the crank (as we are developing the law of motion of lhe crank), 


= _} 1 P ] 7 
T=T e+ T peat =p J oce*ce a) : vet > J Cea gear ’ (a) 
Considering the crank as a homogeneous rod and the gear asa uniform disc, 


and taking inlo account thal the point of contact is the inslanlaneous centre 
of zero velocity of gear 7, we have 


—_ 1 Q 1 P 
Jot = =P eee 
Or g f , Lipa 9 g r, 
_ __ i 
Ve = el, Dpeat — > Wer 


Nole again thal Eq. (38) which is used 
to compute To.y-. contains Ihe absolute an- 
gular velocily ol the gear, nol its relalive 
velocity of rotation with respect 1o the crank. 
Substituting all the determined quantities 
into equation (a), we finally obtain 





] 
T= Tay (2Q + 9P) Fu! (b) 


Tig. 327. Now let us compule the elemental work. 

In this case no external forces do any 
work, therefore, dA‘ ==0. The elemental work done by the elastic force ol 
the spring (an internal force) in lurning the gear through an angle @ about 
the crank is dA’ =— AM yda = — cade (the minus sign indicates that the 
moment is directed opposite the direction through which the gear is lurned). 
As we are seeking the law of motion of the crank, let us express angle a@ in 


lerms of 9. As a,b=a,6, Rp=ra, whence 


a _ _i<ge ,__,¢-" d 
7 nit selena a qg and dA‘ =—c——z— Fag. 
Wriling now the equation dT = dA’, we have 


l (@—r)}* 
£ 2Q-+ 9P) Poe: doe =e 0d. 


d 
Dividing through by df and taking into account that = and 


dws 78 , we finally oblain the differential equation of motion o1 the system 
in the form ae 
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where Gge tt — v8 


= (20 + 9P) fr? * 


The equalion is a differential equalion of harmonic motion (§ 123). When 
moved (rom ils equilibrium position the crank will perform simple harmonic 
molion the period of which will be 

_ 21 _» ir 2Q + uP 
a, es o f—fr Oge 

This problem shows the greal opportunilies for investigaling the motion cf 

a syslem provided by (he theorem of (he change in kinelic energy. 


#7 





151. Field of Force. Potential Energy. Amongst the forces 
which may act on a particle in its interaction with other bodies 
are also forces dependent only on the posilion of the particle, 
i.e., ils coordinales x,y, 2. For such forces il is convenient lo 
introduce the concept of field of force, of force field. A field of 
force is defined as a region of space in any point of which a par- 
ticle experiences a force of certain magnitude and direction. An 
example of a force field is the gravitational field of plamels or 
ihe sun. 

If the work done by lhe forces of a field in the displacement 
of a parlicle depends only on the initial and final positions of 
the particle, and does not depend on the path followed by the 
particle, the force field is said to be conservafive, and the fokees 
acting in that field are called conservative forces. Examples of 
conservative forces are the Newtonian forces of gravilation and 
elastic forces (§ 113). 

When the work done by a force depends on the path or the 
velocity of the particle to which it is applied, the force is said 
to be non-conservative, or dissipative. To such forces belong fric- 
tion and (the resistance of a medium. 

For conservative forces we can introduce the concept of poten- 
tial energy as a measure of the capacity of a particle for doing 
work by virtue of ifs posilion in the force field. [In order to com- 
pare different “capacities for doing work", we musl agree on the 
choice of a zero point O, in which we assume the capacity lo do 
work to be zero (the choice of the zero point, as of any initial 
point or origin, is arbitrary). The potential energy of a particle in 
any configuration M is defined as the scalar quantity Tl equal to 
the work done on the particle by the forces of a field in the passage 
from configuration M to the zero configuration: 


n= Amor 


It follows from the definition that polential energy is dependent 
on the position coordinates of the particle Af, i.e., that 
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1] =I (x, y, z). To find I(x, y, 2), we must calculate Aino, by 
the equations of § 112. If it proves impossible to determine the 
work A.yo, without knowing the path MO or the equation of 
eee along that path, then the acting force is not a conservative 
orce. 

_ Here are some examples. It follows from the results obtained 
in §$ 113 that for the force of gravity, assuming the zero point 
to be at the origin of a coordinate system 
and directing axis Oz vertically up, we 
have (§ 113, section 1) 


Il = pz, 


where p is the weight of a particle in a 
gravity field. 

For the elastic force of a spring which 
can be extended only in the direction of 
axis Ox, and choosing the zero point at 
the end of the unextended spring, we have Al,,=x, Al,,,=0. 
Therefore, from Eq. (40) in § 113, 


ee | 
Tl => cx", 





Fig. 328. 


where c is the stiffness factor of the spring. 

Let us find the expression of work in terms of potential energy. 
If a particle is moved in a conservative force field from a posi- 
tion M, to a position M, (Fig. 328), then, as the work does not 
depend on the path, we will have Ajijio)=Aisnaty + Agno But, 
by definition, A,,,9,=1],, and Aino =H, Hence, 


Avan at = Tl, — TI, - (46) 


Thus, the work done by a conservative force is equal to the 
difference between the potential energy values of a moving particle 
in its initial and final positions. It is evident that the work done 
by a conservative force in the displacement of a particle along a 
closed circuit (II, TII,) is zero. 


Let us demonstrale in conclusion how to delermine the force acling in any 
point of a field of lorce if the function II (x, y. z) is known. For this lel us 
compute the elemental work dA performed in the displacement of a particle 
from a point M(x, y. z) to a point M,(x-+-dx. y +dy, 2+ dz). From Eq. (46) 


we have 
dA——dfl (x, y, 2), 
as in calculating work we musl take the difference between IT and I,. and the 


differential is the difference belween the increased function, I.e., f,, and the 
inilial value of I 
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Substituting dA by its analylical expression (§ 112), and computing dll as 
a differential function of three variables x, y. z, we have 


ofl onl en ) 
Frdx+Fydy+F,dz=| dst a du t Gg, 4% . 


from which, equating the faclors of dx, dy, and dz, we find 
oll oll on 


r,=-=., Py By * L == 3, : (47) 


Eqs. (47) make il possibse, knowing IT (x.y. 2), lo delermine the projections 
of a Joree acting in a conservative force fleld, and consequently the force 
ilself. In particular, for ihe gravilalional and elastic lorces considered above 
we oblain. as could be expecled, 


elt 
F,=Fy=0, i,=--3,=-? 
onl 
i.=-y;>-& Fi= F,=0. 
Sometimes in defining a field of force, the function U (x, y. z) = — N(x. ¥, 2), 


called a force function, is introduced in place of Tf. For this function, 
dA= dU, and equations oJ the type (47) do nol conlain any minus signs. 


152. The Law of Conservation of Mechanical Energy. Let us 
assume that all the external and internal forces acting on a 
system are conservative forces. Then, for any particle belonging lo 
the system, the work done by the applied forces is 


A, =. — Mas: 
and for all the external and internal forces 
2 4.=D>N,, — DN, =, —N,, 


where N= Sil, is the potential energy of the whole system. 
Substituting this expression of work inlo Eq. (39), we obtain 


T,—T,=11,—T1,, 


T,+1,=T,+1, =const. 


Thus, in the motion of a system subjected to the action of only 
conservative forces, the sum of the kinetic and potential energies of 
the system remains constant for any configuration. This is the law of 
conservation of mechanical energy, which is a particular case of 
the general physical law of conservation of energy. The quantity 
THT is called the total mechanical energy of the system. 

If the acting forces include dissipative forces, such as friction, 
the total mechanical energy of the system will decrease during 


its motion due to transformalion into ot 
thermal energy. nto other forms of energy, e.g., 


12° 


or 
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The whole meaning of the foregoing law becomes apparent when 
it is considered in connection with the general physical law of 
conservation of energy. However, in solving purely mechanical 
problems, the theorem of the change in the kinetic energy of a 
system can always be immedialely applied. 


Example. Consider a pendulum (Fig. 329) displaced through an angle 9, 
from the vertical and released [rom rest. Then, in ifs initial position. Ml, —= Pz 
and 7,=0. where P is the weight of the pendulum and z is the coordinate 
ol its centre of gravity. Consequenily, neglecting all resisling forces, in any 


configuration we shall have 1W+7= M1,. or 


Pet x Iau" = P2,. 

Thus, the centre of gravity of the pendulum 
cannol be higher than position z,. When the 
pendulum swings down, its potential energy de- 
creases and its kinelic energy increases; during 
an upward swing the potential energy increases 
and the kinetic energy decreases. 

It follows [rom the previous equation that 





o* = 7 (2, — 2). 


Fig. 329. Thus, the instantaneous angular velocity of 

a pendulum depends only on lhe position occu- 

picd by its centre of gravity and is always the same for any given configura- 

lion. Such relalions occur only during motion under the action of conservative 

forces. ; 

Due lo friction in the axis and the resistance of the air (non-conservative 

forces). the above relationships donol actually hold; the total mechanical energy 
of a pendulum decreases with lime. and its vibrations are damped. 


Chapter 28 
SOME CASES OF RIGID-BODY MOTION 


153. Rotation of a Rigid Body. Let us consider lhe application 
of the general theorems of dynamics to some problems on the 
molion of absolutely rigid bodies. Since the investigation of trans- 
latory molion of a rigid body is reduced to particle dynamics, 
we shall begin with rotalional motion. 

Let there be a system of given forces Fi, F;, .... Fn acling on 4 
rigid body with a fixed axis of rotation z (Fig. 330). Also acling 
on the body are the reactions R, and Ry of the bearings. To 
exclude these immediately unknown forces from the equations of 
motion, we make use of the theorem of moments with respect to 
axis z (§ 144). As the moments of forces R, and Rg, wilh respect 
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to the axis are zero, we have 
dk ==! ¢ 
up 
where ; 
Mi= > m, (Fa- 


We shall call the quantily Af: the turning moment, or forque. 
Substituting the expression K,=J,o into the foregoing equation, 


we oblain 
dw 


de 


UP — Mi. (48) 


= M: or J, Ie 


J 
Eq. (48) is the differential equation of the rotational motion of 
a rigid body. It follows from the equation that the product of the 
moment of inerlid of a body with respect to 5 
its axis of rotation and ifs angular accelera- 
tion is equal fo the turning moment: 5 
Je Mi. (43’) 
Equation (48’) shows thal, for a given 
lorque M5, the grealer the moment of 
inertia of a body, the less the angular 
velocity, and vice versa. Thus we see that 
in rolational motion the moment of inertia 
of a body actually plays the same role 
as mass in transiatory motion, i.e., it is 
the measure of a body’s inerlia in rotalion- a 
al motion (see § 131). Fig. 330. 
Eq. (48) can be applied: 1) lo develop 
the equation of rotation of a body g~=/f(t) or lo find its angular 
velocily w if the applied lorque is known, 2) to delermine the 
torque My; if the law of motion, i.e... p=f(f), is known. In 
solving the first problem it should be borne in mind that in the 
general case M{ may be a variable dependent on ¢, 9, and oma 
Instead of Eq. (48), rolational motion may be investigated with 
the help of the theorem of the change in kinelic energy: T, —T, =A’, 
where T and A‘ are found from Eqs. (37) and (43). 
Note the following special cases: 


1) If M:=0, w=consl., i.e., the rotation is uniform; 

2) Ii Mz=const., e=consl., i.e., the rotation is uniformly 
variable. 

Eq. (48) is analogous in ‘form to the differential equation of 
rectilinear molion of a perucls (§ 104); therefore the methods of 
integration are also analogous (see Problem 143). : 





a 
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Eq. (4%) is most conveniently used in problem solutions when 
a system consisls onfy of a single rolaling body. If a system has, 
besides a rolaling body, other moving bodies (as, for instance. in 
Problems 133. 138, and others), the equation of motion is more 
conveniently developed with the help of the general theorems or 
the methods which will be described below in §§ I€0 and 167, 


In solving problems of the (ype 133 on p. 338 with the help of Eq. (48) a 
common mistake is to write the equation in the form Jje=Qr. Actually, 
though. acling on the drum is not the force 
Q bul the tension in the string F, which 
is nol equal to Q, and Eq. (48) takes the 
form Jge=Fr. To solve il, F must be 
found addilionally from the equalion of 
molion of the load A, which makes the 
computations longer. 

Problem 142. A wheel of radius R and 
weight P rotates on ils axis O with an angu- 
lar velocity w, (Fig. 331). A brake shoe 
is applied to lhe wheel at some inslanl with 
a force Q. The coelficient of friction of 
the shoe on the wheel is /. Neglecling Iric- 
; : tion in the axle andthe weight of the 

Fig. 33l, spokes, determine in how many seconds 
the wheel will stop. 

Solufion. Writing Eq. (18) and considering the moment positive in the 
direction of the rotation, we have 


du 
Jos: =— 1. (a) 





as the lorce of [riclion F =/Q. From this, integrating. we obtain 


Jow=— [Qrt+C,. 


According lo the inilial condilions, al f=0,w=w,, consequently C,=J ou, 
and finally 


At ¢=t,, when the wheel slops, o=0. Subsliluling this expression and 
faking inlo account (hat for the rim (a ring) Jo= rhs we obtain 


1 _— Jam _ Pre, 
1 1Qr ~~ {Qe * 


If we wanl 1o determine the number of revolu(ions of the wheel until it 
stops, il is more convenienl to apply the theorem of the change in kinetic 
energy withoul integrating equalion (b) again. ; ere 

Problem 143. A verlical cylindrical rolor whose moment ol inertia wil 
respect to ils axis is J, (Fig. 332)" 1s made to revolve by an applied lorque M;,. 
Determine how the angular velocity w of the rotor will change during the 
motion if w,==0 and the moment of the resisling force of the air is propor- 
tional lo w, i.e., Ale, = pw. 
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i i i the rotor has 
ion. The d-flerential equation (48) of lhe rotation ol ot or 
rae ening the moments in the direction of rolation to be posilivc) 


du 
J, 7 ioe — jw. 


Separaling the variables and assuming =" we have 


— ft Ow = — nd, 
Af, = pow 
whence, infegraling, we find 


In(.M, — pw) = — al+inc. 
As, at #=0, w=0, then C= My, and 
Mp — pew 


=—— al, 
My, 


\n 


or 





M, =—{ HO __ cat 
M, 


And finally we obtain ‘i 
o=—!U —e7", 
rm ( 


The angular velocity of the rolor jncreases with time and tends towards 


the limiling value oy,, = 7 


154. The Compound Pendulum. Any rigid body free {to oscil- 
lale about a fixed horizontal axis under the action of gravily is 
called a compourid, or physical, pendulum. Let 
Fig. 333 denote 4 cross seclion of a pendulum 
norma! lo the axis of support through the 
centre of mass C of the pendulum, and fet us 
inlroduce the notation P for the weight of the 
pendulum, a for the dislance OC from the centre 
of mass to the axis of suspension, and J, 
for the moment of inertia of the pendulum 
with respect lo the axis of suspension. We 
shall specify the position of the pendulum by 
Fig. 333. the angle thal &c makes with the vertical. 

To develop the equation of motion of the 
pendulum, we shal! employ the differential equation of rotational 
motion (48). In our case M,—=M,—=—Pasing (the minus being 
taken to indicale that the direction of the moment is opposite 
to the positive direction of angle @), and Eq. (48) takes the form 

d* . 
Joan =— Pasing. 
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Dividing through by J, and introducing the notation 
Pa 
cs 
we oblain lhe diflerential equation of motion of the pendulum in 
the form ; 
<P 4 sing =0. 

The equation is of the same form as the differential equation 
for a simple pendulum (§ 124), and we conclude that the oscil- 
lation of a compound pendulum is of the same type as of a simple 
pendulum. 

Considering only small oscillations and assuming approximately 
sing = ¢, we oblain the differential equation for small oscillations 
in the form 


This is the differential equation of simple harmonic motion, 
consequently. like a simple pendulum, a compound pendulum 
making small oscillations is in simple harmonic motion. The 
period of small oscillations is 


2a ge 
T compound aa Ta =2n V Pa* (49) 


Comparing Fq. (49) with the lormula for the period of small 
oscillations of a simple pendulum 


T 
T sampte = 2% Vi. 
we find that for a length 
— 48 __ to 
=Pa = Mo (50) 


the period of oscillalion of a simple pendulum is equal to that of 
an equivalent compound pendulum. 
The length /, of such a simple pendulum whose period of oscil- 
lation is equal to that of a given compound pendulum is called 
the equivalent length of the compound pendulum. The point K 
which lies al a distance OK =/, from the axis of support is called 
the centre of oscillafion, or ae centre of percussion, of the coim- 
ound pendulum (see Fig. ). 
P Noting that, from the parallel-axis theorem, Jo=Jot Ma’. 
we can lransform Eq. (50) to the form 


i,=a + mm: (50') 
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It follows from this that OK is always greater than OC =a, i.e., 
that the centre of percussion of a compound pendulum is always 
located below ils centre of mass. 


We see Jrom Eq. (50) thal KC=-J,'Ma. Therefore. if the axis oJ suspen- 
sion passes through point A, the equivalent lergth /, of the resulting pendulum 
will, by Eq. (50°). be ; 

c 


=e oO ye SO 
j= KC -4- M(KG) — Ma beh 


Consequently, poinis K and O are interchangeable, i.e., ifthe axis of suspension 
passes through K, (he cenire of percussion will be at O tas f,=1,). and the 
period of oscillation will not change. This properly is employed in the so-called 
inverled pendulum which is used to determine the acceleralion of gravity. 


155. Determination of Moments of Inertia by Experiment. One 
of the methods of determining the moment of inertia of bodies 
by experiment is based on the application of Eq. 
(49) for the period of small oscillations 

Let if be required to determine the moment 
of inertia with respect to an axis Oz of a connect- 
ing rod of weight P (Fig. 334). For this the body 
is suspended so that the axis Oz is horizontal, and 
the period of smal! oscillations T is determined 
by direct observation. Then the distance OC a 
is found by the method of weighing (see § 55, 
Fig. 129). Substiluting the oblained values into 
Eq. (49), we have 





PaT? 
Jo: = Far: 
If it is required to delermine the moment of Fig. 334, 


inerlia of a body with respect fo an axis Ox 
through its cenlre of gravity, the body may be suspended by two 
strings so that the axis Ox is horizontal! (Fig. 335) and the mo- 
ment of inerlia J,, delermined with respecl to axis AB (the 
value of a is immediately known). Then the required moment of 
inerlia is computed by the parallel-axis theorem: 


P 
J ox =J aa — a: 


156. Plane Motion of a Rigid Body. The position of a body 
performing plane motion is specified al any instant by the position 
of any pole and ithe angle of rotation of the body about that 
pole (§ 77). Dynamical problems are much more simply solved 
if the centre of mass C of a body is taken as the pole (Fig. 336) 
art a position of the body is defined by coordinates x,, Yo. and 

p. 
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Let there be acting on the body a set of external forces 


FY. F:, ..., Fi. The equation of motion of point C can be found 
from the theorem of the motion of centre of mass: 
Mw, = Fi. (51) 


and the rotation aboul C is given by Eq. (48). since the theorem 
from which it was developed is also valid for {he motion of a 





Fig. 336. 


System about the centre of mass. Finally, aller projecting both 
sides of Eq. (51) on the coordinate axes, we obtain 


Mw. =D Fis, Mw, =SFiy, Joe = Yate (Fi). (52) 
or 








il e de? . d? ‘ 
M or = > Fhe M a = > Fey. Je at = Lite (FA) et) 


Eqs. (52) are the differential equations of plane motion of a rigid 
body. With their help we can develop the equation of motion of 
a body if the forces are given, or we can determine the principal 
vector and principal moment of the acting forces if the law of 
motion is known. 

For the case of constrained motion, when the path of the centre 
of mass is known, the equation of motion of point C is more 
conveniently expressed in lerms of the projections on the tangent 
t and principal normal n to the path. Then, instead of the equa- 
tions (52), we obtain 


duc Ses. 
Map ve, M Oc ——lkns (53) 


eS = ym (Fi), 


where @, is the radius of curvalure of the path of the centre of 
mass. 
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Note thal in conslrained motion the right sides of Eqs. (52) or 
(53) will additionally include the unknown reactions of the con- 
straints. They will have to be determined by developing additional 
equations describing the conditions of motion imposed on the body 
by the constraints (see Problem 144 and others). The equations 
of conslrained smotion will offen be more conveniently developed 
with the help of the theorem of the change in kinetic energy, 
which can be used in place of one of the equalions (52) or (53). 


Problem 144. A uniform circular cylinder rolls down an inclined plane 
wilhout stipping (Fig. 337). Neglecting rojling Sriction. determine ihe acceler- 
alion of the centre of the cylinder and the limiting Iriclion of impending slip. 

Solution. Let us introduce the following notalions: a for the angle of 
inclination of tte surface, P for the weight of 
the cylinder. R for its radius, and F lor the 
limiling friction of impending slip: let us also 
direct the x axis along the inclined plane and 
the y axis perpendicular to il. 

As lhe centre of mass of the cylinder does 
nol move parallel lo the gy axis, «;-,—= 0. and 
the sum of the projections of all the forces on 
lhe y axis is also zero. Thus, 





N =P cosa. 
In wriling the last (wo of the equations (52), Fig. 337 
take into accounl that w,-, = wy, Neglecting roll- : : 
ing friclion and taking the direclion of colation of the cylinder as the 
posilive direction of the moment of force. we find 


Mw = Psna—F, J-e=FR. (a) 


Equalions (a) contain three unknown quantities. wr, €, and F (we cannol 
consider F ={N here, because this equalily is valid only when the point of 
contact sfides on (he surface; when theré is no sliding it is possible for F << JN; 
see § 36). We obtain an additional retalionship between the unknown quantilies 
if we take info account thal in pure rolling Yeo =O@R, whence. differentiating, 
we oblain we eR. Thien, remembering that fora uniform cylinder Je =0.5.MR 
the second of equations (a) takes the form : 


oy Moe = F,. (b) 
Substituling this expression of F inlo the first of equalions (a), we obtain 
2 
we = Fy g sina, (c) 
Now from (b) we find 
1 
F= 7 P sina. (d) 


This ts the frictional force ihat musi act on the rolling cylinder if it is 


nol to slip. Il was pointed out bef | = -ons i 
Takee alate ise Pp rs) clore that F sz /N. Consequently, pure rolling 


y Psina<[P cose 
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I 
= — 
{> z tan 2. 

If the coelficient of friction is less than this, foree F cannot attain the 
value given by equalion (d). and the cylinder will slip. In this case ve and 
w are nol related by the equalily ve—=@R (ihe point of contact is nol the 
instantaneous centre of zero velocity), but now F has a limiling value, i.e., 
F ={N =fP cosa. and equations (a) take the form, 


P F I 
m7 Yo P (sina — {cos 4), oy - Re =/PR cosa, 
whence 
2g! 
utc = g (sina — fcos a); e =F cos a. (e) 

In this case the cenlre of the cylinder moves with an acceleration we, 
while the cylinder itself rotates with an angular acceleration e, the values of 
which are determined from equations (e). 

Problem 145. Solve the previous problem taking inlo account the resistance 
to rolling. assuming the coefficient of rolling friction to be &. 

Solution. In order to give an example of another method of computation, 
lel us find we with the help of the theorem of the change in kinelic energy. 


i.e., Lhe equation 
dT =dA’, (a) 


In our case (see Problem 134, § 147), 


T= 2 Muj. 

Only the force P and the resisting moment perform any work. The work 
done by forces F and AN ir rolling is zero (sce § 149). Then, taking into 
account Eq. (45). we oblain (see Fig. 337, but now with force N shifted by 
the value & in the direction of the motion): 


dAv =P slna-dse — z Ndsy =P (sina _ z cos & ) dsc. 


Substituting the delermined quantities into equations (a) and dividing 
through by df, we have 


3 P dep. k dse 
ar ua =P (sina — + cosa) ad: 


The last mulliplier is equal to uc, and we finally obtain 
ee ing ES os) 
We =z E{ sin RS . 


At k:-=0 this Jormula gives the result of the previous problem. 

The frictional force sanees be found from the equation Mwc =P sina —F, 
which does nol change ils form. ; ss 

Probtem 146. A uniform cylinder of weight P and radius ¢ starts rolling 
from rest without slipping from a point on a cylindrical surface of radius R 


defined by angle 9, (Fig. 338). 
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Determine: 1) The pressure of the cylinder on the surlace for any angle q; 
2) The law of motion of the cylinder wien angle @, is small. Neglect rolling 
(riclion. 

Solution. 1) Acting on the cylinder in any position is force P, thie 
normal reaclion NW. and the Iriclional force F. without which rolling is impoy- 
sible. The path of the centre C is known: a circle of cadius R—-r. To deter- 


pune V we make useol the sec- 
ond of cquations (53). Directing 
(he normal Ca irewards to the 
path, we obtain 


t 


M 5" = N — P cos @. (a) 


The quanlily ue in this 
equation can be sound from the 
theorem of the change in kinetic 
energy (compare with § 118): 


T—T.= DAZ (d) 


In our case 7, =0 and T= 








Fig. 338. 


3 
7 Mui. (sce Problem 134). Only force P does any work, conscquenlly, 


> Ay. = Ph = P(R —r) (cos g — cos 9,), 

and equalion (b) takes the form 

a 

= Aug. = P (R — r) (cos p — cos q,). (c) 

Computing from here Afu% and Subsliluting into equation (a). we obtain 
finally 
P 
N =a (7 cos @ — 4cns q,). 


If, for example, ¢, = 60° and g~=0°, then N= = P, 


2) To determine the law of motion of point 30 d F i 
wilh respect lo time. We obtain ee ara eit) 


3 d 
Lae ae =— P(R — sr) sing — at 


28 
In our case angle, @ decreases when the cylinder moves, and - <0. Then, 
= do a 
oT i, dl | = d@ . a0c_ 2 Vy 





Substiluling these pce into lhe ae equation, we oblain finally 


sy P+ 5 k ra ; sing =0, 


"Af angle @, Is small, (hen, : eae 
the equation takes the Tecan aS PSP. We can assuine that sin @=@, and 


da* 
a + e=0, 
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where 
2 8 
Ag —— --_, 
3R-—Fr 
Consequently (see § 123), the centre of the cylinder performs simple harmonic 
motion, ils period being 





Problem 147. The body in Fig. 339 resls at B on a piezelectric sensor of 
an instrument for measuring pressure, and at A il is atlached to a slring AD. 
Le When the system is in equilibrium, AC is horizon- 
tal and the pressure al B is Q,. Determine the 
moment of inertia J- of the body with respect 
lo an axis Lhrough the centre of mass C, if at the 
instant when the string is severed the pressure 
al B becomes Q,and the dislance / is known. 
Solution. 1) In the equilibrium position 
Qf = P (i — a), whence 


P—Q, 
P 








a= i. 


Fig. 339. 


2) When the slring is severed, the body begins plane inolion. Its displace- 
menl in the inilial time increment can be neglected. Then Eqs. (52), which are 
valid only lor this inilial time inlerval, will lake the form 


Macy =P —Q,, Wey = 9, Jpe = Qa. (a) 


As we, =0, point C slarls moving vertically down and point 8 slides hor- 
izontally (assuming the friction in the supporl to be very small). Erecting 
perpendiculars to lhe directions of these displacements, we find that the instan- 
daneous cenlre of zero velocity is al poinl K. Consequenlly. ve =aw. Assunting 
a==const. for the elementary time interval, we obtain, aller differentia- 
ling, w-=ae. Then the first of equa- 
lions (a) gives 


——r? 








P 
—ae=—P—Q,. 
77 Q, 
Deleriining e from here, we obtain 
finally 
year Q a’, Uidhie 
e g P= Q 


This resull can be used for {he experimen- Fig. 340. 


{al determinalion of moment ol inertia. 

Problem 148. The weight of a molor car together with ils wheels is P, the 
weight of each wheel is p, and their radii are ¢ (Fig. 340). Acting on the 
rear (driving) wheels is a lurning moment M,. The car starts from rest and is 
subjected fo the resistance of Ihe ait, which is proportional lo the square of 
the translalory velocity: R==ypu*. The frictional moment acting on the axle of 
each wheel is M.,. Neglecting rolling friclion, determine 1} the maximum veloc- 
ily of the car; 2) the sliding Iriction acting on the driving and driven wheels 
during motion. ; ; 

Solution. 1) To determine the maximum velocily, write the equation 


of motion from Eq. (40): dy=daescaal (a) 
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The kinetic energy of the car is equal lo (he energy of the body plus the 
energy of lhe oneal Taking inlo account thal P is the weight of the whole car 
and ve = wr, and denoting the radius of gyration of cach wheel by the symbol g, 
we oblain ‘7 


pa! tea | iat) pap 2 ak 
= 7g "ec 2°67 1 de \ Me 
Of all the external forces, only Ihe resistance of the air does work, as we 


have neglected rolling resislance, and in this case the work done by the Iriction- 
al forces F, and F, of the wheels on the rvad is zero (see § 149). Therefore, 


dA* = — potalse. 


The work done by the internal forces (the torque and lhe friction in the 


axles) is . 
q 
aAl == (Mf, — AM) dp = (My — 4My,) —S . 


Subslituting all these expressions inlo equalion (a) and dividirg through by df, 
we obtain 


! oe" duc l ‘ dic 
=( + 4p Jug FE = (Al, — 4M yp — prey) FP 


from which, cancelling out ve = SE, we find 


t 
( P+4p& \ue= 2 ( M,— 4M jp — prey). (b) 


When the velocily reaches i{s limifing value, lhe acceleration we becomes 
zero, Therefore vii!” can be found from the equation 


M,— 4M,, — woe = 0, 
whence 


ylim _ V ase : 


This result could have been oblained immediately by equating the total 
work done by all the forces to zero. The purpose of the above computations 
was to show how lo develop the equation of motion (b). 

2) To determine the [rictional forces acling on each wheel, we deduce the 
equalions of the rotation of the wheels aboul their axes. For the driving wheels, 
taking Into account that the [riclional force F, acting on each of them is 
directed forward (see § 136, Fig. 201), we obtain 


2 S gte = M, — 2M y, — QF yr. 


Since in rolling weer, we oblain finally 


0.5M,— M e 
fa ee (c) 


The frictional force F, acling on each of the driven wheels is directed back- 
wards. Therefore, for the driven wheels we have 


£ te = Fr — My 
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whence 


My, 
Fy 4 PO we. (4) 


We see from equalion (b) (hal when the velocily increases the acceleration 
we decreases and lends lo zero, 

Thus, the frictional forces acting on the driving wheels increase somewhat 
during the acceleralion and reach a maximum value when (he motion becomes 
uniform (<-—= 0). If we substitule the value of we from equalion (b), we shall 
readily nolice that the last component in equation (c) is much smaller than the 
first, since P *> p. Therefore, for all practical purposes the value of F, changes 
only slightly. 

The frictional forces acting on the driven wheels will be grealest al the be- 
ginning of the molion, then decreasing (ill they reach their smallest value 
At,,’c when the molion is uniform («'¢ = 0). 

if the cocificient of friction of the wheels on the road is loo small for the 
frictional force to reach the values of F,, or F,, the respeclive wheels will slip. 
As M, is much larger than Afy, the driving 
wheels are primarily in danger of slipping. 

When the motor is swilched off, all the wheels 
become driven, and inifially they will all 
be subjecled to the [riclional force F = M,,/r. 
The action of brake shoes is equivalent to an 
increase of Af, acting on the axles, and conse- 
quenlly of the friclional force acting on each 
wheel, and the molor car slows down quicker (see 
§ 136). 


157. Approximate Theory of Gyro- 
scopic Action. A gyroscope, or top, is a 
rigid body possessing an axis of miate- 
rial symmetry, lhe body being fixed ,to 
some point O on that axis. !n gyroscopic 
inslruments, the gyroscope is usually 
supported in a system of concentric 
rings or gimbals (Fig. 341) in such a 
way that, no matter how it is 
turned, iis centre of gravity remains motionless. 

Gyroscopes used in engineering have a high angular velocily 
w, of spin about the axis of symmetry (axis of spin). This makes 
it possible to neglect in the first approximation the additional 
rotations of the gyroscope due lo the molion of its axis, and to 
develop an approximate theory of gyroscopic action. ; 

The principal angular-momentum veclor Ky of a body rotaling 
about a fixed axis of symmetry Oz is direcled along the axis of 
spin (see § 143) and is computed according to Eq. (32). The ba- 
sic assumption in the elementary theory of gyroscopic action Is 
that even if the axis slowly moves, at any instant the principal 
angular-momenium veclor K, of a gyroscope wilh respect to ils 
fixed point remains directed along the axis of spin in ihe same 
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direclion as veclor w, and is equal to J,w,: 
Ko =K,= J: (54) 


where J, is the tnoment of inertia of the gyroscope wilh respect 
lo its axis of symmelry. The fasler lhe spin of lhe gyroscope, the 
more valid this assumption. 

Proceeding from this assumplion, lel us examine the main prop- 
erlies of the gyroscope. 

1. Free Gyroscope. Consider a gyroscope supported at ils 
centre of gravily O (see Fig. 341). Then, neglecting friction in 
the axles of the gimbals. we have }'m,(Fi) 0 and K,=consl., 
i.e., lhe vector of the tola]l angular mo- 
mentum is constant both in magnitude 
and direction (see § 145). Bul as vector 
K, is directed continually along the axis 
of spin, it follows that fhe axis of a free 
gyroscope remains constantly aligned in space 
with respect to un inertial (stellar) frame 
of reference. This is one of the important 
properlies of gyroscopic aclion which is 
employed in all gyroscopic instruments. 

By virtue of this property, the axis of 
a free gyroscope will rotate relative to 
the earth in the opposite direction of the latter’s rolation. A 
free gyroscope can thus be used fo prove the fact of the earth’s 
rotation round its axis. Such an experiment was first carried 
out by Foucault in 1852. 

2. Action of a Force Applied to the Axisola Gyr- 
oscope. Let a force F whose moment with respect to the cen- 
tre O is M,—=Fh slart acting on the axis of a rapidly spinning 
Byroscope (Fig. 342). Then, by the principle of moments (§ 144): 





Fig. 342. 


dKy d (OB) 
“i Mo or —> =M,. 





where B is a point on the axis coincident with the end of vector 
Ko. From this, taking into account thal the derivative of vector 
OB wilh respecl to lime gives the velocily ov, of poinl B, we ob- 
tain 
V3—= Mo. (55) 
Thus, point B, and wilh il the axis of the gyroscope, will 
move in the direction of vector My. We find, therefore, that ifa 
force is made fo acf on the axis of a rapidly spinning gyroscope, 
the axis starts moving not in the direction of the acting force but 
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in the direction of the vector of the moment of the force with re- 
spect to the fixed point O of the gyroscope, i.e., perpendicular to 
the force*. 

Nole thal if the gyroscope were made to spin in the opposile 
direction (see Fig. 342), vector w,, and with it vector K, applied 
at point O, would be direcled downward, and the lower end of 
the gyroscope would move in the direction of M,, i.e., towards 
us. and the upper end in the direction of ihe page. 

Another important result follows from Eq. (55). When the ac- 
lion of the force ends, M,, and consequently 9, as well, vanish 
and the gyroscope axis stops. Thus, a gy- 
roscope does not relain the motion impart- 
ed to it by a force. If the force is of 
short duration (an impact), the gyroscope 
axis will practically not change its orie:.ta- 
tion. This is the cause of the sfab/irly of 
the axis of a rapidly spinning gyroscope. 

3. Regular Precession of a 
Heavy Gyroscope. Let us consider a 
gyroscope whose fixed point O is not coin- 

“ cident with ils centre o! gravily C (Fig. 
Fig. 343. 343). In this case conlinuously acting on 
{he axis of spin will be a force P which, 
as just shown, will deflect the axis Oz not downwards (not in the 
direction of angle @ increasing), bul in the direction of m,(P), 
i.e., normal to plane Ozz,. As a result, the axis of spin will 
turn about the vertical axis: Oz,, describing a conical surface. 
This motion of the axis of a gyroscope is called precession. 

Let us find the angular velocity w, of the precession. From 
Eq. (55), we should have v,=M,. Introducing the notation 
OC =u, we find that in this case M,=Pasina. On the other 
hand, v,=o,-BD=o,:OB sina=ao,-Kgsina. or, taking into ac- 
count Eq. (54), 





0, = J, o,, sina, (56) 
Consequently, J,w,0, sina=— Pasina, whence 
w=". (57) 
om 


As w, is large, the angular velocity of precession is small. As o, 
decreases, w, increases, a phenomenon which is familiar to anyone 
who has ever seen a spinning top. 

The earth’s axis also performs motion of precession, due to the 
fact thal the earth is not an ideal sphere and also to the incli- 


* How the dircclion of vector Mog is delermined was explained in § 4l. 
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nation of ils axis, thanks to which the resultant of the attrac- 
tive forces of the sun and the moon does not pass through the 
earth’s cenlre of mass. producing some moments with respecl fo 
the centre. The rale of precession of the earth’s axis (the tine 
of one complete revolulion) is approximately 26,000 years. 

4. The Gyroscopic Effect. Consider a rapidly spinning gy- 
roscope supported by bearings A and A’ in a gimbal ring which 
in turn can rotate with an angular velocity o, (m,<<€w,) about 
axis DD’ (Fig. 344). Since under such conditions the gyroscope 
axis precesses, point 8B (the end of 
veclor K,), as in the previous case. 
will have an angular velocily vp, de- 
fined by Eq. (56). From Eq. (58) we 
conclude that acting on the axis is 
a moment of magnitude 


Mo = 4, = J,a,0, SiN. 


This moment is, evidently, created 
by forces Q,Q’ with which the bear- 
ings A and A’ act on the avis. As 
the centre of mass of the gyroscope 
is fixed, these couples form a couple 
whose moment M, must be directed 
the same as the velocily @,, i.e., isdn 
upward (towards the readerin Fig. 344). Fig. 344. 

Bul then the axis of the gyroscope 
will also press on bearings A and A’ wilh forces MN, N’ equal in 
magnitude to forces Q, Q’. bul opposilely directed. 

The Torce couple (N, N’) is called a gyroscopic couple, and its 
moment the gyroscopic moment, Since in magnitude Al,,,—= Ao, 
then 





M oye = J cm, Si, (58) 


We deduce from this Zhukovsky's Rule: /f a forced pre- 
cession is imparted fo a rapidly spinning gyroscope, a couple of 
moment M,., will start to act on the bearings which will lend to 
move the axis of spin along the shortest path to set it paratiel to 
the axis of precession, so that the directions of vectors w, and w, 
would coincide. 

Besides bringing forces to act on the bearings. the gyroscopic 
effect may cause the body to which the bearings are allached to 
move loo, iJ the motion is not opposed by constraints. 

_ Consider the following example. If the rotor of a ship's tur- 
bine rotates wilh an angular velocity m, (Fig. 345) and the ship 
turns with an angular velocity w, gyroscopic forces N, and N, 
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will be acting on bearings A and B. directed as shown in the 
diagram*. If AB=1/ and the moment of inertia of the rotor is 
J,, then, by Eq. (58), 


M y= NI = J 0,0, and N = Lents 


These forces may reach a value of several tons and they must 
be taken into account in calculating the tearings. Through the 
bearings the gyroscopic forces are 
transmitled lo the hull, and if the ves- 
sel ts very light they can cause the 
stern or bow to “dip” during a turn. 
A similar phenomenon takes place 
when a propeller aircraft banks in a 
horizontal plane. 

The gyroscopic phenomena dis- 
cussed in this section are used for gyro- 
scopic stabilisers, navigation and other 
special instruments. 





Fig. 345. 


An example of a direcl action gyroscopic stabiliser is the ship anti-rolling 
gyroscope. This is a heavy gyroscope (Fig. 346) whose axis of spin AA, is 
n ounted in a frame the axis of rolalion DD, of which is allached {« the ship‘s hull. 
When the ship slarts to roll and a moment M starts to act on il, a specially 
controlled motor begins to turn the frame with a certain areular velocity o, 





Fig. 346. Fig. 347. 


see diagram). As a resull a gyroscopic couple (N, N’) of moment Jw,@, Is 
beachine ul on bearings Dean D,, which reduces the roll. When {he mo- 
menl Af charges its eectont the motor will reverse the rolalion of the Irame 
and the couple (NV, N’) will also change ifs sense. : : 
Another SNFORCOp Ie stabiliser ingles direcl-aclion one, (hough) is a “ve 
which conlrols (he motion of a torpedo in the horizontal plane. Abeer tare 
element is a [ree gyroscope (see Fig. 341), whose axis is coincident wil 
axis of the torpedo, which is direcled to the largel at the eae gerne 
If the torpedo departs [rom its set course by an angle a (Fig. 347), the ey 


* Gyroscopic forces also appear in the bearings due to rolling and pilching 
of the ship. Their directions, of course, are different. 
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xis will continue, by virtue of the property of a free gyroscope, ‘o 
gaint lewards the targel and will therefore turn through the same angle wilh 
respecl to the axis of the lorpedo. This turn acluales a governor which pr 
trols the steering mechanism. The rudder will turn correspondingly and the 
torpedo will return lo its course. A similar idea is incorporated in aulomatic 
pilots, which sense any defleclion of an aircrafl from ils set course and acluate 


the necessary steering assemblies. — 

; To Blher erresconic navigation instruments belong the gyro-compass, the 
gyro-horizon, the turn-indicalor, and others. They are of various design, but 
aJl of (hem are based on the properties of the gyroscope discussed here. 
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D’ALEMBERT’S PRINCIPLE. FORCES ACTING ON 
THE AXIS OF A ROTATING BODY 


158. D’Alembert’s Principle for a System. Consider a system 
of 1 particles. Let us select any particle of mass m, and denote 
the resullants of all the external and internal forces applied to 
it by the symbols Fe** and Fi""*. If we add to these forces the 


inertia force Fx —tn,w,, then according to D’Alembert’s prin- 
ciple for a single particle (§ 119), the force system Fi’', Fi", Fi 


will be in equilibrium, and consequently, 
FSA FA + Fi=0. 


Reasoning similarly for all the particles of (he system, we ar- 
rive al the following resuli, which expresses D'Alembert’s 
principle for a system: /f af any moment of time {o the 
effective external and internal forces acting on every particle of a 
system are added the respective inertia forces, the resultant force 
system will be in equilibrium and all the equations of statics will 
apply to it. 

We know from stalics thal the geomelrical sum of balanced 
forces and the sum of their moments with respecl to any centre 
O are zero; we know, further, from the principle of solidification, 
that this holds good not only for forces acling on a rigid body, 
but for any deformable system. Thus, according 1o D'Alembert's 
principle, we must have 


D (Fi 4 Fi 4 Fb = 0: 
Llme (Fi) + my (Fi") +m, (Fi) | =0. 





* We introduce the nolation F*! (and Fe*) for Internal and exlernal forces 


in this chapler to avold nlusion belween Infernal [ i 
for which the nolation Fis telained, Rene enn eerie ars 
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Let us introduce the following notation: 
R'=SFi; Mo= Dm, (FO. (59) 


The quantities R' and Mo are respectively the principal vector 
of the inertia forces and their principal moment with respect fo a 
centre O. Taking into account thal the sum of the internal forces 
and the sum of their moments are each zero (§ 129), we obtain 


DF +R =0; Dm (Fo+Mb=0. (60) 


Use of Eqs. (€0). which follow from D'Alembert’s principle, 
simplifies the process of problem solution because the equations 
do not contain the internal forces. Actually Eqs. (60) are equiv: 
alent to the equations expressing the theorems of the change in 
the momentum and the tolal angular momentum of a system, 
differing from them only in form. 

Eqs. (60) are especially convenient in investigating the motion 
of a rigid body or a system of rigid bodies. For the complete in- 
vesligation of any deformable syslem these equations, however, 
are insufficient*. 

For the projections on a set of coordinate axes, Eqs. (60) give 
equations analogous to the corresponding equations of slatics (see 
§§ 24 and 48). To use these equations [or solving problems we 
must know the principal vector and the principal moment of the 
inertia forces. 


159. The Principal Vector and the Principal Moment of the 
Inertia Forces of a Rigid Body. It follows from Eqs. (59) (see § 46) 
that a system of inertia forces applied lo a rigid body can be re- 
placed by a single force equal to R’ and applied at the centre 0, 
and a couple of moment Mo. The principal vector of a system, it 
will be recalled, does not depend on the centre of reduction and 


can be computed at once. As Fi =—-m,W,, then taking into ac- 
count Eq. (15) (§ '35), we will have: ** 
R=— > mw, =— ewe. (61) 


rae , : ing body 

Thus, the principal vector of the inertia forces of a moving 00 
is equal to the product of the mass of the body and the eo at 
of its centre of mass, and is opposite in direction to the acceleration. 


ing i inci [ solidifica- 
* This follows from the reasoning in § 3 when the principle of sol C 
lion was Seainined: See also the remarks on the general theorems of dynamics 
an d moment, in this 
** To avoid confusion belween the symbols for mass and m , 


chapter we shall denote mass by the symbol we (see footnole on p. 309). 
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if we resolve the acceleration w, inlo ils tangential and normal 
components, then vector will resolve info components 


R= We. Ri Wen: (61') 


Let us determine the principal moment of the inertia forces for 
icular types of molion. 
aa Translators Motion. In this case a body has no rola- 
{ion aboul its centre of mass C, from which we conclude (hat 
Dm, (Fe') = 0. and Eq. (60)givesMc=9.  y 

Thus, in franstatory motion, the inertia 
forces of a rigid body can be reduced toa 
single resultant R’ through the centre of 
mass of the body. 

2. Plane Molion. Lel a body have a 
plane of syimmetry, and lel il be moving 
parallel to the plane. By virtue of sym- 9 
metry, the principal veclor and the resull- 
ant couple of inertia forces lie, together 
with the centre of mass C, in thal plane. 

Therefore, placing the cenire of reduction in point C, we obtain 
from Eq. (60) Mi: = — Dym,(Fis*'). On the other hand (see § 156), 


from the last of Eqs. (52), Date (Fr )= Je. We conclude from 
{his thal 





Fig. 346. 


Mes — Jee. (62) 


Thus, in such motion a sysfem of inertia forces can be reduced 
to a resultant force R' (Eq. (61)| applied at the centre of mass C 
(Fig. 348) and a couple in the plane of symmietry of the body 
whose moment is given by Eq. (62). The minus sign shows that 
the moment AM. is in the opposite direction of the angular accel- 
eralion of {he body. 

3. Rolation about an Axis Through the Centre of 
Mass. Let a body have a plane of symmetry, and let the axis 
of rotation Cz be normal to the plane through the centre of mass. 
This case will thus be a particular case of the previous motion. 
Bul here w-.—0, and consequently, R’ =O. 

Thus, in this case a system of inertia forces can be reduced to 
a couple in the plane of symmetry of the body of moment 


Mi=— Jie. (62’) 


_In applying Eqs. (61) and (62) lo problem solutions, the mag- 
nitudes of (he respective quantilies are computed and the direc- 
lions are shown in a diagram. 
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160. Solution of Problems. D’Alembert’s principle supplies a 
uniform method for developing the equations of molion of any 
constrained system *. It provides simple, graphic solutions of prob- 
lems where we have to delermine lhe reactions of constraints when 
the motion of a syslem is known. In these solutions all the im- 
mediately unknown internal forces are excluded from consideration. 
When we have to delermine the reactions of inlernal constraints, 
the system is divided into parts so that the required forces would 
be external. 

D'Alembert’s principle is also conveniently used to develop the 
differentia] equalions of motion and, in particular, to determine 
the acceleration of moving bodies. 


Problem 149. Two weights P, and P, are connected by a thread and move 
along a horizontal plane under the action of a force Q applied to the first 
weight (Pig. 349a). The coelficient of [riclion of the weights on the plane is f. 
Determine the accelerations of the weights and the tension in the thread. 





Fig. 349. 


Solution. Denole all the external forces acling on (he sysiem and add 
to them the inertia forces of the weights. As both weights are translated with 
the same acceleration w, then in magnilude 


Fi= ow’ and Fila Se, 


The forces are directed as shown. The (rictiona! forces are 
F,=/P,. F,=/P:- 


According to D'Alembert's principle, the lorce system must be in equilib- 
rium. Wriling the equilibrium equation in lerms of the projections on axis Oz, 
we find 


1 
Q—fPrtPd— | Prt Pr w=% 


whence 





o=(po5,-/)e 


Q 
Evidently, the weights will move tfc P+, ° 


a 
: ion i i inlernal force. 
force system the required tension in the Unread is an intel 
To eleriiiie il Se divide the system and apply D Alembert's principle lo one 


; binali 
* D'Alembert's principle is especially effective when used in combination 
with the principle of virtual work (see § 167). 
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{ the weighls, say the second (Fig. 3496). Acling on il is force P,, the nor- 
mal realign N,, the frictional force F,, and the tension 7 in the thread. Add 


to them the inerlia force Ff and write the equilibrium equation in lerms of 
the projections on axis Ox, We have 


T —[P,—“!w=0. 


Substituling the earlier ound valuc of w, we obtain finally 


It is inleresting lo nole thal the tension in the thread does not depend on 
the friclion and, given the same folal weight of the system, il decreases with 
the reduction of the second (rear) weight. That is why, for example. in mak- 
ing up a goods Irain il is betler lo place (he 
heavier vans closer {o the locomolive. 


Assigning specific values to (lhe quantities of R 
this problem, Jet Q=20 kg, P,=40 ke, and Tr 
P,=10 kg. Then motion is possible when f < 0.4 
and (he tension in the thread is 4 kg. If the weighls 
are Teversed; the tension in the (thread will be 
16 kg. 

Problem 150. Solve Problem 133 (p. 338) with a 
the help of D’Altembert’s principle and also de- rF] 


termine the lension in the thread. 

Solution. 1) Considering the drum and the 
load as a single system, we add lo the bodies of the Fig. 450 
system inertia forces (Fig. 350). Load A is in trans- . 





Jalory molion, and for it R= Quatre. The inertia ‘orces of the drum 


can be reduced 10 a couple of moment Mf!, equal in magnilude to ies ok 


and direcled opposite the rotalion (see § 159). Wriling now tor all the forces 
the equilibrium conditions in the form > mtg (Fy) = 0, we obtain 


| 46|+ Rr —Qr=0, 
or 


J ote Sete — =o, 


from which we find 


ome et 
Pot + Qn 


2) Considering now load A separately and adding lo the active forces @ and 


7 the inertia force A‘, we obtain Irom the ilibri j 
donate Wie thea equilibrium) condilions that the 


T=Q-R=Q(1-F ape. 
Problem 151. Delermine the forces acling on a spinning flywheel, a 1 
{ls mass to be distributed along (he rim. The wei y r assuming 
ils radius r, and ils angular ve ocily w. weight of the flywheel is P, 
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Solution. The required force is an infernal one. In order to determine 
it. cul the rim info two and apply D*Alemberl’s principle to one porlion 
(Fig. 351). We denote the action of the separated half by (wo equal forces F’ 
equal in magnitude lo lhe reguired force F. For 
each element of the rim, lhe inertia force (a cen- 
trifugal force) is direcled slong lhe radius. These 
concurrent forces intersecting al O have a resullant 
equal to the principal vector R' of the inerlia 
forces directed, by virtue of symmetry, along axis 


Ox. By Eq. (61), R'=.¢¢ we =. 4excw", where .¢ 
1s the mass of half the rim and xe is the co- 
ordinate of the mass centre oj the semicircular 


arc, which is equal lo 7" (see § 56). Therefore, 








; pia P Ri= Pro’ 
Fig. 351. ay Rar. 
The equilibrium condilions give 2F = R', and finally 
Prost 
F —— Qng . 


This formula can be used to determine the limiting angular velocity beyond 
which a flywheel made of a specific material may be torn apart. 

Problem 152. A homogeneous rod A@ of length / and weight P is hinged 
al A lo a vertical shaft rotating wilh an angular velocity w(Fig. 352). 
Determine the tension 7 inthe horizontal 
thread securing the rod al an angle a to 
the shaft. 

Solulion. Applying D'Alembert’s 
principle, we add to the external forces 
P, T. X4. and V4 acting on lhe rod the 
inertia forces. For each element of the 
rod of mass Am the centrifugal inertia 
force is Amm'x, where x is the distance 
of the element from the axis of rolalion 
Ay. The resultant of these parallel forces 
distributed according to a linear law 
(see § 26) passes through Ihe centre of 
gravily of triangle ABE, i.e., at a distance 
t= 5 teosa from the Ax axis. As (his 
resullant isequal lo the principal vector 
of the inerlia forces *, then, by Eq. (61). 








r =_ .—/ 0! sing 
R'=.f60¢ COLE go 


(here x¢ is the co-ordinale of the centre of gravily of (he rod). 


* We know from statics that the resullant of any force system, if (here is 
one, is equal to the principal vector of the forces. Therefore, the resullani of 
ihe inerlia forces, when there is one, is equal lo R', though in non-lranslalory 
motion it does not necessarily pass through the cenlre of mass, as 1s the case 
in this problem. 
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Wriling mow the slatics cquation Dd m, (Fy) =9, we obtain 


Ticosa — RA — P > sina =0. 


Substituling (he values of AR’ and ft inlo this equalion, we obtain finally 


fw? , I 
T=P (5 sina +z lana). 

Alternate Solution. The problem can be solved without applying 
the conclusions of § 28, by direclly computing the sum of the muments of the 
inerlia lorces with respecl to centre A by integration. Draw along rod AB an 
axis AE. Acling on each element dz of the cod, whose co-ordinale is g. there 
is an inertia force equal lo w*xdn. Ils moment wilh respect lo A is 
yo" xdm. Then the equation of momenls gives F 

Sahn = Theosa — PS sina — [ wryxdm =0. (a) 
Expressing all the quantilies under the inlegralion sign in terms of E, we 
oblain 


a 
x=Eslna, y=Eccsa, dm =—- di, 


from which we have 
t t 
i w' yxdm => w" sina cosa f E'dE = = = fw" sina cosa, 
J 


Substiluting this expression into equation (a), we obtain for T the same ex- 
pression as in lhe firs{ solution. 


Problem 153. A homogeneous rod AB of mass .7e and length / rotates about 
an axis perpendicular lo it with an angular velocily w and an angular accel- 
eralion e (Fig. 3530). Delermine the 
Stresses generated by the rotation in a af 
cross seclion of the rod al a distance x 
from the axis. 

Solution. The required forces are 
internal. To determine them, cul the rod 
into lwo and consider the motion of 
portion DA of length a=/{-—x (Fig. 
$536). The action of the removed por- 
lion AD is replaced by a force applied 
al the centre D of the cross section, which 
we shall represent by ils components P 
and Q. and a couple of moment Mp Fig. 353. 

(see § 26, th 62). The quantities P, Q, 

and Mp will specify the required stresses in seclion D of the rod, L.e., 
the forces with which porlions AD and DB act on one another. To compute 
these quantities we use D'Alembert’s principie. First let us tind the princi- 
pal vector A of the inertia forces of potlion DB, and their principal moment 


Mc with respect to the centre of mass C of the portion, The mass m of 
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porlion DB and the coordinale xe = AC of ils centre of mass are. evidently, 


j—x _ +r 


Li aad ‘i = 
i 106 I¢ 9 





Then. from Eqs. (61'), we find the magniludes of vectors Ri and R': 








ig pemeerre roam eer a eax, 
| R| =a ec. |= mre [s.r |e] 7 : 
; ty? 
R,, = mec, = Mx cu =. 7 w* 
Furlhermore, from Eq. (62), M7. — Joe. As in this case (sce Problem 122 
on p. 315) Jean. then 
12 
- :] 
Mla fo” 
| i | 1 — yi e |. 
The forces Ri and Ri’ and the moment Att. are directed as shown in the 


diagram. 
Thus, all the inerlia forces of portion DB of the rod are replaced by a 


force R' applicd al C, whose components are R' and R. and a 
couple of moment Afi. Wriling now the equilibrium conditions Fx =9. 
>Y Fey =O. Sty (Fe) = 0 for the active forces and the inertia forces applied 
lo portion DS, we obtain 


; ; ; ate 
R,—P=0; Q—|Ri|=0; Mp—| ati] —| Ri] =0. 
From this we find finally that acling at section D of the rod are 1) a len- 


sile force P = Ri. 2) a transverse force Q= | R’.|. and 3) a couple with a bend- 
ing moment 


; . wie 
Mp =| |+{R] 5= ats (f¢ —ayP +30) (E—2)). 
or finally 


aie ‘ 
6i (@ — x)? (2h). 


The value of forces P, Q and the bending moment will be greatest, it will 
readily be noliced, at lhe cross seclion «=O. 





Mo= 


161. Dynamical Pressures on the Axis of a Rotating Body. 
Consider a rigid body rolating uniformly wilh an angular velocily 
about an axle mounled in bearings A and (iB (Fig. 354). Let us 
find the dynamical pressures X8, ¥%, 25, Xa, Yn exerted by lhe 
bearings on the axle, i.e., the pressures due only to the rotalion 
of the body. Applying D’Alembert’s principle, we add to ea be 
quired forces the principal vector and the principal money 0 
the inerlia forces and write the equilibrium equations (60) in 
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terms of the projections on the coordinale axes, which rotate to- 
gether with the body. In our case these equations (or the corre- 
sponding equations of § 48) lake lhe form (denoting AB = b): 


Mie Xa+ Rs =0, 
YO VR+tR,=0, 29+ Ri=0, (63) 
—YRbt AML =0, XRO+ At, =. 


The last equation {0 is an identity and we omit it. 


The principal veclor of the inertia forces R’=—.ccw,. At 
w= consl., the centre of mass C has only a normal acceleration 
we, =h-w’*, where f, is the distance 
of point C from the axis of ro- 
talion. ; 

Consequently, vector R’ is di- 
rected along OC and * 

R= rh. COS a=W" Xe, 

Ry = .ew'h, sina =.o'y, 
Ri =0, 
where x, and ye are the co-ordi- 
nates of the centre of mass. 

In order to determine Mi and 
My. consider any particle of the 
body of mass m, located at a dis- 
lance h, from the axle. For this Fig. 354. 
particle, at w=const., the inertia 
force has only a centrifugal component Fi. = ma"h,, the projec- 
tions of which, like the projections of R’. are 








Frc = m,0'K,, Fry = m,0"Y,, Fy: =0. 
Then [see § 42, Eqs. (52)j 


MM, (Fi) = — Fryz, = — MO Y,Zp; 
f 
my (Fr) = Fayz, = mw"x,2,. 


Wriling similar expressions for all the particles of the system, 
adding them, and taking the common multiplier w* oulside the 
* Veclor Rin the diagram is the principal vector of the inertia forces, 


not their resulianf. Reduced to centres C or O, : crtia 
a couple. the Inertia Jorces will give also 
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parentheses, we obtain 


M. = — (3 m,y,2,)0' = — Ju, M,=(> m,,2,)0° = J at, (64) 
The quantilies 

Jp Vy rxy2,, J 2 DM, 25 (65) 
in Eq. (64) are called the products of inertia. It will be noticed 
from Eqs. (65) that, like the moment of inertia with respect {fo 
an axis, the product of inertia depends only on the distribution 
of mass in a body. The physical interpretation of the concept 
will be explained further on. 
Substituting all the obtained quantities inlo Eqs. (63) and omit- 
ling all quantities equal to zero, we have 


X94 Xh=—. exo", YG+YR=—. Yo": \ (66) 
Xnb=—J,0', Y2b=—J, 01. f  :a 


Equations (66) specify the dynamical pressures acting on the 
axle of a uniformly rotating rigid body, when axis Oz is taken 
coincident with the axle. 

If there will be acling on the body any forces F%* |satisfying, 
of course, the condition ¥ m, (Fx) =0], they will produce addi- 
tional static pressures defined by Eqs. (66) (§ 48), i.e., as if the 
body were ai rest. The total action on the axle, then, will be 
equal to the sum of the dynamical and static pressures. 


162. The Principal Axes of Inertia of a Body. Dynamic Bal- 
ancing of Masses. The appearance of dynamical pressures acting 
on an axle depends on the manner in which the mass of a body 
is distributed with respect to the axle. The presence of these pres- 
sures is an indication of the dynamic unbalance of the masses. 

Equations (66) suggest that, fo eliminate dynamic unbalance, 
we musi, first of all, have 


x-=0, y-=0 (67) 
i.e., the axis of rotelion should pass through the centre of mass 
of a body. In this case xi=—x?, and Y3=—Y8. ie. 


the dynamical pressures will not disappear, but will make a couple 
which will rolate together wilh the body and cause the axle to 


vibrate *. 
* Such vibralions, besides increasing {he wear and lear of the bearings, may 


induce resonance in the parts or bedding of a machine (§ 126), which is very 
undesirable, 
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Thus the dynamic balance (or unbalance) of a body depends 
not only on the position of the centre of mass but on the prod- 
ucls of inertia J., and J), as well. This leads us lo the physical 
interprelation ofthe concept: the products of inertia J,, and J,, 
are a measure of the degree of dynamic unbalance of a body rolat- 
ing about an axis Oz. ia 

For perfect dynamic balence the additional conditions 


J. 9, Jy,=0 (68) 


must be satisfied. 

Axis Oz, with respect lo which the products of inertia /,, and 
J,, are zero, is called fhe principal axis of inertia of the body 
wilh respect to point O. For example, if plane Oxy is the body's 
plane of maleria! symmetry, then Oz will be the principal axis 
of inertia with respec! to point O, insofar as lo any particle with. 
coordinates x, y, z there is a symmetrically located particle wilh 
coordinates x, y.—z, and, consequently, (he summations in Eqs. 
(65) will vanish. Similarly, Ox will be the principal axis with 
respecl to O, if J ye =I, =, elc. 

The principal axis of inertia through the centre of mass of a 
body is called the principal central axis of inertia. Thus, if the 
Oz axis is the body’s axis of material symmetry, then it will be the 
body's principal central axis of inertia, insofar as lo any particle 
with coordinales x, y, z, there is a symmetrically localed particle 
with coordinates —-x, —y, z, and, consequently, the summations (65) 
will vanish. Thal simultaneously x-=y-=0 is known from sla- 
lies. 

Ht follows from the above considerations that the dynamical 
pressures acting on the axle of a rotating body will be zero if the 
axle coincides with the principal central axis of inertia of the body 
(for instance, with the axis of material symmetry). This conclu- 
sion is also valid for a non-uniformly rotating body. 

The dynamic balancing of masses is an important engineering 
problem which, we have seen, involves the delermination of the 
principal central axes of inerlia of a body. 

It should not be assumed that only symmetrical bodies possess 
principal axes. It can be proved that there pass through any point, 
including lhe centre of mass, of any non-symmetrical body three 
mutually perpendicular axes of inertia which are principal axes 
with respect to the given point. 

Let us prove another stalement which is no less important in 
practice: any axis passing through a body can be made a principal 
central axis of inertia by adding two point masses to the body. 


Let us have a body of mass , and let the quantities x, Yor 
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J, and J. be known and nol equal to zero. Let us further add 
lo the body lwo masses m, and m, at points whose coordinates 
are x,, ¥,, 2, and x,, y,, 2,. Then, from Eqs. (4) and (65), it 


Jollows that if 


AX mx, + m,x, = 0, J, + m,x,z, + m,x,2, =0, 


Yo Tay, +my,=9, Jyetmy,.2,- ty, 2, =, 
then for the resulling body we shall have xc—=yc=J;,=J),=0, 
i.e., the Oz axis will be the principal central axis of inertia. 
The problem is solved by choosing the masses m, and m, and 
their positions such that Eqs. (69) will be satisfied. Some of the 
quantities, of course, must be specified in advance. For instance. 
we may specify the values of m,, m, and z,, 2, (but such that 
z,=2,) and find x,, y,, x, y, from Eqs. (69), etc. 

This method is widely used in engineering for balancing crank- 
shafts, cranks, coupling rods, etc. Final balancing is done on spe- 
cial balancing machines. 

When it is necessary to determine the pressures acling on an 
axle, the ready equations (66) are usually not used, and D’Alem- 
bert’s principle is applied for 
each specific case. All the forces 
acting on the body are gen- 
erally considered and the fofal 
pressures are found, i.e., the sum 
of ihe slatic and dynamical pres- 
sures on the axis. 


Problem 154. The axis of rolation 

ol a disc is perpendicular to (he plane 
of the disc and passes at a distance 
a from the centre of mass (Fig. 355). 
The disc weighs P and ils angular 
velocity is w. Determine the dynami- 
Fig. 355. cal pressures acting on the axle if 

OA— OB. 

Solution. The Oz axis is the principal axis of inerlia with respect to 
point O, since plane Ory is the plane of symmetry of the disc. Then, Joe = 
= Jy,=0, and, Irom Eqs. (64), Mo=0, i-e., the inertia forces are reduced 


io a single resultant (through point O along OC (the Oy axis). In magnitude 
r=, (We, = ae", and it will be readily noticed (hat 





D__ p__ Paw" 
YA=Ya>= 2g 


Forces y3 and yo remain continually in plane Oyz, which rotates 
with the body. 





together 
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dition to lthese pressures, there act the static pressures due lo lhe 
delet covavily P, which can be calculated if the distance AB is known. 
Problem 155. Two equal bars of length / and weight p each are welded al 
right angles to a vertical shaft AM of length 4 at a dislance A from each 
alher (Fig. 356). Determine the dynamical pressures acting on the shaft if it 
rolates with a constant angular velocity . 
Solution. The centrifugal inertia forces 
in each rod are equal in magnitude: 
. _ is Pp tf ¢ 
== pe 
and they make a couple which. apparently. is 
balanced by ihe couple xo xe. The moments 
o! these couples are equal in magnitude. Con- 


sequenlly, xP = Fih, whence 


Fin _ pik 
“b ~ Igb 
The couple is conlinuously in the Axz plane, 
which rolates wilh Ihe body. 

Let us show thal the same result can be 
obtained from Eys. (66). In our case, «¢ = Fig. 356. 
Yc=90, and Jy,=0, as the plane Arz is the : 
plane of symmetry. The quantity J/,,=J,.+J3,. ie. il is equal lo the 
sum of the products oJ inertia of each bar. For the lover bar, all z,—=u, and 
lor lhe upper one all z;=a-+4, Then from Eq. (65), 





Dp D_ 
x= X= w!, 





° . - *” i 
44 (S me) a= 1x,a = $a, Jp mae (a+) =73 (a + A), 
whence 
od 
g 


Subslituting all the expressions 
into Eqs. (66), we find 


yo= yo— i 


Jo 


4 a. 


x8 dD plh = 

ci X's 2g6 ° 
The reason for the minus sign at 
Fig. 357. XG is that the forces X? in Figs 
354 and 356 are of opposile sense. 
Problem 156, The crankshaft of a one-cylinder gas engine cartes (wo iden- 
teal flywheels A and & of radius r—0.5 m as shown in Fig. 357. The crank 
arms and crankpin are equivalent lo a weight of p= 21 kg al a distance of 
4=0.2 m from the axis. If a=0.6 m and 6=1.4 m, what correclion weights 
Pa and pz placed on the rims of the flywheels will balance the syslem? 
Sotul ion. Draw a set ol coordinate axes rolating with the body, such 
that the’ crankpin would Ile in the Oxz plane. This plane, then, will te ihe 
plane of symmetry, and, consequently, ye ==0 and, as Oy is a principal axis 
wiih respect to point O, Jy,=0. Furthermore, inlroducing:the notation P for 
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the lotal weight of lhe syslem, we have 


ph 
c= p> Jeg 5 ha. 
The latler equalily follows from lhe fact that the product of inerlia of a sys. 
tem equals the sum of the products of inerlia of ils components, and the prod: 
ucts of inerlia J,; of the flywheels and adjacent sections of the cranksha.t 
are zero (Oz is the axis of symmetry). , 
The coordinates of the correction weights, from Eqs. (69), are Y4= 4p = 0 
and the weighls themselves must salisly the equalions : 


Pxitpatat pata=0 Jeet “Arata + = XgZy = 0. 


As the weighls are lo be placed on the rims of ihe flywheels, z4=0, 
Zp b,and x4=—Xp = —r (the equalions have no solulions when the sign is posi. 
ae therefore the weighls must be at the bollom). Solving the equalions, we 
in 


(6 —ajh h 


Addition of these weights balances the system and makes Oz the principal 
central axis of inerlia (bul nol the axis of symmetry). 


Chapter 30 


THE PRINCIPLE OF VIRTUAL WORK AND THE GENERAL 
EQUATION OF DYNAMICS 


163. Virtual Displacements of a System. Degrees of Freedom. 
In the first part of our course we sludied the methods of so-called 
graphical stalics. In delermining the equilibrium conditions of a 
system by these methods we had to consider the equilibrium of 
every body separately, replacing lhe aclion of all applied con- 
straints by the unknown reaclion forces. When the number of bodies 
in a system is large, lhis method becomes cumbersome, involving 
the solulion of a large number of equations with many unknown 
quantities. 

Now we shall make use of a number of kinemalical and dynam- 
ical concepls to investigale a more general method for the so- 
lution of problems of statics which makes it possible to determine 
al once the equilibrium conditions for any mechanical system. 
The basic difference between this method and the methods of geo- 
metrical statics is that the action of constraints is laken into 
account not by introducing the reaclion forces but by investigating 
the possible displacements of a system if its equilibrium were 
disturbed. These displacements are known in mechanics by the 


name of virtual displacements. 
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Virtual displacements of the parlicles of a system must satisfy 
two conditions: 1) they must be infinitesimal. since if a displace- 
meni is finite the syslem will occupy a new configuration in which 
ihe equilibrium conditions may be different: 2) they must be con- 
sistent with the constraints of the system, as otherwise we should 
change the character of (he mechanical system under consideration. 


For inslance. in the crankshall mechanism in Fig. 358. a displacement of 
ihe points of the crank OA inlo configuration OA, cannot he considered as a 
virtual displacement, as Uhe equilibrium conditions umler the aclion of forces 
P and Q will have changed. At the 
same lime, even an_ infinilesimal 
displacement of poinl & of (he con- 
necting rod along BD would not be 
a virtual displacement: it would 
have been possible if the slides at 
H were replaced by a rocker (see 
Fig. 188, where Cis a rocker). i-e., 
if it were a different mechanism. 





Thus, we shall define as a 
virtual displacement of a sys- 
tem fhe sum total of any arbitrary infinitesimal displacements of 
the particles of the system consistent utth all the constraints acting 
on the system at the given instant. We shall denote the virlual 
displacement of any point by an elementary veclor 6s in the 
direction of the displacement. 

In the most general case, the particles and bodies of a system 
may have a number of differenl virtual displacemenls (not consi- 
dering 5s and —és as being different). For every system, however, 
depending on the lype of constraints, we can specify a cerlain 
number of independent virtual displacements such that any other 
viilual displacements will be oblained as their geometrical suin. 
For example, a bead lying on a horizontal plane can move in 
inan: directions on the plane. Nevertheless, any virlual displace- 
me::{ 6s may be produced us the sum of two displacements ds, 
and és, along {wo mutual perpendicular horizontal axes (6s = 
= bs, + 6s,). 

The number of possible mutually independent displacements of 
a system is called the nuntber of degrees of freedom of that system. 
Thus, a bead on a plane (regarded as a particle) has {wo degrees 
of freedom. A crankshaft mechanism, evidently, has one degree 
of freedom. A free particle has three degrees of freedom (three 
independent displacements along mutually perpendicular axes). 
A free rigid body has six degrees of freedom (three lranslatory 


displacements along orlhogonal axes and three rolations about 
those axes). 
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164. Ideal Constraints. If a parlicle has for a constraint 
a smoolh surface or curve, the reaction N of the constraint is 
normal lo the surface (or curve), and the elementary work done 
by the force N in any virtual displacement of the particle is zero 
(see § 114). If was shown in § 149 that if we neglect rolling 
friction, the sum of the work done by the reaction forces N and 
Fi, in any virlual displacement of a rolling body is also zero. 
The internal forces of any non-deformable syslem also possess this 
property (§ 143, Fig. 320). 

onsider anolher example. Neglecting friction in the axles and 
along the slides of the crankshaft mechanism in Fig. 358, 
the work done by reaction N, ts zero, as point O has no 
displacement, the work done by force Np, is zero because Np, 
is perpendicular lo the possible displacement of point B. The work 
done by each of the reactions N, and Na (N, is the force wilh 
which the connecting rod acts on the crank, and Nya is the pres- 
sure of the crank on the connecting rod) is not separately zero, 
but {he sum is zero, as N,==-—WN, and they are applied al the 
same point. 

Let us introduce the following notation: the elementary work 
done by an active force F* in any virtual displacement ds — the 
virtua! work — shall be denoled by the symbol 6A% (6A* = F%bs cos a, 
where a is the angle between the directions of the force and the 
displacement), and the virtual work done by the reaction N ol 
a constraint, by the symbol 8A. Then for all the constraints 
considered here, ; 

> A; =0. (70) 


Constraints in which the sum of the virtual work produced by 
all the reaction forces in any virlual displacement of a syslem Is 
zero are called ideal consfratnt{s. oF 

We have seen thal to such constraints belong all frictionless 
constraints along which a body slides and all rough constraints 
when a body rolls along them, neglecting rolling friction. 


165. The Principle of Virtual Work. Consider a system of 
material particles in equilibrium under the action of the ape lies 
forces and constraints, assuming all (the constraints impor a 
the system to be ideal. Let us take an arbitrary particle i ‘i 
longing to the system and denote the resultant of all the app os 
aclive forces (both external and internal) by the rare A : eee 
the resultant of all the reactions of the Galea pal ir : a sopeie 
and internal) by the symbol N,. Then. since poin . ge 
librium together wilh the system, Fa +N,=0, or Ny=—Fa- 
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Consequently, in any virlual displacement of point 4,, the virtual 
work 642 and 6Ax done by the forces Fr and N, are equal in 
magnilude and opposite in sense and therefore vanish”, i.e. 
we have. 


dAi + 5A: =0. 


Reasoning in the same way we obtain similar equations for all 
the particles of a system, adding which we obtain 


bai + DOA, =O. 


But from the property of ideal constraints (70), the second 
summation is zero, whence 


D> 5A; = 0, (71) 
or 


> (Fads, cos a,) = 0. (71°) 


We have thus proved that if a mechanical system with ideal 
constraints is in equilibrium, lhe aclive forces applied to it satisly 
the condition (71). The reverse is also true, i.e., if the active 
forces salisly the condition (71), the system is in equilibrium. 
From this follows the principle of virtual work**: the 
necessary and sufficient conditions for the equilibrium of a system 
subjected (to ideal constraints is that the total virtual work done 
by all the active forces is equal to zero fur any and all virtual 
displacements consistent with the constraints. Mathematically the 
necessary and sufficient condition for the equilibrium of any 
mechanical syslem is expressed by Eq. (71). 

In analytical form this condition can be expressed as follows 
(see § 112): 


2 (Fab, + Fayby, + Feeb2,) =0. (72) 


In Eq. (72) 5x,, dy,, 6z, are the projections of the virtual 
displacements ds, of point B, on the coordinate axes. They are 
equal fo the infinitesimal increments to the position coordinates 


* Polnt By is al rest and has no displacement. Here we are considering 
what the work done by the acting forces would be for any virtual displace- 
ment of point By. 

** This principle was formulated very like the present definition, bul without 
proof, by the celebraled Swiss mathematician and mechanic John Bernoulli 
(1667-1748). In general form the principle was enuncialed and proved 
by Lagrange, in 1788. The principle was generallsed lor the case of unilateral 


consirainis (constraints (rom which a bod aN, 
in his works of 1838-1842. ody can escape) by M. V. Oslrogradsky 
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of the point in its displacement and are computed in the same 
way as the diflerentials of coordinates. 

The principle of virtual work provides in general form’ the 
equilibrium conditions of any mechanical system, whereas lhe 
methods of geometrical slalics require the consideration of the 
equilibrium of every Lody of the syslem separately. Furthermore, 
application of the principle of virtual work requires thal only 
the aclive forces be considered and makes it possible {o ignore 
all a ceeeoe reaclions of constrainis, when the constraints 
are ideal. 


166. Solution of Problems. For a system with one degree of 
freedom, Eqs. (71) and (72) immediately give the equilibrium 
conditions. If a system has several degrees of freedom, {hen the 
conditions (71) or (72) must be developed for each of the independ- 
ent displacements of the system separately, i.e., the number of 
equilibrium equalions is equal to the number of degrees of freedom 
of a system. 


In problem solutions the number of degrees of [reedom of plane mechanisms 
is conveniently determined as follows. Imagine a mechanism to be moving. 
If by slopping a translation or rotation of any unit we slop the whole mecha- 
nism, then it has one degree of freedom. If, when the lranslation or rotation 
of any unit is stopped, the mechanism continues lo move, and if it can be 
stopped by addilionally prevenling the displacement of some olher part. then 
il has (wo degrees of ireedom, ete. 


For solving problems by the geometrical method we must: 1) draw 
all the active forces applied {o the system under consideration; 
2) impart a virlual displacement to the system and denote by 
vectors 6s, the elementary displacements of the points of appli- 
calion of the forces, or by angles dq, the elementary rolations 
of the bodies subjected to forces (if a syslem has several degrees 
of freedom, it must be given one of the independent displacements); 
3) compute the virlual work done by all the active forces in the 
given displacement according to the formulas 


b6Al— Fibs, or bAs= M9 (Fu) 0, 


and wrile condition (71); 4) establish the dependence between 
the quantities és, and dq, in Eq. (71) and express all of a 
in terms of one quantily (as the system was given an independen 
displacement, there must always alan ae between the 
displacements 6s, and 6q,, which can be lounc), 
When all the quantities 5s, OF d9, in Eq. (71) are expressed 
in terms of one of them, we obtain an equation from which we 


can find lhe required quantity or relation. 
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When a system has several degrees of freedom, the foregoing 
procedure must be repeated for each independenl displacemenl. 

The relation belween the quantities ds, and 6q, can be found 
either: a) from purely geometrical consideralions (Problems 157 
and 162), or b) kinematically: first determine the relation between 
the corresponding linear velocity v, and angular velocity , 
which the system would have if il were in molion and then lake into 
accounl that 6s,=u,dt and 45p,—w,dt (Problems 158, 159 and 
others). 

tie aialuiical method is usually employed when the simpler 
way is inadequate to delermine the dependence between 4s, and 
6g,. The equilibrium equation is written in lhe form (72), For 
this a set of coordinale axes musl be chosen and the projections 
of all the aclive forces on these axes and lhe position coordinates 
My. Yy. 2, Of all the points of application of the forces must be 
compuled, the coordinates being expressed in terms of any one 
parameter (angle. for instance). Then the quantities bx,. oy,, 62, 
are found by differentiating (he coordinales x,, y,. z, With respect 
to that parameter. ; 

If it is impossible lo express all the coordinates x,, y,. 2, in 
lerms of one parameler immedialely, several parameters should 
be introduced. such that the relation between them 
can later be established. 

In conclusion, nole that conditions (71) and (72) 
can be applied when there are frictional forces, if 
they are included among the active forces. Similar- 
ly. the reactions of constraints can be determined 
il the corresponding constrainls are renioved and 
their reactions are included among the active forces. 


Problem 157. Find the relation between forces P and Q in 
the mechanism shown In Fig. 359 if it is in equilibrium. 

Solulion. If we give the system a virlual displacement, 
the diagonals of all the parallelograms formed by the rods 
will receive the same increment 8s, We have bs, = s, and 
ésy = 35s. Writing condition (71), we obtain 


Pbsg — Qds4==0 of (83P — Q)bs=0, 


whence Q==3P. The solution, we sec, is very simple. 
Problem 156. A beam of weight is supported on iwo Fig. 359 

ones ee of weight P each. Whal force F must be : , 

applied to the beam to maintain equilibrium on a plane maki 

a with the horizontal if there is no slipping between rellher THE polices teed 

the inclined plane or the rallers and the beam (Fig. 360). 

Pal Hee ry we Reatect oe Aisiica. the plane will be an ideat 

int for both rollers. a virtual displa enl is gi 
we obtain from condilion (71) Foor enh Gree ue, Ame SSSNGM, 


Fésp — Qsinabdsg — 2P sin ads¢=0, 
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where 4s, is the virlual displacemenl of the poi i 

y i a point of the beam i 
wilh point 8. The point of conlacl K is the instantaneous aliecaoee 
velocity of the roller, Uherefore Ug =2ue and bsg = 2Wse, since bsp =Updt 
and bs¢ = ucdt. Substituling this expression for dsg into the foregoing equalion, 


we oblain finally 
F=(Q+P) sina. 


Problem 159. Find the relation belween the moment M of th i 

; L e coupl 
on {he crankshalt mechanism in Fig. 361 and (he pressure P on the tee 
when the system is in equilibrium. The 
crank is of lenglh OA=r and the con- 
necling rod is of length AB=I. 





Fig. 360. 


Solulion. Equilibrium condilions (71) give 
Mop — Pbsp=0 or Mogog= Purp, 
since 69 =Op,dt, and dsg =vugdt. The solulion requires that the relation be 


found belween vg and wy4. This kinematic problem was solved in Problem 71, 
§ 82. Relerring to the result oblained there, we find 


Ma Pr [14 —_ es. ) sin g. 
( 2 VY P—sr' sin? " 


Problem 160. For lhe reduction gear considered in Problem 91, § 96, find 
{he redalion belween the torque Wf, applied to the driving shaft A and the 
resistance moment My applied to the driven shaft B 
when both shafts are rotaling uniformly. 

Solulion. The relation between My and Mag will 
be the same in uniform rotalion as in equilibrium. There- 
fore, from Eq. (71) we have 

M694 — Mpoqg =9 or M,o4= Mpwg, 


as $p4—wadt, and 69q= pdt. Hence, relerring 10 
Ihe result oblained in Problem 91, we find 





Problem 161. Find the relalion” beiween forces P 
Fig. 362. and Q in the hoisting mechanism in Fig. 362, whose 
parts are housed in lhe box K, if it is known thal in 


one revolution of the crank handle AB =i the screw D move oul by A. 
Solution. From Eq. (71) we have 
Pld@an _ Qbsp = 9. 
Assuming that when Lhe handle is rolated unilormly 
up uniformly, we have 


the screw also moves 


dPan _ 55p — 7 45 
on hh or Of, , Sm 
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Subsliluling this expression for 4,49 inlo the foregoing equalion, we obtain 
Q — * P. 


Note thal this simple problem oule eth not ped hier Miiad methods of 
ical slalics as the pacls of the mechani:m a, 

ST ooblent 162. Two beans are hinged together al C and loaded as shown in 
Fig. 3630. Neglecting the weight of 
the beams, determine the pressure on 
supporl &. 

Solution. Replace the supporl gq——— 
al B by a force Nag, which is equal gh 
in magnitude to the requised pressure 
(Fig. 3635). For a virtual displace- 4 ty 
mento: the system Eq. (71) gives 


Npdsy = PSsp = 0. 


The relation belween sg and Ss, is 
found from the proportions 







Osn_88c,  S8¢__ d5¢ 
a =e. Se TE 
whence 


and consequently 





If we used (he methods of geomelrical stalics we would have to consider 
the equilibrium of each beam separately, introduce the reactions of the other 
supporls, and then eliminate them lJrom = the 
oblain:d sel of cquilibrium eaualions. 

Problem 163. The epicyclic gear train in 
Fig. 364 (see also § 9&1 consists of a gear I of 
radius r,, an arm AS mounted on axle A inde- 
pendently of the gear, and a gear 2 of radius 
f, mounted on the arm al 8 as shown. Acting 
on the arm is a lorque Af, and acting on the 
Bears are resistance momenis Mf, and AM,, respec- 
ia Determine the values of Af, and Af, al 
which the mechanism $s in equilibrium. 

Solution. The mechanism has lwo degrecs 
of freedom, since il has (wo possible independ- 
ent displacements: the rolation of lhe = artn 
AB when gear 7 is al resl, and the rolation of 
gear f when the arm is al rest. First consider 
a virlual displacement of the syslem in which 
gear Iremains at rest (Fig. 364a). For this dis- 
placement Eq. (71) gives 

Md ag — M,dq, = 0. 
But when gear J is at rest ihe contact point 
of the gears will be the instantaneous centre of zero velocily of gear 2, and 
consequently vg=wy,. At the sane lime, v =wanlt, +r). Hence, 
O%,=W4g, +r), OF Pets —bQAn if, +¢,), and we oblain 


M“1,= —*_ aM. 


ath, 





Fig. 364. 
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Now consider a virtual displacement in which (he arm AB remains 
(Fig. 3646). For this displacement Eq. (71) gives paral 


AL,Oog, — Af,oq, = 0. 
Bul when (he arm is al rest 








bo, 
i or and M,=~—M, 
We finally obtain 
rf r 
Ml, = u = 7 
‘ es fe ata 


Problem 164. Delermine the relalion belwecn forces Q and P al which (he 
press in Fig. 365 is in cquilibrium if angles a and B are known. Neglect the 
weight of the rods. 

Solution. To give an exainple of the analytical method of solulion, Jet 
us take equilibrium condilion (72). Placing the origin of a coordinale system 
in the fixed point A and drawing 
the x and y axes as shown, we 
oblain 


Q,.65, + Q2,44, + P,,5y,=0, (a) 


since all the other projections of 
the forces vanish. 

To find dx,, dx,, dy,, compule 
the coordinates 4,, x, y, of the 
points of application of the forces, 
expressing them in lerms of {he an- 
gles @ and fi. Denoling the length 
of each rod by a, we obtain: 
X,=acosa, x,=a cosa + 2acosf, 


y, =a (sinfi+ sina), 
Fig. 365. differentiating which, we find 
éx,—=—asinaéa, dx,=— a (sin ada + 2 sin pdf), 
by, = a (cos BSB 4+ cos ada). 


Substiluting these expressions inlo equation (a) and Taking into account thal 
Q.=2 Q..=—Q. and Py, —=— P, we have 


2Q sin Pop — P (cos Pdfi + cos ada) = 0. (b) 


To find the relation belween 4a and 4A we make use of the fact that A= 
= const. Therelore, 2a (cos a + cos f) = const. Differentialing this equation, we 
cblain- 





sinada + sinfdp=O0 and ba=— aap op. 


Substiluling the expression for da into equalion (b), we have 
2Qsinf — P (cos f — col asin p)=0, 
2Q 
col Pp — cota’ 
Al an angle f very close to @ lhe pressure P wlll be very large. 


whence 
P= 
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167. The General Equation of Dynamics. The principle of 
virtual work gives a general method for solving problems of sla- 
tics. On the other hand, D’Alembert’s principle makes it possible 
1o employ the methods of statics in solving dynamical problems. 
It seems obvious that by combining both these principles we can 
develop a general melhod for the solution of problems of dy- 
namics. 

Consider a sysiem of materia! parlicles subjecled to ideal con- 
straints. If we add lo all the particles subjected to active forces 
Fi and the reaction forces N, the corresponding inertia forces 
F,=—m,w,, then by D'’Alembert’s principle (he resulting force 
system will be in equilibrium. If we now apply the principle of 
virtual work, we oblain 


Dy oAP + DB 6AL+ DbAy =. 


But from Eq. (70) the last summation is zero, and we finally 


oblain ; 
DbAg + 2 6A,=0. (73) 


Equalion (73) represents fhe general equation of dynantics. 
It states that in a moving system with ideal constraints (he total 
virtual work done by all the active forces and all the inertia forces 
in any virtual displacement is zero at any insta.t. 

In analytical form Eq. (73) gives 


Di [(Fitx + Fhe) Oxy + (Fy + Fay) 574 + (Fie 4+ Fhe) 6z,] = 0. (74) 


Equations (73) and (74) make it possible to develop the equa- 
tions of motion for any mechanical system. 

If a system consists of a number of rigid bodies, the relevant 
equations can be developed if to the active forces applied to each 
body are added a force equal to the principal vector of the inertia 
forces applied at any centre, and a couple of moment equal lo 
lhe principal moment of the inertia forces with respect to that 
centre. Then the principle of virtual work can be used. 


Problem 165. A centrifugal-lype governor consists of twa balls A, and A, 
of weight p cach (Fig. 366). The slide C,C, weighs Q, the governor rolates 
about the vertical axis with a uniform angular velocily w. Neglecting the 
pa of AG rods, delermine angle a, if OA, =0A,=/, and 08,=—08,= 
= ad, 


ihey — ay 
; Solution. Adding to ithe active forces Pv Pe and Q, the centrifugal 
inertia forces Fi and F, (the inerlia force of the slide will, evidenily, be zero), 


we write the general equailon of dynamics in the f m (74). Co ti 
projections of all the forces on the coordinate axes, we hive ee 


p, dz, + pos, — Fi dy, +F ‘Oy, + @,67,=0. (8) 
43° 
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We also have: 
Qa=9 MSP. =P: P= F=f vant olsina, 
The coordinales of the poinls of applicalion of the forces are 
xX,=a,=/cosa, y=—y,Sishia, x,= 2acosa, 


Differentialing these expressions, we find 





dx, = bx, = — I sin ada; 
by, = — dy, = Leos ada; 
dx, = — 2a sinade. 





Fig. 366. Fig. 367. 


Substliluting al] these expressicns info equation (a), we oblain 
(- 2pi sina + 2 z Pw" sina cosa — 2Qa sina.) ba = 0, 


whence we finally have 

pl+Qa 
pw? 

As ces@zal, the balls will move apart when 


ft 
wt > EO g 





cosa= g. 


Angle @ increases wilh w and tends lo 90° when o> @. . : 

Problem 166. In the hoist mechanism in Fig. 367, a lorque Mf is applied 
to gear 2 of weight P, and radius of gyration Q,. Delermine the acceleration 
o! the lifled load A of weight Q, negiccling the weight of (the string and the 
friction in the axles. The drum on which the string winds and the gear / 
attached to il have a folal weight P, and a radius of gyration Q,. The radii 
of (he gears are r, and r,, and of the drum r. 

Solution. Draw the aclive force @ and torque Af (forces P, and P, do 
no work) and add lo thein the inerlia force F%, of the load and the couples 


of moments mM and Mi! to which the inerlia forces of the rolaling bodies are 
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reduced (sce § 159). In magnilude these quantiltes are: 
2 . P P 
F,= a wry Pan |= F aee | An] = ri Cfee- 
The directions of all the vectors are shown in (he diagram. Wriling Eq. (73) 
for a virlual displacement ol the system, we obtain 
—(Q+ Fi bs, — Atlog, + (AE — AID db, = 0. 
Expressing all the displacements in terms of 4q,, we have 
Og, pam se | 
6s, = 1rdq,, aq, a, Page and o”q, ae Fy. 
Finally the cqualion of molion takes (he form 
uw P Pye Ao 
Q(1+ 54) 14 Sofa + oleh — Mo, 


Now express the quantifies e, and ev, in terms of the required acceleration u,. 
Taking into account thal ¢, and r, are related in the same way as w, and w,. 
we obtain 





wy r, row 
a oe ae ae = ra 
a a 
and finally we have 
2M — rQ 
eA= c t,t &. 
e; Q, ' 
te Pit as P, 
2 


An alternate solution of this problem is with the help of the theorem of 
the change in kinetic energy (see § 150). 

Problem 167. One end of a thread is wound on a uniform cylinder of 
weight p, (Fig. 368). The thread passes over a pulley O, and its olfier end is 
altached 10 a load A of weight p, 
which slides on a horizontal plane, 
the coefficient of friction being f. 
Neglecting ihe mass of the pulley 
and the string, determine the accelera- 
lion of ihe toad and of the cenire C 
of the cylinder, 

Solution. If motion starts from 
rest, the centre of the cylinder C will 
move vertically, and the syslem has 
two degrees of freedom (ihe rotalion 
of the cylinder wilh respect to the 
thread when the load is ai rest 
and the displacement of the load when : 
the cylinder does not rotate). Fig. 368. 

Add to the acting forces p,, p,, and and F,, the inertia forces of the cyl- 


Inder reduced to a principal vector R and ‘a couple of moment ME {see 
§ 159), and the inertla force F4 of the load. In magnitude 


Fim et wy, pl | t= _ Py tie —w 
A ga R, g Me Me oi al 7 aller sae 
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The last equality follows from the fact that. if point C of the cylinder 
has a velocity ue, and point B (logether with the string) a Velocily og =o,, 


then the angulac velocily of the cylinder w= EMA [see § 81, Eq. (56)), 


ohh cone 
and, consequently, e= 


4; furthermore, for the cylinder Jo =0,5me4, 


where r is the radius of the cylinder. 
Now consider a virlual displacement ds, of the system in which the 
cylinder does not rotate and is translated together with the load. The couple 


o* moment fi does no work in (his displacement, and from Eq. (73) we 
obfain 


C= Fy — Fi, — Ri+ 9,65, =0, 


whence, as Fip-=Ipy. we find 
P p 
Fe we + 7 Wa=Pp, — [P,- {a) 


Consider the olher independent virtual displacement in which the load A 
remains af rest while ‘he cylinder (urns about point 8 (which in this dis- 
placement is the instantaneous cenlre of rotation) through angle dq. For this 
displacement, Eq. (73) gives 


(p, — Rie bp — Ai bp =0. 


Substituling the expressions for R! and Mi, we obtain 


we -—i, = 2g. (b) 
Solving equations (a) and (b) simultaneously, we oblain the required accel- 
eralions: ry ray per 
,, — Pr FiPs a Pr ( —~PPr i 
vA Pi+3p, & we Pit 5p, . 


The result shows that the motion considered is possible when f <= p,/ipy. 
If the coefficient of Iriction is greater, load A will remain at rest, the displace- 
ment 5s will not be possible and there will be no equation (a). The motion 
of the centre of (he cylinder will be described by equation (b), if in the 
lailer wy is taken lo be zero. Consequently, al f > p,/3p, load A will be al 
rest while thecentre C of the cylinder will fall with an acceleration Sr 

Note (hat Jor systems will more than one degree of freedom the method 
for developing equalions described in § I5Qis useless and the general equation 
of dynamics must be applied. 


Chapter 3!f 
THE THEORY OF IMPACT 


168. The Fundamental Equation of the Theory of Impact. In 
molion under the action of conventional forces \reated hitherto, 
the velocities of the points of a body change continuously, i 
to any infinitesimal time inlerval there corresponds an infini = 
imal velocity increment. For, if we represent the jinear impuls 
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of any force F, in a lime interval + in the form F;"r, where 
Fi” is the average value of this force in the time interval t, the 
theorem of the change in the momentum of a particle acted upon 
by forces F, gives 

m (9, — 9,) = SF et. (75) 


We see from this thal when the time t is infinitesimal (tends 
to zero), for convenlional forces lhe velocily increment do—o, — 
—o, will also be infinilesimal (will tend to zero). 

If, however, the acting forces include very large forces (of the 
order 1 rt), the velocity increment in lhe small time interval t 
will become a finite quanlily. 

The phenomenon in which the celectties of the points of a body 
suffer a finite change in a very smoll time interval < is called 
impact. We shal§ call the forces developed during impact impulsive 
forces. or forces of impact (denoled Fynp) and the very small time 
interval t during which collision lakes place, the implact fime. 

As impulsive forces are very large and change within consid- 
erable ltmits in the impact time, the theory of impact considers 
not the impulsive forces themselves as a measure of the interac- 
lion of colliding bodies, bul their impulses. The impulse of a 
force of impact 


Simp Fimp dt= Fimpt 
° 


is a finite quantity. The impulses of non-impulsive forces in the 
lime interval + will be very small and lor all practical purposes 
can be neglected. ; 

Denoting the velocity of a particle af the beginning of impact— 
the velocity of approach—by the symbol 9, and the velocily af 
the end of impact—the velocity of separalion—by ug, Eq. (75) 
fakes the form 


m(u— 0)= SS,. (76) 


This equalion states the theorein of the change in the momentuin 
of a particle during impact: The change in the linear momentum of a 
particle during impact is equal to the surm of the impulses of the 
forces of impact acting on the particle. Eq. (76) is the fundamental 
equation of the theory of impact and it Plays the same role in the 
theory of impact as the fundamental law of dynamics mw—F 
does in studying motion under the action of non-impulsive forces. 

Finally, the displacement of a particle during impact is equal 
to v°%, a very small quantity which in praclice can be neglected. 
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From the above discussion we conclude: 

1) The action of non-impulsive forces (the force of gravity, for 
exumple) in the lime of impact can be neglected; 

2) The displacement of the points of a body in the lime of 
impact can be neglected and the body regarded as motionless: 

3) The change in the velocities of the poinls of a body during 
impact is defined by the fundamental equalion of the theory of 
impact (76). 


169. General Theorems of the Theory of Impact. The following 
(heorems are used in investigating impact in a syslem of particles 
or bodies. 

1. The Theorem of the Change in the Linear 
Momentum of a System in Impact. Consider a system 
of n particles, denoling the resullant impulse of all the external 
forces of impact acting on a particle of mass m, by the symbol 
Sy and the resullant impulse of all the internal forces of impact 


by the symbol S,. Then, from Eq. (76), we have 
Mm, (Wy — V_) = St + Se. (77) 


Writing similar equations for all the particles of the system 
and adding them, we oblain 
Ym, — Dy =D Se + DSi. 
The summations in the left side represent the moments of the 
system at the end and the beginning of the impact, which we 
shall denote by the symbols Q, and Q,. The total impulse of the 


internal forces of impact in the righl side of the equation is, by 
the property of infernal forces, zero. We thus obtain: 


Q, re Q, = XSi, (78) 
i.e., the change in the momentum of a system during impact is 


equal to the total impulse of all the external forces of impact acting 


on the system. — 
For the projections on any coordinate axis x, Eq. (78) gives: 


Qi. a Qo, = Ske. (79) 


If the geometrical sum of the total impulse of the external 
forces of impact is zero, then, as can be seen (rom Eq. (78), 
the linear momentum of the system will not change during im- 
paci. Consequently, the internal impulses cannot change the 
linear momentum of the system as a whole. 

29. The Theorem ol the Change in lhe Tolal er 
gular Momentum of a System (ihe Principle o 
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Moments) During Impacl. Reasoning as in the foregoing 
case, lel us write Eq. (77) for a particle of mass m, in lhe form 


e i 
Mi, SS My Dy + Sk + St. 


i i i article which 
The veclors in this equalion are applied to a partic 
remains motionless during the impact. Hence. laking the moments 
of all the veclors with respect lo any centre O, we obtain by 
Varignon’s theorem, which is valid for any vector quantities, 


Mm, (¢ig,,) == Mm, (1,0,) + mM, (Si) + m, (S*). 


Writing such equations for all the particles of a system and 
adding them, we oblain 


Ym, (n,) — Tm, (m2) = Ym, (Si) + Tm, ($4). 


The summations in the left side represent the total angular 
momentuin of system with respect to O at the end and the be- 
ginning of the impact, which we shall denote K, and K,, respec- 
lively. From the property ol internal forces, the sum _ of 
ihe moments of the internal impulses in the right side of the 
equation is zero. Thus, we finally have 


K, —K,= dm, (S). (80) 


i.e., the change during impact of the total angular momentum of 
a system with respect to any centre is equal to the sum of the mo- 
menta of all the external impulses acting on the system taken with 
respect fo the same centre. 

For the projections on any axis x, Eq. (80) gives 


K,,— K,,.= Dar, (Sx). (81) 


11 follows from these equations thal iJ the sum of the moments 
of all external impulses with respect to any centre (or axis) is 
zero, then the total angular momentum of the system with res- 
pect to the centre (or axis) will nol change during the impact. 
Consequently, internal impulses cannot change the tolal angular 
momentum of a system. 


The theorem of the change in kinelic energy is not used to solve the fun- 
damental problem of dynamics in the theory of impact as all the particles of 
a body are considered molionless during impact, and inslead of (he forces of 
impact their impulses are considered. Therefore, if is nol possible tocalculate 
directly (from the force and displacement) the work done by impulsive forces. 
Later on we shall consider only the question of delermining (he loss In the 
kinetic energy of bodies during impact (§ 173). 


170. Coefficient of Restitution. The magnitude of the impulse 
when two bodies collide depends not only on their masses and 
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velocities before impact, but also on their elastic or plaslic prop- 
erties, which are characlerised by the coefficient of restitution. 
Consider a sphere falling vertically on a fixed horizontal plale 
(Fig. 369). There are two stages in the direct impact that will 
lake place belween them. During the first stage, known as the 
period of deformation, the velocities of the particles of the sphere, 
which at the beginning of the impact are uv (assuming lhe sphere 
to be in lranslatory motion) drop to zero. The sphere deforms 


(assuming the plale lo be rigid) and its total initial ki- 
; 1 2 ‘ ; . 
nelic energy > Mu turns into the internal potential 


energy of deformation. During the second slage of the 
impact, known as the period of restitution, the inler- 
nal elastic forces of the sphere work to reslore its 
shape and the internal potential energy turns into the 
kinelic energy of motion of the particles of the sphere. 
At the end of lhe impact, the velocities of the par- 
ticles will be u, and the kinetic energy of the sphere, 


> Mu’. Actually, however, the mechanical energy of 


the sphere is not restored completely, as part of il 
is spenl on giving the sphere some residual] deformalion and 
on heating if. Therefore, « is always less than v. 

The coefficient of restitution k for direct impact of a body against 
a fixel obstacle is equa! to the ratio of the magnitudes of the ve- 
ducity of separation to the velocity of approach: 





Fig. 369. 


k=-. (82) 
Uv 

The coefficient of restilulion for different bodies is determined 
experimentally. Experiments show that for changes of the veloc- 
ity v wilhin small limits (he value of & depends only on the 
material of the colliding bodies. , 

The limiting values of & are R=1 for perfectly elastic impact 
in which the mechanical energy of a body is completely restored 
afler impact. and &==0 for perfectly inelastic impact when the 
impact ends with the end of the period of deformation and the 
mechanical energy of a body is lost completely in deformalion 
and heating. 

The coefficient of restitulion is determined experimentally by 
investigating (he free fall of a sphere from a known height H e 
a plale. The height of the rebound A is then measured on a ver 
tical rule (Fig. 370). From Galileo's formula, 


v= V 2gH and u= 2gh, 
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rata Vf. 


Coefficients of restitulion for some bodies wilh a velocily of 
approach in the order of 3m/sec are given in lhe table below. 


whence 


Colliding bodies 


Wood on wood 
Sicel on slecel 

Ivory on ivory 
Glass on glass 





Fig. 370. 


171, Impact of a Body Against a Fixed Obstacle. Consider 
a body (sphere) of mass M hitting a fixed plate. The impulsive 
force acling on the body will be the reaction of the plate. Let us 
denole by § the impulse of this force during the impact. If the 
normal lo the surface of the body at ifs point of contact with 
the plale passes (hrough the centre of mass of the body (for 
a sphere this is always the case) the impact is called cerfrai 
impact. [If the velocily of approach @ of the cenlre of mass of the 
body is direcled along the normal ni {to the plale, the impact is 
¢alled direc! impact; olhenvise it is ob/ique impact. 

1. Direct Impact. Wriling Eq. (79) in lerms of the projec- 
tions on the normal a (see Fig. 369), and taking into account 
{hat Q,== Mo and Q, = Mu, we oblain 


M («,,— 0,,) = Sp. 
But in direct impact u,—=u, v,—=—v, and S,=S. Conse- 
quently, 
M (ua + v) =S. 
The second equation necessary to solve problems is given by 
Eq. (82): u=kuv. 
Knowing M, v, and k, we can obtain from these equations the 
unknown quantilies u and S. We have 


S=Mi(k+l1)u. 
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We see thal the greater the coefficient of restitution k, the 
ereater the impulse in impact. This dependence belween S and k 
Was pointed out in § 170. 

In order to delermine the average value of the impulsive force 
(the reaction) we must also know the time of impact t, which can 
be found experimentally. 


Example. When a steel sphere of weizhl p= | kg fatls from a height 


# =3 1n on a steel plate (k=59), we have v= VY 2gH = 7.7. msec, and 
udu sd.3o msec. The impulse of impact will be 


s= 7 Vil &) = 1.2 keesec. 


If the lime of impact t= 0.0005 sec, the average value of the impulse 
reaction will be 


2. Oblique Impact. Let the velocity of approach o of the 
cenlre of mass of a body make an angle a with the normal to 
a plate, and the velocily of separation g 
an angle ff} (Fig. 371). Then Eg. (78) in 
terms of the projections on the tangent t 
and the normal a gives 


M(u,—v)=0, M(u,—v,)=S. 


The coefficient of restilution in this case 
is equal fo the ratio of the magnitudes of 
Ju,| and |o,], as impact acts only 





Fig. 371. along the normal to the surface (we ne- 
glect friclion). Then, faking the signs into 
account, we obtain u,,—=—kv,, and finally we have 


“u,=U,, t,=—kv,, S=M|v,](1+&). 


These equations enable us to find the magnilude and direction 
of the velocity of separation and the impulse of the forces of 
impact if the quantities M, v, a, and & are known. In particular, 
noling thal v,=|v,| tan @ and u,=|u,| tan B, from the first 
equation we oblain |u,| lan B=|v,| tan a, whence 








; : ; i bo Ss the 
Thus, in oblique impact the coefficien! of restitution equals 
ratio of the tangent of the angle of approach to the ane : 
ihe angle of rebound. As k<l, a<c, i.e., the angle of reboun 
is always smaller than the angle of approach. 
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172. Direct Central Impact of Two Bodies (Impact of Spheres). 
Impact of lwo colliding bodies is said to be direct and central 
when the common norma! lo the surlaces of the bodies through 
their point of contact passes through \heir centres of mass and 
when the approach velocities of the centres of mass are directed 
along this common normal, An example of direct centcal impacl 
is the collision of {wo homogeneous balls whose centres moved 
collinearly before impacl. 

Let us denole the masses of the colliding bodies by J, and Al,, 
{heir approach velocities by ¥, and v,, aod their velocities of 
separation by u, and u,. Draw 
through their cenlres of mass C, 
and C, a coordinate axis C,x, always 
directed’ from C, to C, (Fig. 372). I 
For a cojlision to lake place, we 
must have v,, > v,, (olherwise the 
first body will never calch up 
with the second); furthermore we 
shall have u,, <4u,,, since a body 
hilting another body can never 
overtake il. 

Assuming that AI,, My, O,.1 Yar 
and & are known, let us find u, 
and u,. For this let us apply the 
theorem of the change in linear 
momentum to the colliding bodies. Fig. 372. 

If we consider them as a_ single 
system, the forces of impact will be internal, and D> Sénp = 9: 


As a result, Eq. (79) gives Q,.=Q,,, or 
M,u,,+ M,u,, = M,v,, + M,o,.. (83) 


The second equation is oblained from the expression for the 
coefficient of restitution. When two bodies collide the impulses of 
the forces of impact depend only on the relative velocity of the 
bodies, i.e., on the difference v,,—v,,. Therefore, for two collid- 
ing erga taking into accounl that always v,, > u,, and u,.< t,,, 
we obtain | 








—— fue Ugx] as oo er 
alg CPT fae re (84) 
or 
“,,—- 4, R (Y.. a v,,). (84’) 


The set of equations (83), (84) makes it possible to solve th 
. i bd 
problem. The impulse of the forces of inpact can be found by 
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writing Eq. (79) for one of the bodies, the first, for inslance. Then 
S., = M, (j= Uix)s s = Si. (85) 


ox 


Let us consider lwo limiting cases. 
a) Perfeclly Inelastic Impact (&=0). In this case, 
from Eqs. (84) and (83) we find 


ies Myvi, +My, 


u xa, (86) 


Afler impact both bodies move with the same velocity. The 
impulse of the forces of impact acting on the bodies is 


MM 
S3. == Si. =, (v,, 1 U, x). 


b) Perfectly Elastic Impact (A=1). In this case, from 
Eqs. (83) and (84) we obtain 


= 2, _ iy 

=U. Ap aM, (Vix Uaeds (87) 
2M, 

UU M, +, (0, — %,). 


i 


Mx 


The impulse of the forces of impact is 


2M, At, 


$ Sis = Fp a, (Yas — Mand: 


ax 


We see thai for perfectly elastic impact the impulse is double 
the impulse in perfeclly inelastic impact. 

In the special case when M,=M, we obtain [rom Eqs. (87) 

; dy SU. Hy = ay? Thus, in perfectly 


x 


elastic impact two bodies of equal mass 
exchange their velocities. 


Problem 168. Two balls of masses M, and 

M, are suspended as shown in Fig. 373. The 

first ball is pulled back through an angle @ ace 

let go fromrest. Alter impact, the second bal 

swings away through an angle f. Find the co- 

efficient of restitution for the balls. 

Solution. The conditions of the problem 

Fig. 373. make it possible to find the velocity, ‘I 

approach v, of the centre of the il he 

and ihe velocity of separation u, of lhe centre of the second gg pa a 
{heorem of the change in kinelic energy in a displacement B,B,. ¥ 


the first ball 





1 


> Mv! = Pk = Mai (1 — cose), 
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where / is the distance of the centre of the ball from the point of suspension. 
Hence, x 
v,=2 Y el sin > é 


Similarly, we find (hat 8 


4,=2V gi sin 7° 
Since in our cate vg = 0, Eqs. (83) and (84) give 
M tag te Mb gly SS MyUy ye Lay bag SS RUG. 
Eliminaling «,, and noling that u,,==¢, and a ,==u,, we oblain 


M,v, (1 -- &) = OM, 4 ME) ag, 
and finally we have 8 
_ My , _ + Af,) sin 7 


‘ M,vu, 


MM, sins 

173. Loss of Kinetic Energy in Periectly Inelastic Impact. 
Carnot’s Theorem. It follows from the reasoning in § 170 thal in 
inelastic impact the colliding bodies lose kinetic energy. This loss 
is greatest in the case of perfectly inelastic impact. Let us calcu- 
lale the amount of kinetic energy lost by a system of two bodies 
in perfectly inelastic impact. 

Considering the colliding bodies lo be in translalory motion 
and denoting their common velocity after impact by uw, we obtain 
for the kinetic energy of the system al the beginning and the end 
of impact 


T= 5 (Mort MoL), T,= 40M, 4+M,) ut, (88) 
The kinelic energy lost in impact will be T,—T,. Let us 
write this difference in the form 
T,--T,=T,— 27, +T,,. (89) 
As, from Eq. (86), 
(M, + M,) ‘= M,v,, + MY, 
2T,=(M, + M,) at =(M,2,, + M,y,,) ue. (90) 


Substituting into the right side of Eq. (89) the expressions lor 
T, and T, from formulas (88), and for 27, the right side of Eq. 
(90), we obtain ; 


7,—T, =F (Mut, + Mut, — 2M,0,.4, —2M,v,,.0, + 
+ Mut + Mut), 


then 
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or 


T.—T,=5 M0, —4 y+ My, (v,,—u,)’. (91) 


The differences (v,,—«,) and (v,,—.«,) give the velocity fos: 
by each body as a result of the impact. From Eq. (91) Iollows 
Carnot’s* theorem: The kinetic energy lost by a system of 
bodies in a perfectly inelastic impact is equal tu the kinetic energy 
the system would have had if its bodies moved with the lost velvc- 
itfes, 

Let us consider the special case of collision wilh a body ini- 
tially at rest. In this case v,=O and 


uy 
2 





Myu 
z a “1 
My. =a oan 


T= 
then 


i] a, AL® yt AK Mot 
T= pM )ywas> M+, M+, 2° 
or 


‘ae (92) 


MM, 
VM, AR 
Eq. (92) gives lhe energy left in a system alter impact. Let 
us consider two interesting ex{remes. 
a) Mass of Hitting Body Is Much Grealer than 
Mass of Hit Body (\f,35>M,). In this case we may consider 


M,+M,=M,,. 


and Eq. (92) gives T,=T,. Thus, even if impact is perfectly ine- 
laslic, there is practically no'loss of kinetic energy and the syslein 
moves after impact with praclically the same kinetic energy it had 
ai the beginning of the impact. : 

In praclice this is of importance, for example, in hammering 
nails, driving piles, elc. Clearly, the mass of the hammer should 
be much grealer than the mass of the nail (Fig. 374a). 

b) Mass of Hit Body Is Much Greater than Mass 
of Hitling Body (M,>M,). In this case we may consider 


My, 
w+,’ 


* Lazare Carnot (1753-1823), an outslanding French mathemallcian and 
mechanic and a prominent public figure in the French Revolution. 
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i = 0, i i inelic energy 
Eq. (92) gives 7,0, i.e.. practically all the kinelic 
ae auigemation and at the end of impact the bodies may 
idered motionless. ne 
tat practice this is of importance in forging, riveting, elc. In 
these cases, therefore, the combined mass o} forging and anvil (or 
rivet and support) should be much greater than the mass of the 


hammer (Fig. 3740) 





Fig. 374. 


174. Impact with a Rotating Body. Consider a body rotating 
about an axis 2 (Fig. 375). Let an impact impulse S§ be applied 
at any instant to the body. Then, from Eq. (81), we have 


K,,—K,,=m, (S$). 


as the moments wilh respect to the z axis of ithe impulse reac- 
lions S, and S$, in the bearings are zero. If at lhe beginning of im- 
pact the body had an angular velocity w,, and 
at the end of impact its angular velocity be- 
came w,, then K,,=J,0, and K,,=J,o,, and we 
obtain 


J, (a, — w,) =m, (S$) (93) 
or 
= 0,79) | (93°) 


Eq. (93) gives the change in the angular veloc- 
ity of a body due to impact. It follows from 
the equation that the change in the angular ve- 
locity of a body during impact is equal to the ratio 
of the moment of the impulse of impact to the moment of inertia 
of the body, both moments {taken with respect to the axis of 
rotation. . 

Centre of Impact. Impact gives rise to impulsive reac- 
tions at the points of support of an axis, which may lead to 





Che 
Fig. 375. 
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greater wear and lear of machine parts (especially bearings, shafts, 
elc.), and even to their complete breakdown. Let us determine 
the conditions in which impacl with a body mounted on a shaft 
will nol cause impulsive pressures in ils bearings. 

First of all, ihe masses of the body should be dynamically 
balanced wilh respect to the plane in which impact lakes place, 
for example this plane can coincide wilh the plane of symmelry 
of the body *. Consider a body having a plane of syinmetry Oxy 
and mounted on an axis AB perpendicular to that plane and 
free lo rotale in bearings A and B (Fig. 376). Draw an axis Oy 
through the cenlre of mass C of the body and denote the distance 
OC =a. 

Lel us assume that the body was al rest at the beginning of 
impact (w,=0). This assumption does not alter the final result. 
The impulse S of the forces of 
impact in the plane of symmel- 
rv develops impulsive reactions 
S, and S$, in the bearings. Then, 
from Eq. (78), we have 


Q, — Q,=S$4+ Sit Sp. (94) 


In our case Q,=0 and Q,= 
= Mu., where ug, is the veloc- 
ify of the centre of mass C of 
the body at the end of impact. 
From Eq. (94) we see that the 
conditions S,4—=S,=0 can be 
salislied when S= Mue. 

Fig. 376. Ii follows from this that the 

impulse § should be parallel to 

the velocily w,, i.e.. perpendicular to OC (to the y axis). Fur- 

thermore, as the vectors are equal, their magnitudes must be equal. 
Hence 





S= Mu, = Mao,. 
But, by Eq. (93’), 





———_—_— 


* For the sake of simplicily, the case is considered when a body has Splen 
of symmetry Oxy perpendicular lo ils axis z. The resulls, ip tah sie Ove 
valid for any case when there is no symmetry, but impact is in He Pe eri 
through a point O with respect to which axis 2is the principal axis 


of the body. 
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Substiluling this quantily inlo the previous equation, we obtain 
Jy 
h=—t. (95) 


Eq. (95) defines the distance A from the axis at which lhe 
impulse of impacl must be applied. 

Thus, in order to prevent the generation of impulsive reac- 
lions in the points of support of an axis z fixed in a body the 
following condilions are necessary: 

1) that the impact be in the plane Oxy perpendicular to the 
axis z, Oxy being the plane of symmetry of the body (or the axis 
or rolation z should be the principal axis of inerlia wilh respect 
to ils poin! of interseclion wilh that plane, i.e., wilh respect to 
point O); 

2) that the impact be directed perpendicular to the plane 
through the axis of rolalion Az and the centre of mass C of the 
body; 

3) that the impulse of impact be applied at a distance 


hae from the axis (on the same side of the axis as the centre 
of mass). 

The point K through which will pass the impulse wilhoul 
causing impulsive reactions in the points of support of the axis 
is called the centre of impact. 

Note that. from Eq. (95), the centre of impact coincides with 
the centre of percussion of a compound pendulum. Therefore, as 
was shown in § 154, A>>a, i.e.. the distance from the axis lo 
the centre of impact is greater than to the centre of mass. If the 
axis of rotation passes through the centre of mass, then a—0O 
and A=oo. In this case the cenlre of impact is in 
infinity, and any impact will be lransmil- 
led to the axis. 

When impact in the plane of symmet- Lf 


ry Oxy does not pass through the centre 
of impact, impulsive reactions S: and S, 2 





appear in the bearings. When the bearings are 
located symmetrically, Sa—=S,, and these 
quantitiescan be oblained from Eq. (94). 


Applications of the above resulls are illus- : 
iraled by the following examples. Fig. 377. 
1. In designing a pivoled gunlock hammer 
(Problem 169) or a pendulum impact-lesting machine (he axis of rotation 


Should be so chosen that the point of Impact should colncide with the centre 
ol impact with respect (o the axis. 
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2. In working with a hammer, you should hold the handle so that the 
hitting end would be the centre of impact with respect to your hand. Failure 
1o do this results in a characteristic “sting”. 

3. In order not to “sting™ your hand when you hit something with a slick 
(Fig. 377) the blow should be dealt with the point which is the centre of im- 
pact with respect lo your hand. If we considcr the stick to be a homogeneous 
rod of length / and the axis of oe to be at the end in your hand, then 

eo _I 2 oe a 
avtys i= 1 Muz?, and A= =35 

Thus, in the case shown in Fig. 377, (he blow should be deall with a 
point of the stick {wo-thirds of the total distance away from the hand, or 
one-third of the distance from the opposile end. 

Problem 169. Al the beginning of impact with the firing pin 8 of a gun- 
lock, a pivoled hammer AD (Fig. 378) has an angular velocily w,. Determine 
the accelcration ol the firing pin al the end of impact and the impulsive pres- 
sure on axis A, if the masses Af and m of the hammer and flring pin, (he 
moment of inertia J, of the hammer wilh respect toaxis A, and the distances 
a and 6 are all known. Point C is the cen- 
{re of mass of the hammer. 

Solution. Let us denote the impulses 
acting on the hammer and the firing pin 
during impact by §$, and S,. Then, taking 
inlo account that $,=S,=S and up=0, 
we oblain lor the hammer [by Eq. (93)] 
and for the firing pin [by Eq. (79)j: 

Ja{o,—@)=—Sd, muy=S. (a) 


The moment S6 is laken wilh a minus 
sign because it is directed opposile to the 
rotation of the hammer. Moreover, since for 
point D of the hammer vp=@,6 and 
Un =a, (vp is the velocily of approach, 
and up the velocily of separation), equalion 
(84), which gives the coelficient of resti- 
lution for direct impacl, gives 


Up — Ugp=—k (0p — Ugh 





or @,0 — ug = — hw,b. 


Substiluting inlo this equation the expressions of «, and S {rom equalions (a), 
we oblain the velocity of the firing pin at the enc of impact: 


Sab (VER) | 
48 Fa mb® @o: 


i i si i i the hammer, we 
To determine the impulsive reaction S, of the axis on ner, 
write Eq. (94) in terms Or the projections on the axes Ax and Ay. Taking into 


account that 
Qox =M Ve, = Ma,a, Qir = Mucsy = Mw,a, 
we obtain 


= b 
Ma (wo, — o)=—S + Sa. Say = 0. (b) 
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Bul from equalion (a) 
mb 
S=aug, ©, —o,=— 7 “a 
| 


Substituting these values info ecqualion 46) and replacing, by its expression, 
we obtain finally 


_ Jy — Mab 
Sa, = Jace mb (1 + &) a. 
We sce from this thal af b= 54, i.c., When point D is the centre of 
d 


impact, S4=0. When Mabe Jy, we have Sy, > 0, fe. the impulsive pres- 
sure on the hammer is directed to the left and lhe pressure on the axis to 
{he right. At Afab > Jy, the pressure on the axis is disected to the lefl. 
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